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SUMMARY
S in ce  th e  d is c o v e ry  o f p u ls a r s ,  a n d  t h e i r  id e n tif ic a t io n  w ith 
m a g n e tis e d  n e u tr o n  s t a r s ,  a  v a s t  am o u n t o f o b s e rv a t io n a l  a n d  
th e o r e t ic a l  e f f o r t  h a s  b e e n  d i r e c te d  a t  in c r e a s in g  o u r  u n d e r s ta n d in g  of 
th e s e  o b je c ts .  Not o n ly  do we s tu d y  th e  b a s ic  p h y s ic a l  p ro c e s s e s  a t  
w ork  b e h in d  th e  g e n e ra tio n  o f th e  p u ls e s  [ R ud erm an ( 1979), 
M ichel(1982) a n d  r e f s ,  th e r e in ] ,  b u t  a lso  th e  s t r u c t u r e  of th e  in te r io r  
a n d  c r u s t  o f th e  n e u tro n  s t a r  [G ree n s te in (1 9 7 5 ),P in e s (1 9 8 7 )] , th e  
in f lu e n c e  of a  p u l s a r  on  a s u p e rn o v a  re m n a n t  [R a d h a k rish n a n (1 9 8 2  an d  
1986), P a c in i a n d  S a lv a ti(1 9 8 7 )] a n d  th e  m a n n e r  in  w h ich  p u ls a r s  
e v o lv e . [G unn  a n d  O strik e r(1 9 7 0 ) , L y n e  e t  a l(1985), C andy  a n d  
B la ir(1983),(1986), C h e v a lie r  a n d  E m m ering (1986), N a ra y a n (  1987) a n d  
C heng(1989)J. I t  is  th is  l a t t e r  to p ic  w ith  w h ich  th is  th e s is  is  
c o n c e rn e d . S in ce  o u r  o b s e rv e d  sam ple  o f p u l s a r s  now  n u m b e rs  o v e r  
500 we can  u s e  s ta t is t ic a l  m e th o d s  to  t r y  a n d  g a in  in fo rm a tio n  from  
th e  a c c u m u la te d  d a ta , w h ich  is  e x te n s iv e , s in c e  m any  d i f f e r e n t  p u ls a r  
p r o p e r t ie s  c a n  b e  e s tim a te d  o r  d e r iv e d  from  th e  la r g e  o b s e rv a t io n a l  
d a ta b a s e .
T he o b s e rv e d  p o p u la tio n  is  p r im a r ily  local, a s  m ost o b je c t s  a r e  v is ib le  
d u e  to  th e i r  p ro x im ity  to  th e  S u n . T he e x is te n c e  o f a  m uch la r g e r  
g a la c tic  p o p u la tio n  is  n o t d o u b te d , a n d  th u s  i t  is  th e  p r o p e r t ie s  of 
th is  p a r e n t  d i s t r ib u t io n  of p u ls a r s  t h a t  a r e  p r im a r i ly  of i n te r e s t .  To 
in fe r  s u c h  k n o w le d g e  from  a  lim ited  d a ta  sam p le  r e q u i r e s  id e n tif ic a tio n  
a n d  c o r r e c t  a p p lic a t io n  of th e  s e le c tio n  e f f e c ts  r e s p o n s ib le  fo r  lim iting  
th e  a v a ila b le  sam p le  to  th a t  w h ich  is  o b s e rv e d . T h is  is  a n  in h e r e n t ly  
s ta t i s t ic a l  p ro b lem , a n d  r e q u i r e s  u s  to  c o n s id e r  th e  p u ls a r  p o p u la tio n  
b y  m eans o f a  m ath em atica l d i s t r ib u t io n  fu n c t io n  in  th e  p r o p e r t ie s  of 
p u l s a r s  (e .g . p e r io d , m ag n e tic  f ie ld ) . T h is  r e p la c e s  th e  d i s c r e te n e s s  of
th e  d a ta  b y  a  c o n tin u o u s  fu n c t io n . One c a n n o t t r e a t  s e le c tio n  on  a n  
in d iv id u a l  p u l s a r - to - p u l s a r  b a s is ,  b u t  o n ly  fo r  th e  en sem b le  of 
o b s e rv e d  o b je c ts .
In  t h i s  th e s is ,  th is  a p p ro a c h  is  e x p lo ite d  fu lly , a n d  th e  t im e -d e p e n d e n t  
c o n t in u i ty  e q u a tio n  in  th e  p u l s a r  d i s t r ib u t io n  fu n c tio n  is  u s e d  a s  a  
s t a r t i n g  p o in t. T h is  is  s o lv e d , fo r  a  g iv e n  e v o lu tio n a ry  m odel, s e le c tio n  
e f f e c ts  a r e  a p p lie d , a n d  th e  r e s u l t  is  a  p r e d ic te d  d is t r ib u t io n  fo r  th e  
o b s e rv e d  p u ls a r s  in  th e  P ,P  d ia g ra m . T h is  is  a  new  te c h n iq u e  a n d  
a l th o u g h  i t  r e p r o d u c e s  th e  r e s u l t s  of some o th e r  a u th o r s ,  is  
f u n d a m e n ta lly  s u p e r io r  in  th a t  i t  m akes no a s su m p tio n  r e g a r d in g  th e  
s ta t io n a r i ty  o f th e  p u ls a r  p o p u la tio n , a n d  is  m ore log ica l in  a p p ro a c h . 
T he c o n v e n tio n a l s ta t io n a r i ty  a rg u m e n t  a ssu m e s  th a t  th e  p u ls a r  
p o p u la tio n  is  in  a  s t e a d y - s t a t e  s u c h  th a t  th e  b i r t h r a t e  e q u a ls  th e  
d e a th  r a te  a t  a ll tim es. T h is  is  a  r e s t r i c t i v e  c o n s tr a in t  w h ich  c a n  be 
sh o w n  to  be  n o t n e c e s s a r i ly  ju s t i f ia b le .
In  C h a p te r  1 we in tro d u c e  th e  b a s ic s  of p u ls a r  h is to r y ,  o b s e rv a t io n s  
a n d  te rm in o lo g y . T he id e n tif ic a t io n  o f p u ls a r s  w ith  n e u tr o n  s t a r s  is  
e x p la in e d , th e n  th e  v a r io u s  o b s e rv a t io n a l  m eans o f d e te rm in in g  p u ls a r  
p r o p e r t ie s  a r e  d e a lt  w ith . N ext th e  n a tu r e  a n d  im p o rta n c e  o f s e le c tio n  
e f f e c ts  a re  e x p la in ed  in  t u r n ,  b e fo re  an  o v e rv ie w  of th e  m ain 
o b s e rv a t io n a l  d a ta  an d  a d is c u s s io n  o f th e  o u ts ta n d in g  f e a tu r e s  of 
th e s e  d a ta .
T he s ta n d a r d  m odels fo r  p u ls a r  e v o lu tio n  a r e  in tro d u c e d  in  C h a p te r  2, 
th r o u g h  a re v ie w  a n d  c rit ic ism  of th e  m ajo r, la n d m a rk  p a p e r s  s u c h  a s  
G unn  a n d  O s trik e r(1 9 7 0 ) , L y n e , M a n c h e s te r  a n d  T ay lo r( 1985), C andy  
a n d  B lair(1983),(1986), a n d  N aray an (1 9 8 7 ). T h is  p u ts  in to  c o n te x t th e  
n a tu r e  o f a n d  d if f ic u l ty  w ith  p u ls a r  e v o lu t io n a ry  p ro b lem s.
C h a p te r  3 b e g in s  w ith  a  ju s t i f ic a t io n  fo r  th e  t im e -d e p e n d e n t  n a tu r e
of o u r  w o rk , w h ich  is  jo in t ly  a  c r it ic ism  of th e  in a d e q u a c ie s  of th e  
t im e - in d e p e n d e n t  a rg u m e n t, a n d  an  e x p o s itio n  o f th e  p o te n t ia l  m e rits  
to  be  g a in e d  from  a b a n d o n in g  th e  u b iq u ito u s  n o tio n  o f s ta t io n a r i ty .  
T h en  th e  c o n tin u i ty  e q u a tio n  m ethod is  in t r o d u c e d  a n d  th e  m eans of 
so lu tio n  d e s c r ib e d . T he te c h n iq u e  is  n e x t d e m o n s tra te d  b y  d e v e lo p in g  
f o u r  sim ple  m odels in  th e  t im e -d e p e n d e n t  a p p ro a c h ,  tw o w ith  a n d  two 
w ith o u t  fie ld  d e c a y . T h ese  show  th e  p o w er o f th e  m eth o d , th e  c r i t ic a l  
in f lu e n c e  of s e le c tio n  e f f e c ts  a n d  c h a lle n g e s  som e p re c o n c e iv e d  n o tio n s  
c o n c e rn in g  th e  s t e a d y - s t a t e  id ea s . T h is  w o rk  is  n o t in te n d e d  to  
r e p r o d u c e  th e  o b s e rv a t io n a l  d a ta  b u t  to  be  p r im a r i ly  d e m o n s tra tiv e .
I t  is  a lso  show n  in  C h a p te r  3 how in te r e s t in g  in v e r s e  p ro b le m s  a r i s e  
from  th e  a p p lic a tio n  o f o u r  m ethod  to  sim ple  m o d els , a n d  th e s e  c a n  in  
p r in c ip le  be  so lv e d  to  y ie ld  in fo rm a tio n  on  th e  s o u rc e  d i s t r ib u t io n  of 
in t r in s ic  p u ls a r  p r o p e r t ie s .
T h u s  i t  is  p o s s ib le  to  t r e a t  th e  f i r s t  m ajo r m odel in  C h a p te r  4. T h is 
is  a  m odel w ith  no fie ld  d e c ay  a n d  no  a lig n m e n t. U s in g  th e  
t im e -d e p e n d e n t  m eth o d , we d e r iv e  th e  P ,P  d i s t r ib u t io n  p r e d ic te d  b y  
th is  m odel. T h is  is  th e n  co m p ared  w ith  th e  o b s e r v e d  P ,P  d iag ra m  u s in g  
th e  c h i - s q u a r e d  g o o d n e s s - o f - f i t  te s t .  T h is  t e s t  w ill b e  a p p lie d  to  all 
m odels in  t u r n .  T h is  is  s im ila r to  th e  w o rk  o f C heng(1989) b u t  m ore 
a n a ly t ic a lly  e x p lic it . T he flaw s o f n o t t r e a t in g  th e  d a ta  in  th is  fa s h io n  
ca n  b e  e x p o sed  w ith  th is  f i r s t  m odel. T h is  fa i ls  to  p ro v id e  a 
s a t i s f a c to r y  f i t  to  th e  jo in t  P ,P  d i s t r ib u t io n  b u t  c a n  a c c o u n t  fo r  th e  
p e r io d  h is to g ra m  a lo n e . T h u s  a c c e p tin g  a m odel o n  th e  b a s is  o f th e  
good f i t  to  th e  P d i s t r ib u t io n  w ould be  fa l la c io u s , s in c e  i t  c a n n o t 
ex p la in  th e  m ore im p o r ta n t  jo in t  d is t r ib u t io n .
T he f ie ld -d e c a y  ty p e  o f m odel is  exam ined  in  C h a p te r  5. E x p o n e n tia l 
d e c a y  o f th e  m ag n e tic  fie ld  is  th e  ’s t a n d a r d ’ e x p la n a tio n  o f p u ls a r
I V
e v o lu tio n  b y  m ost a u th o r s .  In  o u r  m odel, w h ich  is  m ore d e ta ile d  th a n  
th o s e  o f G unn  a n d  O s tr ik e r(1 9 6 9 ) , C h e v a lie r  a n d  Em m ering(1986) a n d  
L y n e  e t  al(1985), i t  is  fo u n d  t h a t  a n  a c c e p ta b le  f i t  c a n  be  m ade to  th e  
P ,P  d ia g ra m . A d is c u s s io n  o f m ag n e tic  f ie ld  d e c a y  o f a  n e u tr o n  s t a r  is  
a lso  in c lu d e d .
In  C h a p te r  6 a n  a lig n m e n t m odel is  p r e s e n te d .  By a lig n m e n t, i t  is
c o n v e n tio n a l  to  r e f e r  to  th e  s c e n a r io  w h e re  m ag n e tic  a n d  r o ta t io n  axes
te n d  to  a lig n  a s  tim e p a s s e s  (a lig n m e n t a n g le  te n d s  to  0 .) T h is
f e a tu r e s  a  new  d e v e lo p m e n t, th e  b eam ing  f ra c t io n  (w hich  r e p r e s e n t s
th e  p r o p o r t io n  of p u l s a r s  r e n d e r e d  in v is ib le  b y  g eo m e tric a l
o r ie n ta t io n )  now becom es p e r io d - d e p e n d e n t ,  s in c e  n e a r ly -a l ig n e d
(o ld e r)  p u l s a r s  a r e  h a r d e r  to  d e te c t  th a n  o th e r s .  To m odel th is
c o r r e c t ly  r e q u i r e s  a  d e v e lo p m e n t o f th e  fo rm alism  of P ro szy n sk i(1 9 7 9 )
w h ich  h a s  b e e n  a b s e n t  from  th e  l i t e r a tu r e .  T h is  l in k s  u p  w ith  th e  u se
of th e  p u lse w id th  d a ta  a s  a  d ia g n o s t ic  fo r  p u ls a r  e v o lu tio n . I t  is  fo u n d
•
t h a t  a n  a c c e p ta b le  f i t  to  th e  P ,P  d iag ra m  is  a g a in  fo u n d  fo r  th e  
a lig n m e n t m odel. To a tte m p t to  f u r t h e r  d is t in g u is h  b e tw e en  f ie ld  d e c a y  
a n d  a lig n m e n t m odels i t  is  p ro p o s e d  to  u t i l is e  th e  in fo rm a tio n  in  th e  
p u ls e w id th  d i s t r ib u t io n ,  fo llow ing  th e  w ork  o f C andy  a n d  B la ir (1983 
a n d  1986). T he p r e d ic te d  d i s t r ib u t io n  o f p u ls e w id th s  in  th e  a lig n m e n t 
m odel is  fo u n d , b u t  th is  d o e s  n o t re se m b le  in  d e ta il  th e  o b s e rv e d  
d i s t r ib u t io n .  S im ila rly , th e  d i s t r ib u t io n  o f p u ls e w id th s  in  th e  c a se  
w h e re  th e  a n g le s  do n o t e v o lv e  is  d e r iv e d .
T he f in a l  c h a p te r  c o n ta in s  th e  c o n c lu s io n s  o f th e  th e s is  a n d  id e a s  fo r  
to p ic s  o f f u tu r e  r e s e a r c h .  T h e se  in c lu d e  th e  u s e  of in v e r s e  p ro b lem s 
in  p u ls a r  w o rk , th e  d e v e lo p m e n t o f a  c o u n te r -a l ig n m e n t  m odel, th e  
a p p lic a t io n  o f th e  t im e -d e p e n d e n t  c o n tin u i ty  e q u a tio n  m ethod  to  th e  
p ro b lem  of th e  coo ling  r a t e s  o f w h ite  d w a rf  s t a r s  a n d  in c lu s io n  of
p o s it io n a l  c o o rd in a te s  in  o u r  m ethod to  m odel th e  m ig ra tio n  of p u ls a r s  
aw ay  from  th e  g a la c tic  p la n e , in c lu d in g  s e le c tio n  e f f e c ts .  A f in a l 
i n te r e s t in g  a r e a  o f s tu d y  w ould be th e  u s e  o f th e  t im e -d e p e n d e n t  
m ethod  to  s tu d y  a  s t a r b u r s t  s c e n a r io  (all p u l s a r s  c r e a te d  in  a  s h o r t  
tim e in te r v a l ) ,  w h ich  can  o n ly  be d o n e  u s in g  a  tim e d e p e n d e n t  m ethod , 
a s  c le a r ly  no  s te a d y  s ta te  in  th e  o b s e rv e d  p u l s a r  p o p u la tio n  w ill 
r e s u l t  in  th is  c a se .
V I
PREFACE
T h is  th e s i s  is  c o n c e rn e d  w ith  th e  q u e s tio n  o f r a d io  p u ls a r  e v o lu tio n , 
th a t  is  e x p la in in g  from  th e o r e t ic a l  c o n s id e r a t io n s  th e  fo rm  o f th e  
o b s e rv e d  s c a t t e r  p lo t of p e r io d  a n d  p e r io d  d e r iv a t iv e ,  th e  so -c a lle d  
P ,P  d iag ra m . F o r th is  o b je c t iv e ,  a  new  m ethod  of d e r iv in g  th e  
p r e d ic te d  d i s t r ib u t io n  o f p u ls a r  p a ra m e te r s  s u c h  a s  P a n d  P h a s  b e e n  
d e v is e d . I t  w as fo u n d  from  e x is t in g  l i t e r a tu r e  t h a t  p re v io u s  w o rk  w as 
u n s a t i s f a c to r y  e i th e r  th ro u g h  a n  im p ro p e r  t r e a tm e n t  o r  ig n o ra n c e  of 
s e le c tio n  e f f e c ts ,  w h ich  we s h a ll  show  to  be  e x tre m e ly  im p o r ta n t ,  o r  
u t i l is e d  te c h n iq u e s  t h a t  w e re  d if f ic u l t  to  follow  o r  p o s s ib ly  
in c o n s is te n t ,  to  d e r iv e  th e  p u l s a r  b i r t h r a t e ,  f o r  exam ple. T he b i r t h r a t e  
is  an  im p o r ta n t  p r e d ic tio n  o f a n y  m odel, a n d  is  o f w id e r  a s t r o p h y s ic a l  
i n te r e s t  th ro u g h  i ts  s ig n if ic a n c e  fo r  g a la c tic  m eta l a b u n d a n c e s  a n d  th e  
s t r e n g th  a n d  o r ig in  o f th e  n e u tr o n  s t a r  p o p u la tio n .
All p r e v io u s  t r e a tm e n ts  h ad  m ade th e  a s su m p tio n  th a t  p u ls a r  life tim es  
w ere  s h o r t  e n o u g h  th a t  th e  p o p u la tio n  w ould  be  in  a  s te a d y  s ta te .  O ur 
m eth o d , b a s e d  on th e  s o lu tio n  o f th e  t im e -d e p e n d e n t  c o n tin u i ty  
e q u a tio n  in  th e  p u ls a r  d i s t r ib u t io n  fu n c t io n , m akes no su c h  a s su m p tio n , 
is  lo g ica l in  d e v e lo p m en t a n d  a llow s e a s y  y e t  r ig o r o u s  in c lu s io n  o f th e  
e f f e c ts  o f se le c tio n . We u s e  th is  m ethod  to  d e v e lo p  d i f f e r e n t  m odels of 
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INTRODUCTION AND REVIEW OF OBSERVATIONS
1.1 INTRODUCTION
In  th is  in t r o d u c to r y  C h a p te r  we w ill o u tlin e  a  b r ie f  h i s to r y  o f p u ls a r
o b s e rv a t io n s ,  r e c o u n t  th e  in it ia l  id e n t if ic a t io n  o f p u l s a r s  w ith  n e u t r o n  
s t a r s  a n d  o u tlin e  th e  o b s e rv a t io n a l  c h a r a c te r i s t i c s  a s s o c ia te d  w ith  th is
c la s s  of o b je c ts .  T he n a tu r e  of th e  s e le c tio n  e f f e c ts  th a t  lim it o u r  
a b il i ty  to  o b s e r v e  th e  p u ls a r  p o p u la tio n  is  th e n  d is c u s s e d ,  p r io r  to  an  
o v e rv ie w  of th e  m ain f e a tu r e s  of th e  o b s e rv a t io n a l  d a ta . F in a lly , we 
o u tlin e  w h y  p u l s a r s  a r e  im p o r ta n t  a n d  in te r e s t in g  to  s tu d y ,  a n d
su m m arise  th e  o b je c t iv e s  of th is  th e s is .
1.2 H ISTO RY OF PU LSAR DISCOVERIES
T he f i r s t  p u l s a r s  w e re  d isc o v e re d  in  1967 a t  C am b rid g e  b y  H ew ish
a n d  Bell (H ew ish e t  al(1968)) d u r in g  a  s tu d y  o f r a d io  s c in t i l la t io n
a s so c ia te d  w ith  q u a s a r  s u r v e y s  a n d  d e te c tio n . T he  p u l s a r s  a p p e a re d  a s
u n re s o lv e d , b ro a d b a n d  s o u rc e s  of h ig h ly  p e r io d ic  ra d io  em iss io n , a t
h ig h  f re q u e n c ie s  a ro u n d  400 MHz, w ith  a  d i s t r ib u t io n  o n  th e  s k y  th a t
show ed  them  to  be p r im a rily  a  g a la c tic  d isc  p o p u la tio n  w ith  a  sc a le
h e ig h t  of « 600 p a r s e c s  [see  e .g . N aray an ( 1987), M orin i(1981), G ailly  e t
a l (1978) ] s im ila r to  O -ty p e  s ta r s ,  a n d  th e  m a jo r ity  c o u ld  n o t be
a s so c ia te d  w ith  a n y  know n o b je c ts .
M ost of th e  ~ 500 p r e s e n t ly  know n p u ls a r s  w e re  d e te c te d  in  on e  of a  
n u m b er o f m ajo r s u r v e y s ,  c a r r ie d  o u t a t  J o d re l l  B ank , A rec ib o ,
M olonglo a n d  G reen  B ank [S to k e s  e t  al(1986), D ew ey e t  al(1985), Dew ey 
e t  a l (1988), D avis e t  al(1985), D am ashek e t  a l(1982), L a rg e  a n d
V aughan(1977) a n d  C lifton  a n d  L yne( 1986)1. D e p e n d in g  on  th e  aim s a n d  
c o n s t r a in t s  o f e a ch  s u r v e y  a n d  v a r ie d  o b s e r v in g  te c h n iq u e s ,  th e s e
w ere  s e n s i t iv e  to  d i f f e r e n t  a re a s  of th e  s k y , d i f f e r e n t  p e r io d  r a n g e s
2o r  p a r t ic u la r  ty p e s  o f p u ls a r .
T he f i r s t  p u ls a r  d is c o v e re d  to  co in c id e  w ith  a  k now n  o b je c t  w as 
PSR0532 in  th e  C rab  n e b u la  w h ich  cou ld  be  id e n tif ie d  w ith  th e  fam ous 
’s o u th - p r o c e e d in g  s t a r ’ w h ich  h ad  b e e n  o b s e rv e d  a t  o p tic a l 
f r e q u e n c ie s .  H ere ’0532’ r e f e r s  to  th e  r ig h t  a s c e n s io n  o f th e  p u ls a r ,  
th e  fu ll  name in c lu d in g  th e  d e c lin a tio n  a s  well. U n d e r  th is  u n iv e r s a l ly  
a c c e p te d  schem e th e  C rab  p u l s a r  becom es PSR0532+21. T he C ra b  a n d  
Vela p u ls a r s  w ere  a m o n g s t th e  f i r s t  to  be d isc o v e re d  [PSR0531+21 a n d  
PSR 0833-45 1 a n d  w e re  id e n t if ie d  a s  th e  p o w er s o u rc e s  in  th e  
r e s p e c t iv e  n e b u la e . H ow ever, o n ly  fo u r  p u ls a r s  h a v e  b e e n  fo u n d  w ith  a 
d e f in i te  a s so c ia tio n  w ith  s u p e rn o v a  re m n a n ts , a n d  a p p ro x im a te ly  90% of 
a ll s u p e rn o v a  re m n a n ts  show  no e v id e n c e  fo r  c e n tr a l  p u ls a r  a c t iv i ty .  
[K assim  an d  W eiler(1990)].
T he f i r s t  b in a r y  p u ls a r  w as d isc o v e re d  in  1974 [ PSR1913+16, H ulse 
a n d  T ay lo r(1975)] w ith  an  o r b i ta l  p e rio d  of u n d e r  8 h o u rs . T h is  sy s te m  
w as soon re a lis e d  to  be a n  im p o r ta n t  ’lab o ra to ry *  fo r  t e s t in g  g e n e ra l  
r e la t iv is t ic  p r e d ic tio n s  w h ich  w e re  im p o ssib le  t e r r e s t r i a l l y ,  e .g . t e s t in g  
o f o rb ita l  p e r ia s t r o n  p re c e s s io n  d u e  to  h ig h ly  a c c u r a te  p u ls e  tim ing  
m e a su re m e n ts . I t  w as a lso  p o s s ib le  to  a c c u ra te ly  e s tim a te  th e  n e u tr o n  
s t a r  m asses . E v e n tu a lly  th is  sy s te m  w as id e n tif ie d  a s  a  p r o g e n i to r  fo r  
a  p o s s ib ly  im p o r ta n t s o u rc e  of g ra v i ta t io n a l  w av es  in  th e  U n iv e rs e  
[S c h u tz (  1987),S c h u tz (  1989) ]. T h e re  a r e  now th i r te e n  b in a ry  p u ls a r s  
[L yne(1989)], a n d  th e y  ty p ic a lly  h a v e  p e r io d s  m uch s h o r t e r  th a n  th o s e  
o f s in g le  rad io  p u ls a r s .
A m illisecond  p u ls a r  [PSR1937+211 w as d isc o v e re d  in  1982 [B a c k e r e t  
al( 1982)] w ith  a  p e rio d  o f o n ly  1.56ms. T h is  is  s t i l l  th e  ’f a s t e s t ’ know n  
p u ls a r .  I ts  d isc o v e ry  a ro u s e d  g r e a t  e x c item en t in  th e  a s tro n o m ic a l 
com m unity  s in c e  i t s  low p e r io d  cou ld  be  u s e d  to  in fe r  p r o p e r t ie s  of
3n e u tr o n  s t a r  b e h a v io u r  a n d  i ts  s p in -d o w n  r a t e  w as u n p r e c e d e n t ly  low, 
m ak ing  i t  a n  e x c e p tio n a lly  r e l ia b le  ’cosm ic c lo c k ’ [T a y lo r (1987)].
The m ost r e c e n t  d e v e lo p m e n ts  in c lu d e  th e  s e a r c h  fo r  a  p u ls a r  in  th e  
a f te rm a th  o f SN1987A in  th e  L a rg e  M agellan ic  C loud , w h ic h , if 
d is c o v e re d , w ould  be  th e  y o u n g e s t  n e u t r o n  s t a r  o b s e rv e d ,  a n d  allow  
u n iq u e  in s ig h t  to  th e  f i r s t  s ta g e s  o f p u l s a r  e v o lu tio n  a n d  th e  
in te r a c t io n  w ith  th e  s u r r o u n d in g  n e b u la . Also a  u n iq u e  p u ls a r
[PSR1957+20 ] n ick n am ed  th e  ’b la c k  w idow ’ p u ls a r  h a s  b e e n  fo u n d  
w h ich  is  a n  e c lip s in g  b in a r y  p u ls a r ,  b u t  a p p e a r s  to  be  a b la t in g  i ts  
b in a r y  co m p an io n  th ro u g h  i t s  ow n e n e rg e t ic  o u tp u t  a s  th e  com pan ion  
a t te m p ts  to  a c c r e te  m a tte r  o n to  th e  p u ls a r  s u r f a c e  [M ichel( 1989)].
1.3 P U L SA R S A S  NEUTRON ST A R S  
W ork in  th e  f ie ld  o f p u ls a r  e v o lu tio n  c o u ld  be sa id  to  h a v e
com m enced w ith  th e  p a p e r s  of G old(1969) a n d  G unn  a n d  O s tr ik e r(1 9 6 9 ) , 
w h ich  id e n t if ie d  th e  p u l s a r s  a s  r o ta t in g ,  m a g n e tis e d  n e u t r o n  s t a r s ,  
a l th o u g h  a  p r e - d i s c o v e r y  p a p e r  b y  P a c in i (1968) h a d  s u g g e s te d  a n  
e n e rg e t ic  n e u t r o n  s t a r  a s  th e  p o w er s o u rc e  fo r  th e  C ra b  N ebu la . T he 
o b s e rv a t io n s  o f a  w ide r a n g e  of p e r io d s , a n d  sm all, b u t  s te a d y  p o s it iv e  
p e r io d  d e r iv a t iv e s  im p ly in g  slow  sp in -d o w n  of th e  s t a r ,  c o u ld  r u le  o u t 
a l t e r n a t iv e  c a n d id a te s  su c h  a s  w h ite  d w a rfs  a n d  b in a r y  o b je c ts .  T h is  
w as b e c a u s e  th e  p e r io d  r a n g e  w as in co m p a tib le  w ith  v ib ra t io n a l  
e x c ita tio n  f r e q u e n c ie s  p r e d ic te d  fo r  b o th  n e u tr o n  s t a r s  a n d  w h ite  
d w a rfs ,  a n d  th e  p e rio d  d e r iv a t iv e s  w e re  p o s it iv e  r a t h e r  th a n  th e  
n e g a tiv e  v a lu e s  r e q u i r e d  fo r  b in a ry  m otion. T he C ra b  p u ls a r  a lso  
a p p e a re d  to  p ro v id e  a  m eans o f s u p p ly in g  e n e r g y  to  th e  s u r r o u n d in g
n e b u la , a n d  i t s  in f e r r e d  sp in d o w n  lu m in o s ity  Iuu  (w ith  w = 277/Period)
c lo se ly  m atc h ed  th e  o b s e rv e d  o u tp u t  of th e  s u p e rn o v a  re m n a n t, fo r  
th e  c a n o n ic a l v a lu e  of m om ent of in e r t ia  I e x p e c te d  fo r  a  n e u tr o n  s ta r .
4A ssum ing  th a t  m ag n e tic  d ip o le  r a d ia tio n  w as th e  m echan ism  b y  w h ich  
th e  s t a r  w as lo s in g  r o ta t io n a l  e n e rg y  led  to  a  m ag n e tic  f ie ld  s t r e n g th  
o f G auss, a g a in  c o n s is te n t  w ith  v a lu e s  e s tim a te d  from
f lu x -c o n s e rv a tio n  d u r in g  c o lla p se  o f a  p r o g e n i to r  s ta r .
T he p o s s ib ili ty  of c r e a t in g  n e u tro n  s t a r s  in  s u p e rn o v a e  h ad  b e e n  
r a is e d  b y  Baade a n d  Zw icky (1934) b u t  n o t u n t i l  t h e n  c o n s id e re d  
s e r io u s ly . T his i n te r p r e ta t io n  of p u ls a r s  g a in e d  c o n s id e ra b le  s u p p o r t  
b o th  o b s e rv a t io n a lly  a n d  th e o re tic a l ly  a s  s u b s e q u e n t  d is c o v e r ie s  o f 
new  o b je c ts  a d d e d  to  th e  d a ta  s e t ,  a n d  m ajo r p a p e r s  b y  O s t r ik e r  a n d  
G unn(1969), a n d  G unn  a n d  O s tr ik e r  (1970) show ed  how  th e  b a s ic  
f e a tu r e s  of p u ls a r  b e h a v io u r  co u ld  be  e x p la in e d  u n d e r  a n  e x te n d e d  
v e rs io n  o f th e  G o ld /P a c in i m odel. D esp ite  b e in g  b a s e d  on a  p a u c i ty  o f 
d a ta  (see  la te r )  th is  i n te r p r e ta t io n  w as la r g e ly  r e in fo rc e d  r a t h e r  th a n  
c o n tra d ic te d  a s  m ore p u l s a r s  w ere  d isc o v e re d .
1.4 OBSERVATIONAL CHARACTERISTICS
1.4.1 P e r io d s  a n d  p e rio d  d e r iv a t iv e s .
T he p r im a ry  c h a r a c te r i s t ic  o b s e rv a b le  w as th e  p e r io d  P o f e a c h  
p u ls a r ,  w hich  had  a v e r y  h ig h  s ta b i l i ty  w hen  a v e ra g e d  o v e r  a  n u m b e r  
o f c y c le s . The p e r io d s  o f th e  f i r s t  p u ls a r s  w ere  fo u n d  to  b e  in  r a n g e  
33ms (C rab) u p  to  a few  s e c o n d s . Tim ing m e a su re m e n ts  on  th e  a r r i v a l  
tim es o f th e  a c tu a l p u ls e s  soon  re v e a le d  th a t  th e  p e r io d s  o f th e  
p u ls a r s  w ere  in  f a c t  in c r e a s in g  s te a d i ly  a n d  a  p e r io d  d e r iv a t iv e  ( P ) 
co u ld  be  d e fin e d  a n d  m e a s u re d , if  s u f f ic ie n t  o b s e rv a t io n a l  d a ta  w e re  
a v a ila b le  to  e lim inate  c o n tr ib u t io n s  from  th e  E a r th ’s  m otion e tc . T he 
p e r io d s  w ere  fo u n d  to  be  le n g th e n in g  a t  a  slow  r a te ,  o f th e  o r d e r  of 
n a n o -s e c o n d s  p e r  y e a r  b u t  P v a r ie d  o v e r  s e v e ra l  d e c a d e s  in  s iz e  fo r  
th e  o b s e rv e d  p o p u la tio n . T he in fo rm a tio n  o b ta in e d  from  s u c h  s tu d ie s  is  
b e s t  d isp la y e d  in  th e  fo rm  of a  s c a t t e r  p lo t  of P a g a in s t  P , th e
s o -c a l le d  P ,P  d iag ra m . [F ig u re  1.1]. T he c o n te n t  o f th is  will be 
d is c u s s e d  in  S e c tio n  1.6. H is to g ram s of th e  p e r io d  a n d  p e rio d  
d e r iv a t iv e  d a ta  a r e  show n  in  F ig u re s  1.2 a n d  1.3 r e s p e c t iv e ly .
I f  i t  is  a s su m e d  th a t  a  p u l s a r  m oves th r o u g h  sp a c e  a t  a  c o n s ta n t  
v e lo c i ty , th e n  P is  a  t r u e  m ea su re  o f i ts  s p in -d o w n  r a te .  T h e re  is  
som e d o u b t  o v e r  th e  a c c u r a c y  o f th is  fo r  g lo b u la r  c lu s t e r  p u ls a r s  
w h e re  th e  d e n s i ty  of s t a r s  is  m uch h ig h e r ,  a n d  s p u r io u s  P v a lu e s  may 
be  o b s e r v e d ,  d u e  to  th e  g ra v i ta t io n a l  a c c e le ra tio n  o f th e  p u ls a r  a n d  
th e  r e s u l t i n g  D o p p le r c o n tr ib u t io n  to  th e  o b s e rv e d  p e r io d  a n d  p e rio d  
d e r iv a t iv e .  A r e c e n t  m e a su re m e n t of a  n e g a tiv e  P [ W olszczan(1989) ] 
c a s t s  d o u b t  [ L yne(1989d) ] o v e r  o u r  a b il i ty  to  know  th e  t r u e
sp in d o w n  b e h a v io u r  of g lo b u la r  c lu s te r  p u ls a r s .
1.4.2 P u ls e  p ro f i le s ,  p u ls e w id th s  a n d  p o la r is a tio n .
A lth o u g h  in d iv id u a l  p u ls e s  m ay v a r y  in  s h a p e  a s  th e y  a r r iv e ,  th e  
o v e ra ll  lo n g - te rm  a v e ra g e  is  fo u n d  to  be  c h a r a c te r i s t ic  o f th e  p u ls a r ,  
a n d  i t s  p r o p e r t ie s  c a n  be  s tu d ie d . I t  is  f a i r  to  s a y  th a t  p u ls e  p ro f i le s  
a r e  a s  in d iv id u a l  a s  f in g e r p r in t s ,  in  th a t  no tw o a p p e a r  to  be 
id e n tic a l . [L y n e  a n d  M a n c h e s te r  (1988) ]. T h ese  p u lse  p ro f i le s  h a v e
w id th s  ( u s u a l ly  m e a su re d  a t  10% o r  50% of th e  p e a k  in te n s i ty  ) w h ich  
a r e  sm all c o m p ared  to  th e  p u ls a r  p e r io d , h e n c e  th e  d u ty  c y c le s , 
d e f in e d  a s  th e  r a t io  o f p u lse w id th  to  p e r io d , a re  ty p ic a lly  a  few  p e r  
c e n t.(H e n ry  a n d  P a ik (1969), P ro sy n sk i(1 9 7 9 ) ). T he o b s e rv e d  
d i s t r ib u t io n  o f p u ls e w id th s  is  show n in  F ig . 1.4.
S u b s ta n t ia ]  d e g re e s  o f l in e a r  p o la r is a tio n  h a v e  b e e n  o b s e rv e d  (up  to  
50%) w ith in  th e  p u ls e s ,  a n d  th e  in s ta n ta n e o u s  p lan e  of p o la r is a t io n  is  
fo u n d  to  v a r y  sm o o th ly  a c ro s s  th e  p ro file , a lth o u g h  m any p u l s a r s  show  
co m p lica ted  v a r ia t io n s  on  th is  them e. T h is  f e a tu re  led  R a d h a k r is h n a n  
a n d  C ooke(1969) to  p ro p o se  a  m odel fo r  p u ls a r  em ission  in  a  h ig h ly
6d ire c tio n a l  beam  of r a d ia t io n  c e n tr e d  on  th e  m ag n e tic  p o la r  c a p  of a 
r o ta t in g  n e u tr o n  s ta r .  T he p la n e  of p o la r is a t io n  th e n  becam e r e la te d  to  
th e  p ro je c te d  d ire c tio n  o f th e  m ag n e tic  f ie ld  a t  th e  p o in t  on  th e  s t a r  
d i r e c t ly  on  th e  lin e  o f s ig h t .  T he o u ts ta n d in g  c o n s e q u e n c e  o f th is  
m odel w as th a t  fo r  r e a l is t ic  p a ra m e te r s  o f th e  beam , th e  m a jo r ity  of 
h y p o th e t ic a l  g a la c tic  o b s e r v e r s  w ould n o t in  f a c t  b e  a b le  to  o b s e rv e  
th e  p u ls a r ,  s in c e  th e  co n e  w ould  n o t sw eep  th r o u g h  a ll d i r e c t io n s  in  
sp a c e . T h is  le a d s  im m ed ia te ly  to  th e  c o n c e p t  o f ’b eam in g  f r a c t io n ’ (an d  
i t s  re c ip ro c a l,  th e  beam ing  fa c to r )  w h ich  e s tim a te s  w h ich  f r a c t io n  o f all 
su c h  o b je c ts  will b e  p o te n t ia l ly  o b s e rv a b le  to  a n  o b s e r v e r  d u e  to  th e  
g e o m e try  o f th e  s o u rc e . S u c h  e s tim a te s  w ill c le a r ly  be  r e le v a n t  to  
e v o lu t io n a ry  m odels, p a r t i c u la r ly  if th e  b eam in g  f r a c t io n  d e p e n d s  on 
o th e r  p u ls a r  p a ra m e te rs  a n d  is  t im e -d e p e n d e n t .  We s h a ll  r e t u r n  to  th e  
q u e s tio n  o f p u ls e w id th s  a n d  th e i r  im p o rta n c e  in  C h a p te r  6.
1.4.3  D isp e rs io n  m e a s u re s  a n d  d is ta n c e s .
The p re s e n c e  of f r e e  e le c tr o n s  in  th e  i n te r s t e l l a r  m edium  allow s th e  
d is p e r s io n  m e a su re s  to  be  u s e d  a s  p u ls a r  d is ta n c e  in d ic a to r s ,  g iv e n  a 
m odel fo r  th e  e le c tro n  d i s t r ib u t io n  in  th e  g a la x y . T he d is p e r s io n  
m ea su re  r e la te s  th e  d e la y  in  a r r iv a l  tim e fo r  one  p u ls e  o b s e rv e d  a t  
tw o f re q u e n c ie s  to  th e  in te g r a te d  e le c tro n  d i s t r ib u t io n  a lo n g  th e  lin e  
o f s ig h t  a n d  th e  tw o f re q u e n c ie s .  T he e le c tro n  d e n s i ty  c a n  be 
e s tim a te d  from  d is ta n c e s  fo r  th e  few  p u l s a r s  w ith  in d e p e n d e n t  
e s tim a te s  o f th e i r  d is ta n c e s ,  from  n e u tr a l  h y d ro g e n  a b s o rp t io n  d a ta  o r  
b y  u s in g  th e  p u l s a r s  th e m se lv e s  to  c a l ib ra te  th e  i n te r s t e l l a r  
d is t r ib u t io n  of f r e e  e le c tro n s .  [ G ailly e t  a l(1978), A rn e t t  a n d  
L erch e(1 9 8 1 ), H ard in g  a n d  H ard in g (1 9 8 4 ), L y n e  e t  a l (1985).]
1.4.4  F lux  d e n s it ie s  a n d  s p e c t r a .
M ost p u ls a r s  h av e  s p e c t r a l  in d ic e s  in  th e  r a n g e  [ -2 ,-1 ]  fo r  th e  ra d io
7p o r tio n  o f th e  s p e c tru m . T h e re  is  a  t u r n o v e r  a t  th e  low f r e q u e n c y  
e n d . [ M alofeev a n d  Sh itov (1981) ]. S u rv e y  f re q u e n c ie s  h a v e  to  cope  
w ith  in c re a s e d  b a c k g ro u n d  n o ise  a t  low er f re q u e n c ie s  a n d  th e  fa ll in  
in te n s i t ie s  a t  th e  h ig h  f r e q u e n c y , u s u a lly  r e s u l t in g  in  o b s e r v in g  a t  
400 Mhz o r  so. T he f lu x e s  a r e  ty p ic a lly  of o r d e r  100 m Jy , a n d  th e  
f a in te s t  p u l s a r s  u s u a lly  h a v e  flu x  d e n s i t ie s  a ro u n d  l-1 0 m Jy .
T he o n ly  p u l s a r s  o b s e rv e d  a t  o th e r  w a v e le n g th s  a r e  th e  C ra b , Vela 
a n d  PSR 1509-58, a ll th r e e  em b ed d ed  in  s u p e rn o v a  r e m n a n ts . T h e se  
h a v e  b e e n  d e te c te d  in  b o th  x - r a y  a n d  y - r a y  w a v e le n g th s , a n d  th e  
f i r s t  tw o a lso  a r e  o p tic a l p u ls a r s .
1.4 .5  L u m in o s itie s .
A lu m in o s ity  c a n  be d e fin e d  a s  L400 = S 400d2 w h e re  S ^ qq is  th e  f lu x
d e n s i ty  a t  400 MHz a n d  d th e  d is ta n c e  in f e r r e d  fo r  th e  p u ls a r .  T h e se
lu m in o s itie s  w e re  fo u n d  to  be s e v e ra l  o r d e r s  o f m a g n itu d e  le s s  th a n
«
th e  i n f e r r e d  ’s p in -d o w n ’ lu m in o s ity  LS(j = Iuw fo u n d  from  th e  
o b s e rv e d  p e r io d  a n d  p e rio d  d e r iv a t iv e ,  w hich  show ed  t h a t  th e  p u ls e  
em issio n  p ro c e s s  d id  n o t c o n tr ib u te  s ig n if ic a n tly  to  th e  o v e ra l l  e n e r g y  
b u d g e t  o f th e  n e u tr o n  s ta r .  An a l te rn a t iv e  d e fin itio n  o f lu m in o s ity , 
u s e d  b y  M a n c h e s te r  a n d  T a y lo r(1977) in v o lv e s  th e  a s su m p tio n  o f a  
beam  s iz e  fo r  th e  p u ls a r ,  b u t  th e  m ost common u s a g e  is  th a t  d e f in e d  
a s  a b o v e .
1.4.6  S p a tia l d is t r ib u t io n .
T he o b s e rv e d  p u ls a r s  form  p re d o m in a n tly  a  local p o p u la tio n . T he 
m a jo r ity  of o b je c ts  a re  c lu s te re d  in  th e  g a la c tic  p la n e , a n d  a  v e r t ic a l  
sc a le  h e ig h t  o f * 600 pc  is  ty p ic a l  fo r  th e  o b s e rv e d  sam ple . [See 
M orini(1981), G ailly e t  al (1978), N arayan(1987) ]. See T a y lo r  a n d  
S tin e b r in g (1 9 8 6 )  fo r  p lo ts  of th e  p u ls a r s  in  g a la c tic  c o o rd in a te s , a n d  
th e  local d i s t r ib u t io n  in  th e  g a la c tic  p lan e .
31.4 .7  P u ls a r  k in e m a tic s .
A lth o u g h  th e  p u l s a r s  h a d  b e e n  id e n tif ie d  a s  p r im a r i ly  a  g a la c tic  d isc  
d i s t r ib u t io n  th e  d i s t r ib u t io n  in  g a la c tic  l a t i tu d e  s u g g e s te d  th a t  p u ls a r s  
w e re  b e in g  ex p e lled  from  th e  p la n e  w ith  u n u s u a l ly  h ig h  v e lo c itie s . T he 
p r o p e r  m otions o f s e v e ra l  p u ls a r s  w ere  o b s e rv e d  b y  L y n e  e t a l (1982) 
a n d  th e y  fo u n d  th a t  m ost o f th e i r  sam ple w e re  m oving  o u t o f th e  
p la n e  a t  v e lo c itie s  o f s e v e ra l  h u n d r e d s  o f km s“ l .  O th e r  w o rk  b y  
C o rd e s  [C ordes(1986) a n d  C ordes(1987) ] u s in g  in te r s t e l l a r  s c in t il la t io n  
s tu d ie s  d e a lt  w ith  a  l a r g e r  sam ple  b u t  r e a c h e d  s l ig h t ly  d i f f e r e n t  
c o n c lu s io n s , e s p e c ia lly  r e g a r d in g  th e  n u m b e r  o f lo w -v e lo c ity  o b je c ts .  
T he  im p lic a tio n s  o f th e s e  o b s e rv a t io n s  w ill be  d is c u s s e d  in  S ec tio n  
1.6.7.
1.4 .8  P u ls a r s  a n d  s u p e rn o v a e .
I t  is  o f i n te r e s t  to  n o te  th a t  th e  p u ls a r s  th o u g h t  to  be th e  y o u n g e s t
a r e  th o s e  a s s o c ia te d  w ith  th e  re m n a n ts  of th e  s u p e rn o v a e  e x p lo s io n s
th a t  c re a te d  th e  n e u tr o n  s ta r ,  b u t  o n ly  4 o u t  o f ~ 300 g a la c tic
s u p e rn o v a  re m n a n ts  (SNRs) h a v e  v is ib le  p u ls a r s ,  a l th o u g h
a p p ro x im a te ly  10% show  C ra b - lik e  ’p le r io n ’ s t r u c t u r e  in d ic a tin g  th e
p o s s ib le  p re s e n c e  of a  p u ls a r  w h ich  c a n n o t o th e rw is e  b e  se e n , d u e  to
th e  d ire c tio n a l  em ission . T he re m a in d e r , a b o u t  90% of th e  to ta l,  a re
s h e l l - l ik e  a n d  hollow  in  a p p e a ra n c e  a n d  g iv e  no in d ic a tio n  of r a p id ly
r o ta t in g  n e u tro n  s t a r s  a t  a ll, th o u g h  a slow ly  r o ta t in g  n e u tr o n  s t a r
m ay n o t g iv e  r i s e  to  o b s e rv a b le  e f f e c ts .  T h u s  i t  is  c le a r  t h a t  n o t
n e c e s s a r i ly  a ll s u p e rn o v a e  c re a te  n e u tr o n  s t a r s ,  a n d  in  t u r n  a  n e u tr o n
s t a r  m ay n o t be  a  p u ls a r .  The e s tim a te d  o b s e rv e d  life tim e of a n  SNR is  
-  104-5 y e a rs  a n d  th a t  fo r  p u ls a r s  c o n s id e ra b ly  lo n g e r  s u c h  th a t  m ost 
p u l s a r s  will n o t show  e v id e n c e  of th e i r  fo rm a tio n  e v e n t.  See 
R a d h a k r is h n a n  a n d  S rin iv a san (1 9 8 1 ).
91.4 .9  O th e r p u ls a r  pheno m en a .
T h e re  is  in  f a c t  a n  a s to n is h in g  d iv e r s i ty  o f o b s e rv e d  p u ls a r  
p h en o m en a . C e r ta in  p u ls a r s  w e re  se e n  to  ’g l i t c h ’, i .e . d is c o n t in u o u s ly  
d e c re a s e  th e i r  p e r io d  b e fo re  ’r e la x in g ’ to  th e  p r e v io u s  v a lu e , b y  a 
p r o c e s s  th o u g h t  to  be  a n e u tr o n  ’s ta r q u a k e ’, a n d  a  p o te n t ia l ly  f r u i t f u l  
m eans of p ro b in g  th e  r e la t iv e ly  u n k n o w n  in te r io r  s t r u c t u r e  o f n e u tr o n  
s t a r .  T h ese  ’p u ls a r  g l i t c h e s ’ [B o y n to n  e t  a l(1971), R e ich ley  a n d  
D ow ns(1969),(1970), P ap a lio lo s  e t  a l (1971), S c a rg le  a n d  P ac in i(1971) a n d  
R a d h a k r is h n a n  a n d  M a n c h e s te r (1969)) a r e  n o t th o u g h t  to  a f f e c t  th e  
lo n g - te rm  e v o lu tio n  o f th e  s ta r .  At th e  le v e l o f p u ls e  m ic r o - s t r u c tu r e  
a n d  p u ls e - s h a p e  m o rp h o lo g y  th e r e  a r e  s e v e ra l  p u z z le s  to  be  so lv e d , 
b u t  s in c e  th e  p u ls e  em issio n  is  n o t b e lie v e d  to  b e  fu n d a m e n ta l  to  th e  
sp in -d o w n , we c a n  ig n o re  i t  in  th is  w o rk . I t  is  in te n d e d  to  t r e a t  th e  
la r g e - s c a le  b e h a v io u r  o f th e  p u ls a r ,  n o t th e  d e ta i ls  o f em iss io n  
p r o c e s s e s  a n d  p u ls e  m ic r o - s t r u c tu r e .  [S ee  S e c tio n  1.8 fo r  th e  
o b je c t iv e s  o f th is  th e s is .]
1.5 SELECTION EFFECTS
1.5.1 In tro d u c tio n .
I t  sh o u ld  be  e m p h a s ise d  a t  th is  s ta g e  th a t  th e r e  is  a n  im p o r ta n t  
d is t in c t io n  b e tw e e n  th e  in t r in s ic  p u ls a r  p o p u la tio n  in  th e  g a la x y  a n d  
th a t  w h ich  we in fe r  from  o b s e rv a t io n s ,  w h ich  a r e  s u b je c t  to  a  v a r i e ty  
o f se le c tio n  e f f e c ts .  T h is  m eans th a t  in  g e n e ra l  th e  o b s e rv e d  sam p le  is  
a  s ta t is t ic a l ly  b ia se d  sam ple  o f th e  p a r e n t  p o p u la tio n , w h ich  in  t u r n  
m eans th a t  q u a n t i t ie s  of im p o rta n c e  in f e r r e d  fo r  th e  o b s e rv e d  sam ple  
( su c h  a s  m ean m ag n e tic  f ie ld , o r  ty p ic a l  p u lse  s h a p e  e .g .)  w ill d i f f e r  
from  th o se  sam e q u a n t i t ie s  d e d u c e d  b y  a  h y p o th e t ic a l  o b s e r v e r  w ho 
c an  see  a ll th e  p u ls a r s  in  th e  ga laxy . T h e re fo re , to  p r o p e r ly  c o n d u c t  
a n  a n a ly s is  o f p u ls a r  d i s t r ib u t io n s  r e q u i r e s  r ig o r o u s  t r e a tm e n t  of
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s e le c tio n  e f f e c ts  to  c o r r e c t  fo r  th e s e  b ia s e s  a n d  e n s u r e  o u r  in fe r e n c e s  
a r e  n o t s p u r io u s .  [ V iv ek an an d  e t  a l(1982), N aray an (1 9 8 7 ), e tc .]  T he 
m ain s e le c tio n  e f f e c ts  a r e  th e  fo llow ing .
1 .5 .2  T he M alm quist B ias.
In  F ig u re  1.5 lu m in o s ity  is  p lo tte d  a g a in s t  d is ta n c e  fo r  th e  o b s e rv e d
p u l s a r s .  At l a r g e r  d is ta n c e s  th e r e  is  a  c le a r  te n d e n c y  fo r  o n ly  th e
m ost lu m in in o u s  p u ls a r s  to  be o b s e rv e d . T h is  is  a  m a n ife s ta tio n  o f th e
M alm quist B ias, an  e f fe c t  nam ed a f t e r  i t s  d is c o v e r e r ,  who n o tic e d  i ts
im p o r ta n c e  in  th e  fie ld  o f s te l la r  c la s s if ic a tio n . I t  is  a lso  a  s e r io u s
o b s ta c le  to  d e te rm in in g  d is ta n c e s  o f g a la x ie s  in  cosm ology . I t  a r i s e s
th r o u g h  th e  in a b ili ty  of te le s c o p e s  to  d e te c t  o r  r e c o r d  o b je c ts  w hich
a r e  too  f a in t  to  c ro s s  some flu x  th re s h o ld  c h a r a c te r i s t ic  o f th a t
in s t r u m e n t .  T h u s  a n y  d a ta  sam p les  from  th a t  te le s c o p e  w ill be
f lu x - lim ite d , i.e . a ll o b je c ts  will h a v e  g r e a t e r  th a n  som e minimum flu x
d e n s i ty .  T he p r in c ip a l  e f fe c t  of th e  M alm quist B ias is  to  r a is e  th e  m ean
lu m in o s ity  o f th e  o b s e rv e d  sam ple a b o v e  th e  m ean of th e  p o p u la tio n  a s
a  w hole . Of m ore re le v a n c e  to  th e  p u ls a r  p o p u la tio n  is  th e  a s s o c ia te d
b ia s  t h a t  m ay be  p r e s e n t  in  th e  p e rio d  a n d  p e r io d  d e r iv a t iv e  d a ta .
T h is  can  a r i s e  if  th e  lu m in o sity  d e p e n d s  on  th e  p e r io d  a n d  p e r io d
d e r iv a t iv e ,  a s  p ro p o se d  b y  s e v e ra l  a u th o r s .  [ P ro s z y n s k i  a n d
P rz y b c ie n (1 9 8 4 ) , S to llm ann(1987b), V iv ek an an d  a n d  N a ra y an ( 1983) ].
T h is  m eans im m edia te ly  th a t  th e  P ,P  d a ta  fo r  th e  sam ple  o f o b s e rv e d
p u l s a r s  is  b ia se d  aw ay  from  th e  t r u e ,  in t r in s ic  d i s t r ib u t io n .  A f u r t h e r
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c o n s e q u e n c e  will be th a t  a n y  q u a n ti t ie s  e s tim a te d  from  P a n d  P, s u c h  
a s  m ean m ag n e tic  fie ld  s t r e n g th ,  will a lso  be u n re l ia b le  in d ic a to r s  of 
th e  t r u e  ty p ic a l  v a lu e . The im p o rta n c e  o f th is  h a s  n o t, we fee l, b e e n  
g iv e n  s u f f ic ie n t  a t te n t io n  in  th e  l i t e r a tu r e .
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1.5.3  B eam ing e f f e c ts .
As p o in te d  o u t  a b o v e , n o t a ll p u l s a r s  a r e  p o te n t ia l ly  v is ib le  to  a  
p a r t i c u la r  o b s e r v e r .  T he b eam in g  f ra c t io n  e s tim a te s  th e  f r a c t io n  of 
p u l s a r s  t h a t  a r e  f a v o u r a b ly  o r ie n ta te d ,  a n d  d e p e n d s  o n  th e  g e o m e try  
of p u l s a r  em iss io n . I f  th is  g e o m e try  w ere  to  a l t e r  th r o u g h  a  p u l s a r ’s 
life tim e  b y  m eans o f a lig n m e n t (o r c o u n te r -a l ig n m e n t)  o f m ag n e tic  a n d  
r o ta t io n  a x e s , f o r  exam ple, th e n  th e  beam ing  f r a c t io n  w ill th e n  be  a 
v a r ia b le  q u a n t i ty  w h ich  m u st be  a c c o u n te d  fo r  in  a n y  a n a ly s is  o f 
e v o lu tio n , b y  w h ich  we m ean a th e o re t ic a l  p r e d ic t io n  of th e  p u ls a r  
d i s t r ib u t io n  in  P a n d  P w h ich  is  s u b s e q u e n t ly  c o m p a red  s ta t i s t ic a l ly  
a g a in s t  th e  o b s e r v a t io n s ,  se e  S e c tio n  1.8.
1.5.4  S u r v e y  s e n s i t iv i ty .
D if fe re n t s u r v e y s  o b ta in e d  d i f f e r e n t  s e n s i t iv i t ie s  to  p u ls a r  d e te c tio n , 
b y  v i r t u e  o f d i f f e r e n t  o b s e rv a t io n a l  te c h n iq u e s ,  o b s e r v in g  f re q u e n c ie s  
a n d  sam p lin g  r a t e s  [L y n e( 1989b)]. Also th e  b a c k g ro u n d  s k y  
te m p e ra tu re  v a r i e s  w ith  p o s it io n  a n d  c a n  d e g ra d e  s e n s i t iv i ty  to  c e r ta in  
p o r tio n s  of th e  s k y , p a r t i c u la r ly  in  th e  d ire c tio n  o f th e  g a la c tic  
c e n tr e .  So th e  minimum flu x  th re s h o ld  is  n o t a  c o n s ta n t  fo r  a ll 
sam p les , b u t  d e p e n d s  on  th e  s u r v e y  in  q u e s tio n . M ore d e ta i ls  a r e  
d is c u s s e d  in  L y n e  e t  a l(1985). T h is  m eans th a t  p u l s a r s  d is c o v e re d  b y  
one  s u r v e y  m ay n o t h a v e  b e e n  fo u n d  b y  a  se co n d  s u r v e y  in  th e  sam e
a re a  o f th e  s k y , b u t  w ith  a  d i f f e r e n t  s e n s i t iv i ty .
1.5 .5  P e r io d - d e p e n d e n t  s e le c tio n .
T h e re  is  an  a d d it io n a l  f a c to r  w h ich  in h ib i ts  d e te c tio n  o f s h o r t  p e r io d  
p u la r s  a n d  is  a  c o n s e q u e n c e  o f th e  s ta n d a r d  d e te c tio n  m e th o d s  
em ployed  b y  th e  m ajo r s u r v e y s .  T he o b s e rv e d  p u ls e w id th s  a r e
b ro a d e n e d  d u e  to  a  sm all tim e d e la y  in  th e  in te g r a t io n  p r o c e s s  a n d  a
p e rio d  d e p e n d e n t  f a c to r  of th e  form
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f  = 1 / ( I  + 0 .2 5 /p 2 ) l /4 is  in t r o d u c e d .  [ L y n e  e t  al(1985) ]. T h is  
e f f e c tiv e ly  a l t e r s  th e  b eam ing  f r a c t io n  o b ta in e d  from  p u r e ly  
g e o m e tric a l c o n s id e ra tio n s .
1.6 DISCU SSIO N OF THE OBSERVATIONAL DATA.
1.6.1 T he P ,P  d iag ram .
*  •
T he P ,P  d iag ram  is  show n in  F ig . 1.1., f o r  368 p u l s a r s  w ith  k n o w n  P
v a lu e s . I t  is  c le a r  th a t  th e r e  is  a  te n d e n c y  fo r  lo n g -p e r io d  p u l s a r s  to  
h a v e  sm a lle r  v a lu e s  o f P b u t  th e  la r g e  s c a t t e r  in  b o th  P  a n d  P m akes 
th e  o v e ra ll  c o rre la t io n  f a i r ly  sm all b e tw e e n  P a n d  P. T he P e a rs o n  a n d  
S p e a rm a n  c o r re la t io n  c o e ff ic ie n ts  d e f in e d  in  A p p en d ix  A4 c a n  be  u s e d  
to  q u a n ti f y  th is ,  a n d  in  f a c t  i t  is  fo u n d  th a t  th e  P e a rs o n  c o e ff ic ie n t  
= 0.30, w ith  a s so c ia te d  p ro b a b l i ty  p t = 2 .4 x l0 “ 9 , a n d  S p e a rm a n ’s  p 2 
= 0.06, w ith  p 2 = 0.21. , c o n firm in g  o u r  v is u a l  im p re s s io n s . H ow ever, 
th e s e  a r e  sm all c o rre la t io n  c o e ff ic ie n ts , in d ic a t in g  a  w eak  d e p e n d e n c e . 
The v e r y  sm all v a lu e  of p 2 te l ls  u s  th a t  i t  is  n o t u n r e a s o n a b le  to  
a ssu m e  th a t  P a n d  P a re  u n c o r r e la te d  a s  a  f i r s t  a p p ro x im a tio n .
T h e re  a r e  s e v e ra l  s a lie n t  f e a tu r e s  r e le v a n t  to  th e  q u e s tio n  o f 
e v o lu tio n . M ajor p a p e r s  s tu d y in g  th e  P ,P  d iag ra m  in c lu d e  L y n e  e t  a l 
(1985), P h in n e y  a n d  B lan d fo rd (1 9 8 1 ), L y n e  e t  a l(1977), 
R a d h a k rish n a n (1 9 8 2 ) , Van d e n  H euvel(1984) a n d  V iv ek an d  e t  a l(1982). 
T he p u l s a r s  fo u n d  in  th e  to p  le f t  h a n d  c o rn e r  h a v e  som e o f th e  
f a s t e s t  p e r io d s  a n d  th e s e  a lso  h a v e  th e  l a r g e s t  p e r io d  d e r iv a t iv e s ,  a n d  
a re  th o s e  w hich  a r e  se en  to  be a s so c ia te d  w ith  s u p e rn o v a  re m n a n ts . 
T h e se  a lso  a r e  th e  m ost ’a c t iv e ’ o b je c ts ,  s in c e  th e y  c a n  be  o b s e rv e d  a t  
o th e r  w a v e le n g th s . T h e re  a re  no p u ls a r s  fo u n d  in  th e  bo ttom  r ig h t  
a n d  i t  is  p o ss ib le  to  d raw  a  lin e  s e p a r a t in g  th is  re g io n  from  th e  
o c c u p ie d  a re a  of th e  d iag ram , th e  ’d e a th l in e ’ a s  i t  is  com m only ca lled . 
T h is  h a s  b e e n  a rg u e d  to  be a th re s h o ld  fo r  p u ls e  p ro d u c t io n  to  c e a se ,
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s u c h  th a t  ’d e a d ’ p u l s a r s  o c c u p y  th e  re g io n  below  th e  d e a th l in e . 
[R u d erm an  a n d  S u th e r l a n d (1975) a n d  S to llm ann(1987)].
T h e re  a r e  a lso  a n u m b e r  o f p u ls a r s  w ith  s h o r t  p e r io d s  a n d  low 
s p in -d o w n  r a t e s  w h ich  o c c u p y  th e  low er le f t  c o rn e r .  I t  seem s 
s ig n if ic a n t  t h a t  th e  m a jo r ity  o f th e s e  a re  b in a ry  p u l s a r s  a n d  h a v e  
p o s s ib ly  u n d e rg o n e  a  d i f f e r e n t  e v o lu t io n a ry  h is to r y  from  th e  s ta n d a r d  
p u l s a r s  in  th e  r e s t  o f th e  P ,P  p lan e . [ A lpar e t  a l(1982 ), Van d e n  
H euvel(1984) ]. I t  is  p o s s ib le  t h a t  th e s e  p u ls a r s ,  h a v in g  s p u n  dow n 
c o n v e n tio n a lly , w e re  ’r e s u r r e c t e d ’ b y  u n d e rg o in g  a  s p in - u p  p h a s e  
d u r in g  w h ich  th e y  in c r e a s e d  th e i r  a n g u la r  m om entum  b y  a c c r e t in g  
m a tte r  from  t h e i r  le s s  m ass iv e  com panion  s ta r s .  The e v e n tu a l  dem ise  o f 
th e  com pan ion  r e s u l te d  in  a  f a s t  p u ls a r  o r b i t in g  a n o th e r  com pact 
o b je c t .  T he b in a r y  n a tu r e  o f th e s e  o b je c ts  is  in f e r r e d  from  th e  tim ing  
o b s e r v a t io n s -  a  r e g u la r  D o p p le r v a r ia tio n  in  th e  v a lu e  o f P r e v e a ls  th e  
p r e s e n c e  o f a n  u n s e e n  o r b i t in g  com panion . I t  w ould be  d a n g e ro u s  to  
a ssu m e  th a t  th e  b in a r y  p u l s a r s  co u ld  be  e a s ily  e x p la in e d  b y  th e  sam e 
th e o ry  th a t  g o v e rn s  th e  s in g le  o b je c ts ,  s in c e  th e y  m ay h a v e  
e x p e r ie n c e d  a  co m p le te ly  d i f f e r e n t  e v o lu tio n a ry  h is to ry .
T he m illisecond  p u ls a r  l ie s  to  th e  bottom  le f t  of th e  d ia g ra m , w ith  th e  
f a s t e s t  p e r io d  o f  1.56 m sec. PSR1953+29 h a s  th e  sm a lle s t P  o f *10” 2°  
s s - 1 , a n d  is  a  b in a r y  p u ls a r .
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1.6.2 T he lu m in o s ity  d a ta .
T he d a ta  fo r  L400 (as d e f in e d  in  S e c tio n  1.4.5) a r e  d is p la y e d  in  a  
h is to g ra m  in  F ig . 1.6. T h e re  is  a  l a r g e  s p re a d  o f 4 d e c a d e s  in  th e  
v a lu e s . A m edian  v a lu e  of ““lOO m J y k p c 2 is  fo u n d  fo r  th is  sam p le . T he 
a l t e r n a t iv e  d e f in itio n  u s e d  b y  M a n c h e s te r  a n d  T a y lo r (1977), u s in g  an  
a s su m e d  c i r c u la r  co n ica l beam , g iv in g  L, c a n  b e  co m p a red  d i r e c t ly  b y  
p lo t t in g  th e  tw o v a lu e s  a g a in s t  o n e  a n o th e r ,  a s  in  F ig . 1.7. T h e re  is  
good a g re e m e n t, th e  c o r r e la t io n s  fo r  th e  sam p le  o f 301 o b je c ts  b e in g  
g 1 -  0.95 a n d  p2 = 0.95 (P e a rs o n  a n d  S p e a rm a n  c o e f f ic ie n ts ) ,  b o th  
h ig h ly  s ig n if ic a n t.
T h e re  h a s  b e e n  som e d is c u s s io n  in  th e  l i t e r a tu r e  o v e r  th e  
d isc r im in a tio n  o f p u l s a r s  in to  two ty p e s ,  o f te n  b a s e d  on  th e  lu m in o s ity  
h is to g ra m , w h ich  sh o w s a  'd efic it*  o f p u l s a r s  a t  log (L  e r g s - 1 ) * 27.5. 
P in e a u lt  (1986) a n d  o th e r  a u th o r s  h a v e  a r g u e d  th a t  th is  is  e v id e n c e  o f 
two c la s s e s  of p u l s a r s  w ith  d i f f e r in g  lu m in o s ity  c h a r a c te r i s t i c s .  S in ce  
we do  n o t know  w h a t sh a p e  of d i s t r ib u t io n  to  e x p e c t fo r  lu m in o s ity  
d a ta , we p r e f e r  to  t r e a t  a ll p u ls a r s  a s  a  s in g le  c la s s , a n d  e x p e c t a  
m ore com ple te  sam ple will rem ove a n y  c u r io u s  a r t e f a c t s  from  th e  d a ta  
h is to g ra m , o r  con firm  th e  ’tw o -p o p u la t io n ’ h y p o th e s is .
We sh o u ld  n o te  a t  th is  p o in t th e  som ew hat a r b i t r a r y  d e f in itio n  of 
p u ls a r  lu m in o s itie s . I t  is  n o t p o s s ib le  to  know  fo r  s u r e  th e  a c tu a l  
p o w er o u tp u t  o f a n y  p u ls a r ,  b u t  L 400 g iv e s  a n  a p p ro x im a te  e s tim a te  of 
it. T he u n c e r ta in t ie s  in  th e  d is ta n c e  e s tim a te s  c a r r y  fo rw a rd  to  th e  
lu m in o s ity  v a lu e s  too.
We h a v e  a rg u e d  a b o v e  th a t  th e  f lu x - lim ite d  n a tu r e  o f p u ls a r  s u r v e y s  
will in tr o d u c e  a b ia s  to  th e  o b s e rv e d  d a ta , w h ich  w ill h a v e  to  be 
c o r r e c te d  fo r  in  a ll c o n c lu s io n s  we re a c h  b a s e d  on  th e  know n p u ls a r  
sam ple . T h is  can  be  d e m o n s tra te d  v e r y  e a s ily  w ith  a  sim ple  exam ple.
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1.6.3 D em o n stra tio n  o f th e  M alm quist b ias .
We can  d e m o n s tra te  th e  e f f e c t  of th e  M alm quist b ia s  v e r y  sim ply
a n d  a n a ly tic a lly  a s  fo llow s. We a ssu m e  th a t  th e  in t r in s ic  
d is t r ib u t io n  in  p u ls a r  lu m in o s itie s  ( th a t  o f a ll p u l s a r s  in  th e  g a lax y ) 
is  g iv e n  b y  a  lo g -n o rm a l. T h is  m eans t h a t  th e  q u a n t i ty  ln (L ) is  
d i s t r ib u te d  a s  a  u n iv a r ia te  no rm al, o r  G au ss ian . L e t /J b e  th e  m ean a n d  
a 2 th e  v a r ia n c e  o f th is  d i s t r iu b t io n ,  d e n o te d  N(z) w h e re  z = ln (L ). T h is  
im p lies th a t  th e  n u m b e r  o f p u l s a r s  w ith  ln (L ) in  th e  r a n g e  z to  z+dz 
w ill be N (z)dz. T h e re fo re
N(z) = N0 exp  [■ -  ( z - f j ) 2"j (1 .1 )
•J ( 2tt )o  [  2 o 2 J
where N0 is the total number of pulsars in the population.
Now we assum e t h a t  th e  g a la x y  c o n s i s t s  o f  an  i n f i n i t e  p l a n a r  d i s c .
A p u l s a r  su rv e y  w ith  minimum f lu x  th re s h o ld  Fm-jn w i l l  d e t e c t  p u l s a r s
2o u t  to  a  d i s t a n c e  g iv e n  by  where = e x p (z ) (1 .2 )
^ ^ m in
So th e  o b se rv e d  d i s t r i b u t i o n  in  z w i l l  be  g iv e n  by :
»
No b s (z ) =  J  N(z) H (exp(z)-4TTr^ax Fm in) .2 r r r .p ( r )  .d r  (1 .3 )
o
So th e  number o f  p u l s a r s  o b se rv e d  in  z , z+dz i s  N0]rjS ( z ) .d z  
We w i l l  assum e f o r  s i m p l i c i t y  t h a t  p(r)  i s  u n ifo rm , i . e .  p ( r )= p 0 , 
th e  s p a t i a l  d e n s i ty  o f  p u l s a r s  in  th e  d i s c .  So we o b ta in  
N0b s (z )  = N(z) .Trp0r max2 = N(z)  .p0 .e x p (z ) /4 F min (1 .4 )
By th eo rem  1 in  A p p en d ix  3A, th is  is  a  se co n d  norm al, w ith  new  m ean 
g iv e n  b y  u ’ = I* + o 2 , a n d  th e  sam e v a r ia n c e . T h u s  th e  o b s e rv e d  m ean 
is  h ig h e r  th a n  th e  in t r in s ic  m ean, so th a t  th e  o b s e rv e d  sam ple  is  
b ia se d  to  h ig h e r  lu m in o s ity  o b je c ts .  A lte rn a tiv e ly , we c o u ld  d e r iv e  th e
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e x p re s s io n  fo r  E ^ g ^ l r ) ,  th e  e x p e c ta tio n  v a lu e  o f z a t  f ix e d  r .  
T h is  i s  d e f in e d  a s :
EQb s ( z Ir ) = N ( z , r ) . z . d z (1 .5 )
-oo N ( r )
T h is  t u r n s  o u t  t o  b e  :
E0bg ( z | r )  = U + 2o2 . exp ( - y 2 ) ( 1 . 6 )
e r f c (  y  )
w here y  = [  ( ln (4 7 ir^ axFm in ) -A* ) ( 1 . 7 )
V2 . o
and  e r f c  i s  th e  com plem ent t o  th e  s ta n d a r d  e r r o r  f u n c t io n  e r f ,  
su ch  t h a t  e rfc (O )  = 1 and  e r f c ( « )  = 0 .
( 1 . 6 )  i s  a  m onoton ic  in c r e a s in g  f u n c t io n  o f  r ,  so  a t  g r e a t e r  d i s t a n c e s  
o n ly  th e  v e ry  b r i g h t e s t  p u l s a r s  a r e  d e te c te d .  T h is  shows s im p ly  th e  
e f f e c t  t h a t  lu m in o s ity  s e l e c t i o n  can  have on p u l s a r  sam p les .
1.6.4 P u ls a r  lu m in o s ity  law s.
S e v e ra l  a u th o r s  h a v e  p o in te d  o u t  th e  lik e ly  d e p e n d e n c e  o f lu m in o s ity  
on  p e r io d  a n d  p e r io d  d e r iv a t iv e .  [ P ro s z y n s k i  a n d  P rz y b c ie n (1 9 8 4 ) , 
S to llm ann(1987), V iv e k a n an d  a n d  N arayan (1981 ),(1983 )]. T h is  m ay b e  a  
d i r e c t  e f f e c t ,  o r  p o s s ib ly  d u e  to  a  d e p e n d e n c e  on  m ag n e tic  f ie ld  
s t r e n g th ,  w h ich  in  th e  s ta n d a r d  m odel is  g iv e n  b y  /(P P ) , so  th e  
d e p e n d e n c e  iB c a r r ie d  o v e r  to  P a n d  P. Of p a r t ic u la r  i n t e r e s t  is  th e  
d i r e c t  e f f e c t  on  th e  o b s e rv e d  d is t r ib u t io n  o f p e r io d  a n d  p e r io d  
d e r iv a t iv e  o f a  p o w e r law of th e  ty p e  fo u n d  b y  P ro s z y n s k i  a n d  
P rz y b c ie n (1 9 8 4 );
fo r  c o n s ta n ts  <x, P a n d  A. On th e  b a s is  o f a  r e g r e s s io n  l e a s t - s q u a r e s  
f i t  th e y  fo u n d  th e  v a lu e s  a  = -1.04±0.15, P -  0.35±0.06 a n d  ln(A) =
L -  A PocP^ (1.8a)
o r  m ore c o n v e n ie n tly  InL = InA + odnP + 0inP  (1.8b)
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16.0*2.0, w h e re  e a r l ie r  w o rk  on a  sm a lle r  sam ple  g a v e  V iv e k a n an d  an d  
N a ra y a n  (1981) th e  r e s u l t s  a  = -0 .86*0 .2 , P -  0.38*0.06 We r e p e a te d  th is  
a n a ly s is  fo r  351 p u l s a r s  from  th e  d a ta  in  th e  p u ls a r  c a ta lo g u e  of 
M a n c h e s te r  a n d  T a y lo r  a n d  th e  fo llow ing  v a lu e s  fo u n d : oc = -0 .9*0 .2 , P 
= 0.35*0.04 a n d  In (A) = 15.8*1.8. I f  a t t e n t io n  is  r e s t r i c t e d  to  th e  sam ple 
o f 242 p u l s a r s  w ith  f lu x e s  a b o v e  10 m Jy , th e n  s l ig h t ly  d i f f e r e n t  
r e s u l t s  a r e  fo u n d : a  = -0 .87*0 .18 , P = 0 .43*0.03, a n d  ln(A) = 19.3*1.5. 
T h is  is  n o ta b le  fo r  th e  m uch h ig h e r  v a lu e  o f A th a t  is  fo u n d  c o m p ared  
to  th e  o r ig in a l  f i t ,  sh o w in g  c o n c lu s iv e ly  th e  M alm quist b ia s  in  a c tio n .
U sin g  th e  M a n c h e s te r  a n d  T a y lo r (1977) a l te r n a t iv e  v a lu e s  of L in  th e  
r e g r e s s io n ,  th e  fo llow ing  v a lu e s  a r e  fo u n d  fo r  <x,/3 a n d  A : oc -  -1 .16*0.2  
, P -  0 .25*0.04 a n d  ln(A) = 12.7*2.1 fo r  a  sam ple  o f 195 p u ls a r s .  T h e se  
a r e  n o t s u b s ta n t ia l ly  d i f f e r e n t ,  so  we p ro c e e d  b y  r e s t r i c t i n g  a t te n t io n  
to  L 400 from  now on . T h e se  r e s u l t s  h a v e  le n t  s u p p o r t  to  th e  m odel in  
w hich  th e  t r u e  v a lu e s  o f ex a n d  P a r e  -1  a n d  1 /3  r e s p e c t iv e ly ,  so  th a t  
L40o 06 ( t o ) 1/ 3, i.e . p r o p o r t io n a l  to  th e  c u b e  ro o t o f th e  sp in d o w n  
lu m in o s ity  [ P r o s z y n s k i  a n d  P rz y b c ie n (1 9 8 4 )  a n d  N a ray an (1 9 8 7 )].
H ow ever, th e s e  f i t s  fa il in  a  fu n d a m e n ta l  w ay  to  ta k e  a c c o u n t  of th e  
b ia s  in t r o d u c e d  in to  th e  d a ta  b y  th e  p r e s e n c e  o f s u c h  a  p o w er law  : 
c le a r ly  c e r ta in  r e g io n s  o f th e  P ,P  p la n e  (d e p e n d in g  on  <x,p ) w ill be  
d isc r im in a te d  a g a in s t  th ro u g h  th e  M alm quist e f f e c t  a n d  th e  s u b s e q u e n t  
d e te rm in a tio n  o f <x,P from  a  sam ple  o f p u l s a r s  b ia s e d  b y  th e  v e r y  law 
th a t  is  b e in g  q u a n tif ie d . I t  is  e x p e c te d  th a t  th e  t r u e  v a lu e s  o f <x,P m ay 
be  s u b s ta n t ia l ly  d i f f e r e n t  from  th o se  o b ta in e d  b y  th e  P r o s z y n s k i  a n d  
P rz y b c ie n  a n a ly s is .  T h is  i n h e r e n t  b ia s in g  c a n n o t  b e  d e a lt  w ith  u n le s s  
we know  th e  u n d e r ly in g  in t r in s ic  d i s t r ib u t io n  in  P ,P  a n d  L w h ich  is  
im p o ss ib le  w ith o u t a  m odel fo r  p u ls a r  e v o lu tio n .
In  a d d it io n , a  law  s u c h  a s  (1.8) c a n n o t e x a c tly  ex p la in  th e  s c a t t e r  in
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th e  d a ta  if A is  a  c o n s ta n t  fo r  a ll p u ls a r s .  I t  is  lik e ly  t h a t  th e
u n c e r ta in t ie s  in h e r e n t  in  th e  e v a lu a tio n  o f lu m in o s ity  (p r in c ip a lly  
th r o u g h  th e  d is ta n c e  e s tim a te s )  c o n tr ib u te  to  th is  s c a t t e r  to  a  la rg e  
e x te n t .  F o r r e a l is t ic  m odels, some in tr in s ic  v a r ia t io n  in  th e  p a ra m e te r  A 
is  d e s ira b le . M ost a u th o r s ,  h o w e v e r, a d o p t th is  ty p e  o f lu m in o s ity  law 
a n d  th u s  in tro d u c e  a  b ia s  in to  th e  P ,P  d is t r ib u t io n ,  b u t  p ro b a b ly
d i f f e r e n t  from  th e  a c tu a l  b ia s  t h a t  is p r e s e n t .
T h e re fo re , w hen  in te r p r e t i n g  th e  P,P d iag ra m  i t  is  e s s e n t ia l  to  
c o n s id e r  n o t j u s t  e v o lu t io n a ry  e f f e c ts  b u t  a lso  se le c tio n  in  d i s c u s s in g  
th e  s ig n if ic a n c e  o f th e  v a r io u s  ’p o p u la te d ’ r e g io n s  in  th a t  p la n e .
1.6.5 S c a t te r  d ia g ra m s .
An a l te rn a t iv e  m eans o f lo o k in g  a t  th e  d e p e n d e n c e  of lu m in o s ity  on  
p e rio d  a n d  p e r io d  d e r iv a t iv e  is  to  s tu d y  d i r e c t ly  th e  s c a t t e r  p lo t fo r  
L v s  P a n d  L v s  P. T h ese  show  c o n s id e ra b le  s c a t t e r ,  a n d  th e  
c o r r e la t io n s  a r e  a s  fo llow s (see  F ig s  1.8 a n d  1.9):
F or L v s  P P i = -0 .2 1 , P ! = 3 .1 x l0 “ 5 ; p 2 = -0 .2 4 , p 2 = 2 x l0 “ 6 a n d  
fo r  L v s  P P i = 0.24, p t = 5 .3 x l0 ” 6 ; p2 = 0.29, p 2 = 6.9x10“ ® ,
w h e re  p 1= Pear s o n ’s c o r r e la t io n  c o e ff ic ien t a n d  p 2 = S p e a rm a n  
r a n k - o r d e r  c o e ff ic ie n t  o f c o rre la t io n . The n e g a tiv e  v a lu e  o f p  fo r  L v s  
P s u p p o r t s  th e  id e a  of a  n e g a tiv e  v a lu e  of oc. D raw ing  firm  c o n c lu s io n s
from  s u c h  d ia g ra m s  is  n o t p o ss ib le , g iv e n  th e  d is c u s s io n  on  se le c tio n
e f f e c ts  a b o v e , b u t  we c a n  se e  th e r e  is  a  te n d e n c y  fo r  low er lu m in o s ity  
p u l s a r b to  h a v e  lo n g e r  p e r io d s  a n d  sm aller p e r io d  d e r iv a t iv e s .  T h is  
te n ta t iv e  co n c lu s io n  is  s u p p o r te d  b y  th e  c o r r e la t io n s  c a lc u la te d  from  
th e s e  d a ta . T he S p e a rm a n  c o e ff ic ie n t is  a  n o n -p a ra m e tr ic  s ta t i s t ic ,  
w h ich  is  in s e n s i t iv e  to  th e  form  of th e  u n d e r ly in g  d i s t r ib u t io n s ,  th u s  
is  a  re l ia b le  in d ic a to r  of a  g e n u in e  c o rre la tio n .
One o th e r  w ay o f a s s e s s in g  th e  d e p e n d e n c e  o f th e  lu m in o s ity  on  P
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a n d  P is  to  f in d  th e  c o r r e la t io n s  o f P a n d  P w ith  r ,  th e  d is ta n c e  to
th e  p u ls a r ,  w h ic h  g e n e ra l ly  r e in f o rc e  th o s e  from  th e  p r e v io u s  
d ia g ra m s . I t  is  fo u n d  th a t  th e  lo n g e r  p e r io d  p u l s a r s  a r e  g e n e ra l ly  le s s  
lu m in o u s  (an d  c a n  o n ly  be  s e e n  a t  n e a r b y  lo c a tio n s )  a n d  sm all p e r io d  
d e r iv a t iv e s  a r e  s im ila rly  s u b je c t  to  b e in g  d e te c te d  o n ly  a t  c lo se  
d is ta n c e s .  T he  c o r r e la t io n s  a re :
F o r P v s  r  : = -0 .1 1 , pj  ^ = 0.02; p 2 = -0 .1 8 , p 2 = 1 .4 x l0 -4  a n d
fo r  P v s  r  : P j :  0.19, p A = 0.02; p 2 = 0.25, p 2 = 1 .9 x l0 - 6 .
T he g r a p h s  o f Eo b s ( L |r ) ,  Eo b s ( P |r )  a n d  Eo b s ( P |r )  a r e  in  F ig  1.10. 
T he M alm quist e f f e c t  is  s e e n  e x p lic itly  on  Eo b s ( L |r ) ,  a n d  
c o r r e s p o n d in g  b e h a v io u r  m ig h t be  a n t ic ip a te d  fo r  P a n d  P , i .e . we
w ould  i n t e r p r e t  a  s te a d y  r i s e  in  Eo b s ( P |r )  a s  c le a r  e v id e n c e  fo r  a  
p o s it iv e  v a lu e  o f oc. To c a lc u la te  th e s e  q u a n t i t ie s ,  th e  d a ta  is  b in n e d  in  
r  a n d  in  e a c h  b in  th e  m ean v a lu e  o f P, P a n d  L is  fo u n d . C le a rly  
th e r e  is  le s s  o b v io u s  d e p e n d e n c e  on  r  th a n  m ig h t h a v e  b e e n  e x p e c te d  
from  th e  r e g r e s s io n  r e s u l t .  T h is  p r e s e n ta t io n  a v e ra g e s  o v e r  th e  
s c a t t e r  in  th e  p r e v io u s  p lo ts , b u t  p o s s ib ly  fo r  th a t  re a s o n  g iv e s  a  le s s  
em p h a tic  r e s u l t ,  w h ich  will d e p e n d  on  w h a t b in n in g  schem e is  u s e d .
Em m ering a n d  C h e v a lie r (1989) h a v e  r e c e n t ly  a d o p te d  th e  P r o s z y n s k i  
a n d  P rz y b c ie n  law  a s  a  n e c e s s a r y  f e a tu r e  of th e i r  m odels, in  t h a t  i t  
m u st be  r e p r o d u c e d  b y  a n y  p u ls a r  m odel in  a d d it io n  to  s a t i s fy in g
o th e r  d e m a n d s  r e la te d  to  th e  P a n d  P d i s t r ib u t io n .  T h u s  th e  p r e d ic te d
d is t r ib u t io n  o f P ,P  a n d  L m u st g iv e  r i s e  to  a  r e g r e s s io n  law  s im ila r to
th a t  o f (1 .8b) w ith  th e  a p p r o p r ia te  oc a n d  P v a lu e s  b e in g  o b ta in e d . T h is  
allow s th e  lu m in o s ity  d a ta  to  b e  in c lu d e d  in  a n y  m o d e l- f i t t in g  schem e 
in  an  in d ir e c t  w ay.
F in a lly , th e  s c a t t e r  o f th e  lu m in o s ity  d a ta  c a n  be e m p h a s ise d  b y  
r e - p lo t t in g  th e  P ,P  d iag ra m  b u t  w ith  e a ch  p u ls a r  r e p r e s e n te d  b y  a
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s q u a re  w hose  a r e a  d e p e n d s  on  th e  lu m in o s ity . To a v o id  a  c lu t t e r  of 
p o in ts , o n ly  a  q u a r t e r  o f th e  sam ple is  u s e d , b u t  i t  c a n  be  s e e n  th e r e  
is  c o n s id e ra b le  s p re a d  in  lu m in o s ity  in  a ll r e g io n s  o f th e  P ,P  p la n e . 
T h is  is  show n  in  F ig u re  1.11.
1.6.6 Sum m ary  of th e  im p o rta n c e  o f lu m in o s ity .
T he im p o rta n c e  o f th e s e  r e s u l t s  m u st be  r e i t e r a te d .  T h e y  show  th a t  
th e  lu m in o s itie s  o f th e  o b s e rv e d  sam ple  do  d e p e n d  on  P a n d  P 
a c c o rd in g  to  th e  law  fo u n d  b y  P ro s z y n s k i  a n d  P rz y b c ie n (1 9 8 4 )  b u t  
th is  law will n o t n e c e s s a r i ly  g o v e rn  th e  w hole  p u l s a r  p o p u la tio n . T he 
law  in p u t  to  a  p u ls a r  m odel sh o u ld  n o t b e  th e  sam e a s  th e  on e  
d e d u c e d  from  th e  r e g r e s s io n  f it .  I t  c a n  b e  sh o w n  th a t ,  if  th e  
u n d e r ly in g  d is t r ib u t io n  in  P ,P  a n d  A is  m u lt i -v a r ia te  no rm al th e n  a 
r e g r e s s io n  d o n e  on th e  c o r r e s p o n d in g  o b s e rv e d  sam p le  w ill r e c o v e r  
th e  t r u e  v a lu e s  o f oc a n d  fi a n d  a  h ig h e r  th a n  t r u e  v a lu e  o f A- th e  
M alm quist b ia s  a c ts  o n ly  to  c h a n g e  A. T h is  is  h o w e v e r  a n  id e a lis e d  
c a se  a n d  d o es  n o t c o r r e s p o n d  to  a n  e v o lu t io n a ry  m odel. A f u r t h e r  
p o in t to  n o te  is  th a t  th is  'b i a s ’ in  th e  d a ta  w ill be  c a r r ie d  fo rw a rd  to  
o th e r  c o n c lu s io n s  d ra w n  from  a n y  a n a ly s e s . F o r exam ple, th e  e s tim a tio n  
of m ag n e tic  f ie ld  s t r e n g th s  from  v'(PP) w ill g iv e  a  b ia s e d  r e s u l t  so  th a t  
th e  m ean in f e r r e d  fo r  a n  o b s e rv e d  sam ple will be  d i f f e r e n t  from  th a t  
of th e  e n t i r e  p o p u la tio n .
1.6.7 P u ls a r  k in em a tic s .
The k in em a tic s  o f p u l s a r s  h a v e  b e e n  s tu d ie d  n o ta b ly  b y  L y n e  e t  
al(1982) , C orde8(1986) a n d  C ordes(1987). T he L y n e  sam p le  is  sm alle r 
(26 p u ls a r s ) ,  a n d  looked  a t  th e  p ro p e r  m otions u s in g  in te r f e ro m e tr y ,  
w h e re a s  C o rd es  s tu d ie d  th e  in te r s te l la r  s c in til la t io n  p a t t e r n s  a t t r ib u t e d  
to  th e  p u ls a r  t r a n s v e r s e  v e lo c itie s . Both fo u n d  h ig h  t r a n s v e r s e  
v e lo c itie s  o f th e  o r d e r  o f h u n d r e d s  o f k m /se c  a n d  th e  m a jo r ity  o f
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o b je c ts  h e a d in g  o u t  o f th e  p la n e  o f th e  g a lax y . An a d d it io n a l  f e a tu r e  
w as a n  a p p a r e n t  c o r r e la t io n  b e tw e e n  t r a n s v e r s e  v e lo c ity  a n d  PP , 
p ro p o r t io n a l  to  th e  s q u a r e  o f th e  m ag n e tic  fie ld  s t r e n g th  in  th e  
s ta n d a r d  m odel. T h is  is  r e le v a n t  fo r  th e  q u e s tio n  of th e  a sy m m e try  of 
th e  s u p e rn o v a  ex p lo s io n  w h ich  c r e a te d  th e  ’kick* to  e je c t  th e  p u ls a r  
from  a  b in a r y  sy s te m .
1.7 THE IMPORTANCE OF PU LSA R S
1.7.1 E v o lu tio n a ry  c o n s id e ra t io n s .
T he o u ts ta n d in g  p ro b le m s of e v o lu tio n  w e re  soon  id e n tif ie d :  how do 
p u l s a r s  s p in  dow n? ; how o f te n  a re  th e y  c r e a te d ,  a n d  w h e re ? ; w h a t 
h a p p e n s  to  o ld  p u ls a r s ? ;  a n d  la te r  b in a r y  p u ls a r s  c a u s e d  th e s e  
q u e s t io n s  to  b e  a d d r e s s e d  o n ce  m ore a f t e r  th e  d is c o v e ry  of 
PSR 1913-16 in  1974. We s h a ll  show  la te r  how th e  q u e s tio n  o f f ie ld  
d e c a y  in  n e u tr o n  s t a r s  m ay w ell be  r e s o lv e d  b y  p u ls a r  e v o lu t io n a ry  
s tu d ie s ,  b y  m odelling  th e  d i s t r ib u t io n  o f p u ls a r s  in  P a n d  P, a n d  
p u t t in g  c o n s t r a in t s  on  th e  p a ra m e te rs  o f sim ple f ie ld  d e c a y  law s. 
S im ila rly , we m ay be  a b le  to  in f e r  w h e th e r  i t  is  n e c e s s a ry  fo r  p u ls a r  
a lig n m e n t o r  c o u n te r -a l ig n m e n t  to  o c c u r  to  ex p la in  th e  o b s e rv a t io n s ,  
a g a in  b y  m odelling  th e  c o n s e q u e n c e s  fo r  th e  o b s e rv e d  P ,P  p o p u la tio n  
a n d  u s in g  th e  p u lse w id th  d a ta .
A k e y  aim of e v o lu t io n a ry  s tu d ie s  is  to  o b ta in  e s tim a te s  o f th e  p u ls a r  
b i r t h r a t e  a n d  p o p u la tio n  in  th e  g a lax y , w h ich  w ould h av e  re le v a n c e  fo r  
u n d e r s t a n d in g  th e  f a te s  o f in te rm e d ia te  m ass s t a r s  (sa y  3 - 6  s o la r  
m a sse s ) , a b u n d a n c e s  of i ro n - p e a k  e le m en ts  a n d  th e  g a la c tic  m ass 
d i s t r ib u t io n ,  [ se e  O s tr ik e r  e t  a l (1974), H ills(1978) ].
1.7.2 N u c le a r  m a tte r  a n d  th e  n e u tr o n  s t a r  e q u a tio n  of s ta te .
P u ls a r s  w e re  a lso  re a l is e d  to  be e x tre m e ly  u s e fu l  too ls  fo r  th e  s tu d y  
o f m a tte r  a t  n u c le a r  d e n s i t ie s ,  u n o b ta in a b le  on  E a r th , a n d  f in d in g  th e
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e q u a tio n  o f s ta t e  u n d e r  th e  e x trem e  c o n d it io n s  in  n e u tr o n  s t a r  
in te r io r s .  P u ls a r  e v o lu tio n  h a s  im p o rta n c e  fo r  th e  s tu d y  o f n u c le a r  
m a tte r  th ro u g h  e s tim a tin g  tim esc a le s  fo r  th e  d e c a y  o f n e u tr o n  s t a r  
m ag n e tic  f ie ld s , w h ich  a r e  c lo se ly  r e la te d  to  th e  e le c tr ic a l  c o n d u c tiv i ty  
o f th is  t e r r e s t r i a l ly - u n o b ta in a b le  s ta t e  o f m a tte r . T he  e q u a tio n  o f s ta te  
(EOS) o f n e u tr o n  s t a r  m a te ria l c a n  b e  c o n s tr a in e d  b y
(a) o b s e rv a t io n s  o f th e  f a s t e s t  p u ls a r s  w ith  m illisecond  p e r io d s ,  b y  
a p p ly in g  o u r  k n o w le d g e  o f th e  C h a n d r a s e k h a r -F r ie d m a n -S c h u tz  (CFS) 
in s ta b i l i ty  fo r  r a p id ly  r o ta t in g  s t a r s ,  e .g . L indblom (1987), 
F r ie d m a n n (1983) a n d  F r ie d m a n n  e t  al(1987) a n d  a lso
(b) b y  i n te r p r e t i n g  d a ta  from  p u ls a r  g l i tc h e s  ( s u d d e n  s p in - u p  
p h a s e s  in  th e  p u l s a r 's  b e h a v io u r  w ith  n e a r - d is c o n t in u o u s  ju m p s  in  th e  
p e rio d )  a t t r ib u t e d  to  n e u tr o n  s ta r - q u a k e s  a n d  th e  s u b s e q u e n t  
re la x a tio n  in  p e r io d  g iv e s  som e in s ig h t  in to  th e  p r o p e r t ie s  o f th e  
n e u tro n  s t a r  c r u s t  a n d  in te r io r  s t r u c tu r e ,  w h ich  is  b e lie v e d  to  b e  a 
n e u tro n  s u p e r f lu id .
1.7.3 I n te r s t e l l a r  e le c t r o n s  a n d  m ag n e tic  f ie ld s .
T he p r o b in g  o f th e  i n te r s t e l l a r  d i s t r ib u t io n s  o f b o th  e le c tro n s  a n d  
m ag n e tic  f ie ld s  c a n  be  a id e d  b y  p u ls a r  s tu d ie s .  U sin g  th e  p u l s a r s  to  
f in d  th e  e le c tro n  d e n s i t ie s  a lo n g  th e  l in e s - o f - s ig h t  h a s  b e e n  d o n e  b y  
H ard in g  a n d  H ard in g (1 9 8 4 ), w h e re a s  L yne(1989o) h a s  u s e d  p u ls a r  
ro ta t io n  m e a s u re s  to  in f e r  a v e ra g e d  m ag n e tic  f ie ld  s t r e n g th s  in  
i n te r s t e l l a r  sp a c e .
1.7.4 S u p e rn o v a  r e m n a n ts
T he ro le  p la y e d  b y  p u l s a r s  in  th e  m o rp h o lo g y  o f s u p e rn o v a  re m n a n ts  
(SNRs) a lso  te l ls  u s  a b o u t  t h e i r  fo rm atio n  [ R a d h a k rish n a n (1 9 8 2 ,1 9 8 6 ), 
R a d h a k r is h n a n  a n d  S r in iv a sa n (1 9 8 1 ) .] . T he s u p e rn o v a  r a t e  m u st a lso  f i t  
in  w ith  o u r  id e a s  o f p u l s a r  c re a tio n  a n d  g e n e ra tio n  o f h e a v y  e le m en ts .
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1.7.5 G ra v ita tio n a l w ave s o u rc e s .
P u ls a r s  a re  p o te n tia l  s o u rc e s  o f g r a v i ta t io n a l  r a d ia tio n  [ S m arr(1 9 7 9 ), 
T ho rne(1988 ) an d  S ch u tz(1 9 8 9 ) ]. A p u ls a r  w ith  a  p e rm a n e n t  
q u a d ru p o le  m om ent, p e r h a p s  a ’lum py* p u ls a r ,  w ill g e n e r a te  
g ra v i ta t io n a l  w aves a t  th e  ro ta t io n a l  f r e q u e n c y .  F o r som e of th e  
f a s t e s t  p u ls a r s ,  th is  m ay b e  d e te c ta b le  b y  f u tu r e  g e n e ra tio n  d e te c to r s .  
T he s t r e n g th  o f su c h  em issio n  a n d  th e  d e g re e  o f a sy m m e try  c a n  b e  
c o n s tr a in e d  b y  th e  in f e r r e d  sp in d o w n  lu m in o s ity  fo r  p a r t i c u la r  
p u l s a r s ,  w hich  s u g g e s t s  o n ly  sm all d e g re e s  o f ’f la tte n in g *  o r  
o b la te n e s s  fo r  p u ls a r s  s u c h  a s  th e  C rab  a n d  PSR1937+21.
T he b in a r y  p u ls a r  s y s te m s  (now 13 in  n u m b er) a r e  p r o g e n i to r  
s y s te m s  fo r  th e  c e le b ra te d  ’c o a le sc in g  b in a r y ’ c la s s  [K ro lak  a n d  
S c h u tz (1 9 8 8 ), K rolak(1989), S ch u tz (1 9 8 9 )) o f g r a v i ta t io n a l  w ave  s o u rc e s  
w hose  e v e n t  r a t e  will be  o f im p o rta n c e  in  a d v a n c e  o f th e  c o n s tr u c t io n  
o f th e  p ro p o se d  LIGO ( la s e r - in te r f e r o m e te r - g r a v i ta t io n a l  w ave  
o b s e rv a to ry )  d e te c to r s ,  a n d  can  b e  e s tim a te d  th ro u g h  s tu d y  o f th e  
p u ls a r  p o p u la tio n , s in c e  th e  p u ls a r  b i r t h r a t e  will u ltim a te ly  d e te rm in e  
how  o f te n  su c h  c o a le sc e n c e s  ta k e  p lace .
1.8 OBJECTIVES OF THE TH ESIS
I t  is  o u r  in te n tio n  in  th is  w ork  to  p r e s e n t  a  new  m ethod  fo r  th e  
s tu d y  o f p u ls a r  ev o lu tio n . T h is  will b e  b a s e d  on th e  so lu tio n  o f th e  
t im e -d e p e n d e n t  c o n tin u ity  e q u a tio n  in  th e  p u ls a r  d is t r ib u t io n  fu n c t io n . 
F o r a n y  g iv e n  model, w h ich  in  raw  form  c o n s t i tu te s  a  s o u rc e  fu n c t io n  
g o v e rn in g  th e  d is t r ib u t io n  o f p u ls a r  p r o p e r t ie s  a t  b i r th ,  a n d  a  s e t  o f 
d y n am ica l e q u a tio n s  d e s c r ib in g  th e  tim e e v o lu tio n  of th e  v a r ia b le s  (e .g . 
p e r io d  P, m agnetic  fie ld  s t r e n g th  B a n d  lu m in o s ity  L) th e  m ethod  will 
p ro d u c e  th e  th e o re tic a l  jo in t  d i s t r ib u t io n  e x p e c te d  on  th e  P ,P  p la n e . 
T h is  w ill be  a n  a n a ly tic a l  e x p re s s io n , w h ich  m u st be  co m p ared
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s ta t is t ic a l ly  w ith  th e  o b s e rv e d  P ,P  d iag ra m . T he d i s t r ib u t io n  of a ll th e
*
v a r ia b le s  can  be  fo u n d  b u t  o n ly  th a t  fo r  P a n d  P w ill be  a n a ly s e d  in  
d e ta il.
T h is  m ethod  w ill n o t a s su m e  ( a  p r io r i)  s ta t io n a r i ty  in  th e  p u ls a r  
p o p u la tio n , a  v i r tu a l ly  u n iv e r s a l  a s su m p tio n  in  th e  l i t e r a tu r e .  We will 
d e m o n s tra te  how  a  s t e a d y - s t a t e  is  n o t n e c e s s a r i ly  ju s t i f i e d  b y  
o b s e rv a t io n s ,  a n d  m ay n o t be  r e le v a n t  fo r  c e r ta in  m odels. O ur 
m ethod , v a lid  u n d e r  le s s  r e s t r i c t i v e  c o n s t r a in t s ,  is  th u s  m ore g e n e ra l ly  
a p p lic a b le .
O ur b a s is  fo r  th e  c o m p a riso n  o f th e  P ,P  d is t r ib u t io n s  (o b s e rv e d  a n d
p r e d ic te d )  will b e  th e  c h i - s q u a r e d  g o o d n e s s - o f - f i t  t e s t ,  o p e ra t in g  w ith
th e  n u ll h y p o th e s is  t h a t  th e  tw o d is t r ib u t io n s  ( p re d ic te d  a n d
o b s e rv e d )  a re  in  f a c t  th e  sam e. F o r a  g iv e n  p re d e te rm in e d  le v e l o f
s ig n if ic a n c e , t h a t  w ill in d ic a te  an  a c c e p ta b le  f i t ,  e a c h  m odel will be
b e s t - f i t t e d  b y  v a r y in g  i t s  p a ra m e te rs  u n t i l  th e  c h i - s q u a r e d  s ta t i s t i c  is
m inim ised. T h is  m u lti-d im e n s io n a l o p tim isa tio n  o p e ra t io n  o v e r  th e
p a ra m e te r  sp a c e  w ill y ie ld  th e  m ost c lo se ly -m a tc h e d  p re d ic t io n  to  th e
a c tu a l  o b s e rv a t io n s .  I f  th is  fa i ls  to  s a t i s fy  o u r  c r i t e r ia  o f s ig n if ic a n c e ,
•
th e  m odel will b e  r e je c te d  a s  in co m p a tib le  w ith  th e  o b s e rv e d  P ,P  
d iag ram .
In  th is  w ay , we will r ig o ro u s ly  com pare  d i f f e r e n t  m odels.
U n s a t is fa c to ry  m odels w ill be  id e n tif ie d , a n d  c a n  be  r e je c te d .  M odels 
w hich  f i t  to  a n  a c c e p ta b le  lev e l m u st be  s u b je c te d  to  f u r t h e r  t e s t s  to  
c h e ck  if  e i th e r  c a n  b e  ta k e n  a s  a  m ore re a l is t ic  r e p r e s e n ta t iv e  o f th e  
o b s e rv a t io n s . A s im ila r b u t  le s s  e x p lic itly  a n a ly tic  a p p ro a c h  h a s  
r e c e n tly  b een  u s e d  b y  C heng(1989) to  a n a ly se  th e  P ,P  d iag ra m . O th e r  
a u th o r s  h av e  a d o p te d  th e  c h i- s q u a re d  t e s t  a s  well, in c lu d in g  Em m ering 
a n d  C hevalie r(1989 ) a n d  N a ra y a n  an d  O strik e r(1 9 9 0 ).
We sh a ll  in  la te r  c h a p te r s  co m p a re  th e  o b s e rv e d  d i s t r ib u t io n  in  P a n d  
♦
P a g a in s t  th o se  p r e d ic te d  b y  p u l s a r  m odels . T h is  w ill in v o lv e  d iv id in g  
th e  P ,P  p la n e  in to  boxes a n d  c o m p a rin g  th e  o b s e rv e d  a n d  p r e d ic te d  
box o c c u p a n c ie s  b y  a  X2 t e s t .  Id e a lly  one  sh o u ld  t e s t  f o r  th e  
d i s t r ib u t io n  o f lu m in o s ity  a s  w ell b u t  th e  p r e s e n t  low n u m b e r  of 
k n o w n  p u l s a r s  d o es  n o t allow  f o r  s u f f ic ie n t  n u m b e rs  in  th e  c e lls  fo r  
th e  c h i - s q u a r e d  t e s t  to  b e  v a lid . T he n e c e s s a r y  th re e -d im e n s io n a l  b in  
sch em e w ould  be  g r o s s ly  u n d e rp o p u la te d  r e n d e r in g  th e  s ta t i s t ic a l  
a p p ro a c h  in v a lid . F a ilin g  th is ,  th e  f i t t in g  of th e  jo in t  P ,P  d i s t r ib u t io n  
w ill s u f f ic e , a n d  th is  is  ju s t i f i e d  w h en  we r e g a r d  th e  lu m in o s ity  d a ta  
a s  o n ly  s e c o n d a ry  in  im p o r ta n c e  to  t h a t  fo r  p e r io d  a n d  p e r io d  
d e r iv a t iv e ,  s in c e  th e s e  l a t t e r  a r e  e s s e n t ia l ly  d i r e c t ly  o b s e rv e d ,  n o t 
d e r iv e d  q u a n ti t ie s ,  a n d  so  d e s e r v e  a  g r e a t e r  w e ig h tin g  in  a n y  
m o d e l- f i t t in g  p ro c e d u re .  T he th re e -d im e n s io n a l  f i t t in g  is  d is c u s s e d  in  
C h a p te r  7 a s  a  to p ic  o f f u tu r e  r e s e a r c h .
FOOTNOTE: O th e r  s e le c tio n  e f f e c ts  r e le v a n t  to  th e  P ,P  d iag ra m .
We s h a ll  n o t a t te m p t  to  m odel a il kn o w n  se le c tio n  e f f e c ts ,  The 
co m p lica ted  n a tu r e  of th e s e  r e q u i r e s  a  m ore n u m e ric a l a p p ro a c h . We 
h a v e  in c lu d e d  th e  p r in c ip a l  c o n t r ib u t in g  e f f e c ts .  O th e r  f a c to r s  lim itin g  
o u r  k n o w le d g e  o f th e  P ,P  d iag ra m  a re :
(1) S e n s i t iv i ty  o f s u r v e y s  to  b ro a d  p u l s e s -  i t  is  e a s ie r  to  d e te c t  
n a r ro w  p ro f i le s .  In  f a c t  th e  s ig n a l-L o -n o ise  r a t io  r i s e s  a s  A) w h e re  w 
is  th e  p u lse w id th . T h is  c o u ld , h o w e v e r, be  ea s ily  in c o r p o r a te d  in to  o u r  
a n a ly s is .  H ow ever, a n y  s y s te m a tic  v a lu a tio n  of u> w ith  P a n d  P c o u ld  be 
im p o r ta n t  fo r  m odel f i t t in g  a n d  s h o u ld  be in c lu d e d .
(2) P u lse  n u llin g  c a n  be im p o r ta n t  fo r  lo n g e r  p e r io d  p u ls a r s ,  w h ich  
s p e n d  tim e in  a  n u ll s ta te ,  p r e v e n t in g  s t r a ig h t f o r w a r d  d e te c tio n . T h e re  
is  in  f a c t  a  la r g e  a r e a  of th e  P ,P  p lan e  o c c u p ie d  by  ’n u lle rsT
(3) P u ls a r s  lo c a te d  in  th e  g a la c tic  p la n e  s u f f e r  from  p u lse  b ro a d e n in g  
a n d  s ig n a l s c a t t e r in g ,  m h io i t in g  d e te c tio n  of th e  y OiAiigBi OuJBC LS 
e x p e c te d  to  r e s id e  in  th e s e  re g io n s .
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FIGURE 1.1
T he P ,P  d iag ra m  fo r  368 o b s e rv e d  p u ls a r s ,  from  th e  c a ta lo g u e  o f 
L y n e , M a n c h e s te r  a n d  T a y lo r, u p d a te d  w ith  th e  r e c e n t  d e te rm in a tio n s  
of P from  S to k e s  e t  a l(1988). The b in a ry  p u l s a r s  a r e  show n  a s  sm all 
s q u a re s ,  a s  a r e  th e  y o u n g  p u ls a r s  in  s u p e rn o v a  re m n a n ts , th e  C rab , 
Vela a n d  PSR 1509-58, (C,V a n d  P r e s p e c t iv e ly ) ,  a n d  th e  m illisecond  
p u ls a r  PSR1937+21 is show n  b y  M.
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FIGURE 1.2
T he h is to g ra m  of o b s e rv e d  p e r io d s  fo r  444 p u l s a r s  from  th e  L y n e , 
M a n c h e s te r  a n d  T a y lo r c a ta lo g u e . T he b in s  a r e  e v e n  in  ln (P ) b e tw e e n  
-2 .1  a n d  1.5. A r b i t r a ry  u n i t s  a r e  u s e d  on  th e  v e r t ic a l  sca le .
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FIGURE 1.3
T he h is to g ra m  o f p e r io d  d e r iv a t iv e  fo r  360 o b s e rv e d  p u ls a r s ,  from  th e  
L y n e , M a n c h e s te r  a n d  T a y lo r  c a ta lo g u e , s u p p le m e n te d  b y  th e  d a ta  o f 
S to k e s  e t  a l(1988). T he b in s  a r e  e v e n  in  ln (P ) b e tw e e n  -37 .5  a n d  
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FIGURE 1.4
The h is to g ra m  o f o b s e rv e d  p u ls e w id th s  fo r  309 p u l s a r s ,  from  th e  
c a ta lo g u e  o f L y n e , M a n c h e s te r  a n d  T ay lo r. T he p u ls e w id th s  p lo tte d  a r e  
e q u iv a le n t w id th s , in  u n i t s  o f r a d ia n s .
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FIGURE 1.5
D iagram  o f lu m in o s ity  (L400) a g a in s t  d is ta n c e  fo r  388 o b s e rv e d  
p u ls a r s .  L400 is  in  m Jy k p c 2, r  in  k p c . D is ta n c e s  a r e  c a lc u la te d  from  
p u ls a r  d is p e r s io n  m ea su re s , lu m in o s itie s  from  s 400*d2.
FIGURE 1.6
The h is to g ra m  of o b s e rv e d  lu m in o s itie s  fo r  388 p u l s a r s  from  th e  L y n e , 
M a n ch e s te r  a n d  T ay lo r c a ta lo g u e . H ere lu m in o s itie s  a r e  L 4Q0 a s  d e f in e d  
in  S ec tio n  1.2.5 in  u n i t s  o f m Jy .k p c 2.
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FIGURE 1.7
S c a t te r  d iag ra m  of L v e r s u s  L400 fo r  301 o b s e rv e d  p u ls a r s ,  in  u n i ts  
o f m Jy k p c 2. H ere L is  c a lc u la te d  b y  th e  M a n c h e s te r  a n d  T a y lo r (1977) 
m ethod  a n d  L 400 a s  d e f in e d  in  S ec tio n  1.2.5. B oth a r e  in  u n i t s  of 
m Jy .k p c 2. T he c o r r e la t io n s  a re  = 0.955 a n d  p2 ” 0.951 w h e re  p j , p2 
a r e  th e  P e a rs o n  a n d  S p ea rm an  c o r re la t io n  c o e ff ic ie n ts  a s  d e f in e d  in  
A p pend ix  A4, a n d  d is c u s s e d  in  S ec tio n  1.6.2..
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FIGURE 1.8
S c a t te r  p lo t o f lu m in o s ity  (L400) a g a in s t  p e rio d  fo r  388 o b s e rv e d  
p u l s a r s ,  w ith  th e  d a ta  from  th e  c a ta lo g u e  o f L yne , M a n c h e s te r  a n d  
T a y lo r. P is  in  s e c o n d s , L in  m Jy k p c 2.
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FIGURE 1.9
S c a t te r  p lo t o f lu m in o sity  (L4OC) a g a in s t  p e rio d  d e r iv a t iv e  fo r  351 
o b e rv e d  p u l s a r s ,  w ith  d a ta  ta k e n  from  th e  c a ta lo g u e  o f L y n e , 
M a n c h e s te r  a n d  T ay lo r. P is  in  s s ” 1, L in  m J y k p c 2.
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FIGURE 1.10
Plo t o f th e  e x p e c ta tio n  v a lu e s  o f P ,P  a n d  L c o n d itio n a l o n  d is ta n c e  R, 
fo rm ally  E0 fos ( P | r ) ,  [ c u rv e  A], E0b s ( P |r )  [ c u r v e  B] a n d  E0 b s ( L |r ) ,  
[ c u rv e  C]. U n its  a re  P in  s e c o n d s , P in  lO "10 s e c o n d s  p e r  y e a r ,  a n d  L 
in  m Jy k p c 2, a n d  R is  in  k p c .
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FIGURE 1.11
T he P ,P  d iag ram  o f F ig u re  1.1 w ith  th e  lu m in o s ity  o f e a ch  p u ls a r  
in d ic a te d  b y  th e  size  o f th e  s q u a re .  T he a r e a  o f th e  s q u a r e  is  
p ro p o r t io n a l  to  th e  n a tu ra l  lo g a rith m  of th e  lu m in o s ity  in  m Jy k p c 2. F o r 
th e  c e n tr a l  d e n se ly  o cc u p ie d  re g io n , o n ly  one  q u a r t e r  o f a ll p u l s a r s  
a r e  in d ic a te d  fo r  c la r i ty .
37
CHAPTER 2  
REVIEW OF PULSAR EVOLUTION THEORY
2.1 INTRODUCTION
In  th is  C h a p te r  we will f i r s t l y  look b r ie f ly  a t  th e  p r o p e r t i e s  o f 
n e u tr o n  s t a r s ,  b o th  o b s e rv e d  a n d  th e o re tic a l ly  p r e d ic te d .  T h e n  we 
sh a ll  in tro d u c e  th e  s ta n d a r d  m odels p ro p o se d  to  e x p la in  th e  e v o lu tio n  
o f p u ls a r s ,  an d  show  q u a li ta t iv e ly  th e  e f f e c ts  th e s e  m odels h a v e  on  
th e  p re d ic te d  d i s t r ib u t io n s  of p u l s a r s  in  th e  P ,P  p la n e . N ext we 
rev ie w  a n d  d is c u s s  c r i t ic a l ly  in  t u r n  th e  m ajo r p a p e r s  o f G unn  a n d  
O strik e r(1 9 7 0 ), L y n e , M a n c h e s te r  a n d  T ay lo r(1985 ), C an d y  a n d  
B lair(1986) a n d  N aray an (1 9 8 7 ), h e r e a f te r  GO, LMT, CB86 a n d  N87 
r e s p e c tiv e ly .  T h ese  a r e  r e p r e s e n ta t iv e  of th e  s ta n d a r d  e v o lu t io n a ry  
id e a s  a n d  a lth o u g h  th e r e  a r e  m any o th e r  w o rk s  o f  g r e a t  im p o r ta n c e  
[ B esk in(1984), C h e v a lie r  a n d  Em m ering(1986), F u jim a ra  a n d
K ennel(1980), P h in n e y  a n d  B lan d fo rd (1 9 8 1 ), C heng (1989 ), N a ra y a n  a n d  
O strik e r(1 9 9 0 ) ] we ch o o se  to  c o n c e n tra te  a t te n t io n  on  th e s e  p a r t i c u la r  
p a p e r s ,  a s  th e y  e sp e c ia lly  a re  r e c o g n is e d  a s  sem ina l c o n tr ib u t io n s  to  
o u r  u n d e r s ta n d in g  o f th e  p ro b le m s o f p u ls a r  e v o lu tio n .
2 .2  NEUTRON STAR PROPERTIES
2.2.1 M asses, ra d ii  a n d  m agnetic  f ie ld s  
O ur k now ledge  of n e u tr o n  s t a r  m asses  a n d  r a d i i  is  g e n e ra l ly  o b ta in e d  
b y  c o n s tru c tio n  of m odels fo r  n e u tro n  s ta r  m a tte r , s u b je c t  to  v a r io u s  
e q u a tio n s  o f s ta te  [EOS] a n d  in te g r a t in g  u p  th e  s t r u c t u r e  e q u a t io n s  to  
c r e a te  a  ’s t a r ’. [S ee  e .g . A rn e tt  an d  B ow ers(1977), Baym  a n d  
P e th ick ((1 9 7 9 ), F re id m an  e t  al(1986) 1
H ow ever, th e  n e u tro n  s t a r  e q u a tio n  of s ta te  is  n o t w e ll-k n o w n , a n d  a 
v a r ie ty  of d i f f e re n t  EOSs h a v e  b e e n  p ro p o se d  [ e .g . B e th e  a n d  
Jo h n so n (1 9 7 4 ), P a n d h a r ip a n d e  an d  Sm ith(1975), F rie d m a n  a n d
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P a n d h a rip a n d e (1 9 8 1 ) , Baym e t  al (1971), G le n d e n n in g ( 1988) ] w h ich  lead  
to  d i f f e r e n t  p r e d ic t io n s  fo r  maximum m asse s  a n d  m a s s - ra d iu s  r e la t io n s . 
T he e f f e c t  of ro ta t io n  can  a lso  a l t e r  th e  a c c u ra c y  o f a  n e u tr o n  s t a r  
m odel w h ich  is  n o rm a lly  c a lc u la te d  u n d e r  n o n - ro ta t in g  c o n d it io n s . I t  is  
a lso  im p o ss ib le  to  p r e d ic t  w ith  c e r t a in ty  w h ich  s t a r s  will c r e a te  
n e u tr o n  s t a r s ,  a n d  to  m odel th e  co lla p se  a c c u r a te ly  e n o u g h  th a t  th e  
d is t r ib u t io n  o f n e u tr o n  s t a r  p r o p e r t ie s  be  d e d u c ib le  from  th o se  o f th e  
p r o g e n i to r  p o p u la tio n . G iven th e s e  r e s t r a i n t s ,  i t  is  som etim es e a s ie s t  to  
in v o k e  ’Occam ’s razo r*  a n d  a ssu m e  th a t  a ll n e u tro n  s t a r s  a r e  ro u g h ly  
th e  sam e m ass a n d  o f th e  sam e r a d iu s .  I t  w ould , h o w e v e r, b e  n a iv e  to  
a d o p t  th e  p a ra m e te r s  d e d u c e d  fo r , sa y , th e  C rab  p u ls a r  a s  ’ty p ic a l ’ 
fo r  th e  e n t i r e  p o p u la tio n , e v e n  th o u g h  th e y  m ay b e  w e ll-o b s e rv e d . F or 
o u r  p u r p o s e s ,  we a r e  c o n c e rn e d  w ith  th e  d i s t r ib u t io n  o f m ag n e tic  fie ld  
a s  w ell a s  m om ents o f in e r t ia  (see  S ec tio n  2.3). I t  is  s im p le s t to  
a t t r ib u t e  all th e  u n k n o w n  s p r e a d s  in  th e s e  q u a n ti t ie s  in to  a  s in g le  
q u a n t i ty ,  w hich  we will u s u a lly  ta k e  to  be  th e  m ag n e tic  fie ld  s t r e n g th .  
We sh a ll see  th a t  th is  d i s t r ib u t io n  is  q u i te  c ru c ia l  to  th e  m odels th a t  
we sh a ll  d e v e lo p  in  C h a p te rs  4 -6 .
In  f a c t  p u ls a r  o b s e rv a t io n s  c a n  f u r t h e r  o u r  k n o w led g e  o f n e u tr o n  
s t a r s  in  tw o w a y s -  b in a ry  p u l s a r s  allow a  d e te rm in a tio n  o f th e  m ass 
fu n c t io n , w h ich  in  th e  c a se  o f 1913+16 h a s  p ro d u c e d  u n a m b ig u o u s  m ass 
d e te rm in a tio n s  fo r  b o th  c o m p o n en ts . T he f a s t e s t  p u ls a r s  c a n  c o n s tr a in  
n e u tro n  s t a r  EOS’s th ro u g h  th e  C h a n d r a s e k h a r -F r ie d m a n -S c h u tz  
in s ta b i l i ty ,  w h ich  lim its  th e  ro ta t io n a l  f r e q u e n c y  o f p u ls a r s  a t  a  v a lu e  
d e p e n d e n t  on th e  e q u a tio n  o f s ta te .
2.2.2 P u ls a r  m a g n e to s p h e re s .
The id e n tif ic a tio n  o f p u ls a r s  a s  m a g n e tise d  n e u tro n  s t a r s  led  to  
in te n s e  th e o re tic a l  a c t iv i ty  d i re c te d  to w a rd s  u n d e r s ta n d in g  th e  g lo b a l
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d y n am ics  of s u c h  a  sy s te m . G o ld re ich  a n d  J u l ia n  (1969) sho w ed  th a t  
th e r e  w ould be  a  m a g n e to s p h e re  s u r r o u n d in g  th e  s t a r ,  c o n s is t in g  o f 
p lasm a m a te ria l r ip p e d  from  th e  s u r f a c e  b y  th e  e le c tr ic  f ie ld . T h is  
p lasm a m a g n e to s p h e re  w ould  e x te n d  o u t  to  th e  l ig h t  c y l in d e r  w h ich  is  
s i tu a te d  a t  a  r a d ia l  d is ta n c e  w h e re  th e  c o ro ta tio n  v e lo c i ty  e q u a ls  th e  
sp e e d  o f l ig h t .  H ow ever, i t  w as fo u n d  im p o ss ib le  to  d e v e lo p  a  m odel 
w h e re  s e lf - c o n s is te n c y  w as m a in ta in e d  b e tw e e n  th e  in flo w in g  a n d  
o u tflo w in g  c u r r e n t s ,  e v e n  fo r  th e  a lig n e d  r o ta to r  m odel in  w h ich  
ro ta t io n  a n d  m ag e tic  ax es  a r e  c o llin e a r . T he c o n d it io n s  n e c e s s a ry  fo r  
em ission  to  ta k e  p lac e  co u ld  be  d e d u c e d , b u t  to  c r e a te  th e s e  
c o n d it io n s  b y  m eans o f c u r r e n t  flow s a n d  p a r t ic le  m otions p ro v e d  too 
d if f ic u l t  a n d  w o rk in g  m odels w ould in s te a d  m ake id e a lis e d  a s su m p tio n s  
o r  u s e  sp e c ia lis e d  a p p ro x im a tio n s  to  m ake p r o g r e s s .  T he m ost n o ta b le  
r e c e n t  a t te m p ts  to  so lve  th e s e  p ro b le m s a r e  th o s e  o f M estel a n d  h is  
c o lla b o ra to rs  [ M estel(1984), M estel e t  a l(1985), F i tz p a tr ic k  a n d
M estel(1988a) a n d  F i tz p a tr ic k  a n d  M este l(1988b)] w h ich  h a v e  m ade 
p r o g r e s s  to w a rd s  th e  so lu tio n  o f th e  a lig n e d  r o ta to r  p ro b lem  from  a 
c la s s ic a l s ta n d p o in t .  T h ey  u s e  a p a r t ly  i te r a t iv e  p r o c e d u r e  a n d  g lo b a l 
c o n s t r a in t s  on  th e  sy s te m  to  f in d  p la u s ib le  m a g n e tic  f ie ld  d i s t r ib u t io n s  
a n d  p a r t ic le  flow s, th e n  u s e  th e s e  a s  th e  s o u rc e  o f new  e le c tr ic  a n d  
m agnetic  f ie ld s  w hich  a re  to  be co m p ared  to  th o s e  a d o p te d  a t  f i r s t .  
T hey  a lso  r e q u i r e  th a t  th e  d ipo le  m om ent o f th e s e  c u r r e n t s  in  th e  
m a g n e to sp h e re  is  c a n ce lle d  b y  th a t  o f th e  n e u tr o n  s t a r  i ts e lf ,  a n d  th a t  
e le c tro n s  m ay c ro s s  fie ld  lin e s  well p a s t  th e  l ig h t  c y l in d e r  b e fo re  
r e tu r n in g  to  th e  s ta r .  T h is  m odel may be g e n e ra l i s e d  to  in c lu d e  th e  
q u an tu m  e f f e c ts  o f a  d e n s e  mixed p lasm a.
S ince  th e  e n e rg ie s  in v o lv e d  in  th e  p u lse  em iss io n  p r o c e s s  a r e  s e v e ra l  
o r d e r s  o f m a g n itu d e  dow n on th e  o v e ra ll  e n e r g y  o f th e  sy s te m  a s  a
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w hole, i t  is  sa fe  to  s a y  th a t  th e  p u ls a r  p h en o m en o n  is  m e re ly  a  
d ia g n o s t ic  fo r  th e  m ore fu n d a m e n ta l  b e h a v io u r  a n d  e n e r g y  b u d g e t  o f a  
ro ta t in g ,  m a g n e tise d  n e u tro n  s t a r  th a t  a s  y e t  we h a v e  n o t m an ag ed  to  
p in  dow n. T he e v o lu t io n a ry  p a th  of a  p u ls a r  is  th u s  n o t s ig n if ic a n t ly  
a f fe c te d  b y  th e  d e ta ils  o f p u ls e  em ission , b u t  th e  o b s e rv a t io n  o f th e  
p u ls e s  g iv e s  u s  th e  c lu e s  n e c e s s a ry  to  s tu d y  th e  sam e e v o lu tio n . 
C o m p reh e n siv e  re v ie w s  of th e  w o rk  on  p u ls a r  m a g n e to s p h e re s  w e re  
m ade b y  R uderm an(1979) an d  M ichel(1982).
2.3 EVOLUTIONARY MECHANISMS
2.3.1 M agnetic  d ipo le  r a d ia tio n .
C lassica lly , th e  e le c tro m a g n e tic  f ie ld  o f a  s p in n in g  d ip o le , in  th e  w ave  
zone , is  th a t  o f m ag n e tic  d ip o le  r a d a t io n  a t  th e  ro ta t io n a l  f r e q u e n c y ,  
w ith  a  pow er d e p e n d e n c e  on  th e  4 th  pow er o f th e  f r e q u e n c y  [ L o r ra in  
a n d  C orson(1970)]. T he s u c c e s s  of th e  w ork  o f O s t r ik e r  a n d  
G unn(1969) a n d  G unn a n d  O s tr ik e r  (1970, h e r e a f te r  GO) s u g g e s te d  
th a t  m agnetic  d ipo le  r a d ia tio n  w as a  s t r o n g  c a n d id a te  a s  a  m eans o f 
d is s ip a t in g  th e  ro ta tio n a l  e n e r g y  in  th e  form  of in te n s e  e le c tro m a g n e tic  
w a v es  a t  th e  ro ta t io n a l  f r e q u e n c y . T h is p r e d ic te d  a  sim ple  
m o d e l-d e p e n d e n t r e la t io n s h ip  b e tw e e n  P a n d  P a s  follow s:
P = 2 Tr2B2R6s in  20 (2 .1 )
3 I  c 3 P
w h e re  B= s u r f a c e  m ag n e tic  f ie ld  s t r e n g th  (G auss)
1= m om ent o f in e r t ia  (gem 2 )
R= r a d iu s  o f n e u tr o n  s t a r  (cm)
c= sp e ed  o f l ig h t  (cm s” l)
e= a n g le  b e tw een  m ag n e tic  a n d  ro ta t io n  axes  
In  i ts  g e n e ra lis e d  v e rs io n
P = k P2-n  (2.2)
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th e  so -c a lle d  b r a k in g  in d e x  r\ c a n  ta k e  on  d i f f e r e n t  v a lu e s . ( q=3 
g iv e s  th e  a b o v e  c a s e  (2 .1)). We c a n  o f te n  g r o u p  a ll th e  o th e r  f a c to r s  
to g e th e r  in to  k , w h ich  we ca ll th e  m ag n e tic  to rq u e .  T he s im p le s t 
a p p lic a tio n  of th is  w ould  t r e a t  k a s  a  c o n s ta n t  c h a r a c te r i s t i c  o f e a ch  
p u ls a r .  T he t r a j e c t o r y  o f th e  p u ls a r  on  th e  lo g (P ) ,lo g (P )  p la n e  w ould  
be  a  s t r a ig h t  lin e  g iv e n  by : 
log (P ) = log (k ) + (2 -n )lo g (P ) (2.3)
w ith  g r a d ie n t  2-r\. U n fo r tu n a te ly ,  th e  o b s e rv e d  p u l s a r s  c a n n o t, in
g e n e ra l ,  b e  g iv e n  t r a j e c to r i e s ,  s in c e  P is  n o t kn o w n  fo r  them , q  is
r e la te d  to  P ,P  a n d  P b y  th e  fo llow ing  e x p re s s io n :
2 -q  = P .P /  ( P 2). (2.4)
T h u s  th is  r e la t io n  is  n o t d i r e c t ly  te s ta b le  e x c e p t  fo r  a  few  o f th e
«•
f a s t e s t  p u ls a r s ,  a n d  th e  r e s u l t s  a r e  a m b ig u o u s , a s  th e  s ig n  o f P is  
o b s e rv e d  to  b e  b o th  p o s it iv e  a n d  n e g a tiv e  fo r  d i f f e r e n t  p u ls a r s .  T h is
I*
m ay b e  d u e  to  o b s e rv a t io n a l  u n c e r ta in t ie s  in  th e  m e a s u r in g  o f P . At 
p r e s e n t ,  we m u st u s e  le s s  d i r e c t  m eth o d s  to  t e s t  th e  law  g iv e n  in  
e q u a tio n  (2.2)
A c o n s e q u e n c e  o f e q u a tio n  (2.1) is  th a t  th e  a g e  o f th e  p u ls a r  is  g iv e n  
( w h en  q  = 3 fo r  th e  GO m odel) b y  th e  so c a lled  c h a r a c te r i s t ic  a g e  t c , 
d e fin e d  by : 
t c  = P /2 P  (2.5)
if th e  in it ia l  s p in  p e r io d  is  n e g lig ib le  in  c o m p a riso n  to  P , a n d
t c  = P i/2 P i + P /2 P  (2.6)
• •
w h e re  P j a n d  P j r e f e r  to  th e  in it ia l  (b ir th )  v a lu e s  o f P a n d  P. T h is
w ill b e  e q u a l to  th e  t r u e  a g e  o f th e  o b je c t ,  p ro v id e d  b o th  k a n d  r\ a r e  
c o n s ta n t  in  tim e. [ See GO, C h ev a lie r  a n d  Em m ering(1986) ].
H ow ever, if  th e  v a r ia b le s  B a n d  8 w ere  to  c h a n g e  w ith  tim e i.e .
th ro u g h  d e c ay  o f th e  m ag n e tic  fie ld  o r  a l ig n m e n t /c o u n te r  a lig n m e n t
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b e tw e en  th e  axes  th e n  th e  s u b s e q u e n t  t r a j e c t o r y  o f th e  p u ls a r  on  th e
P ,P  p la n e  will be v e r y  d i f f e r e n t .  Also from  (2.1) we see  t h a t  PP g iv e s
a n  e s tim a te  o f B^, a g a in  a s su m in g  c a n o n ic a l v a lu e s  fo r  I a n d  R, if  
m ag n e tic  d ipo le  ra d ia tio n  is  r e s p o n s ib le  fo r  th e  sp in -d o w n .
2.3.2 A lte rn a tiv e s  to  m ag n e tic  d ip o le  r a d ia tio n .
Not a ll a u th o r s  a ssu m e  th a t  m ag n e tic  d ip o le  r a d ia t io n  is  th e  c a u s e  o f 
p u ls a r  sp in -d o w n . N otable  a m o n g s t th e s e  a r e  B esk in  e t  a l(1983), B e sk in  
e t  al(1984) a n d  C heng(1985). T he  B esk in  w ork  u s e s  a  lo n g itu d in a l
c u r r e n t  flow a s  m eans o f d i s s ip a t in g  e n e rg y ,  a n d  a p p ro x im a te s  a  
so lu tio n  to  m a g n e to sp h e r ic  p ro b le m s. T h is  a lso  a c ts  to  c o u n te r - a l ig n  
p u ls a r s  a s  th e y  a g e , b u t  h a s  s im ila r o v e ra l l  c o n s e q u e n c e s  fo r  th e  
d is t r ib u t io n  o f p u ls a r  p e r io d s  a s  th e  s ta n d a r d  f ie ld  d e c a y  m odels,
w ith o u t a n y  d e c a y  ta k in g  p lace .
C heng  h a s  d e v e lo p e d  a  m odel b a s e d  on  th e  c a p tu r e  a n d  io n is a tio n  o f 
in te r s te l la r  g r a in s  a s  a  m eans o f p ro v id in g  c lo s u re  o f c u r r e n t s ,  w h ich  
is  a  p rob lem  in  a ll m a g n e to s p h e r ic  m odels. I t  a lso  e x p la in s  th e  
c o rre la t io n  b e tw een  t r a n s v e r s e  sp e e d  a n d  PP , s in c e  f a s t e s t  p u l s a r s  
c a p tu r e  m ore g r a in s  a n d  sp in  dow n m ore e ff ic ie n tly .
2.3.3. F ield  d e c a y  a n d  to rq u e  d e c a y .
The n e c e s s i ty  fo r  to rq u e  d e c a y , i.e . th e  in c re a s in g ly  in e f f ic ie n t  
sp in -d o w n  of p u ls a r s ,  to  e x p la in  th e  lack  o f lo n g  p e r io d  p u l s a r s  w as 
f i r s t  in v o k ed  b y  G unn a n d  O s tr ik e r  a n d  s in c e  th e n  b y  m any  p u ls a r  
m odelle rs . S uch  a m odel a lso  allow ed p u ls a r s  to  ’die* q u ie t ly  e i th e r  
th ro u g h  a lu m in o sity  th a t  fa d e d  w ith  B o r  b y  c ro s s in g  a  d e a th l in e  
w h e re  p o te n tia l g a p s  in  th e  m a g n e to s p h e re  fe ll below  a  th r e s h o ld  fo r  
p u lse  p ro d u c tio n . O b se rv a tio n a lly , th e  d e a th lin e  is  an  a r b i t r a r y  c u to f f , 
w ith  no p u ls a r s  to  th e  r ig h t  ( lo n g e r  p e rio d  s id e  ) o f i t  [ See F ig u re
4.1 ]. As we sh a ll a tte m p t to  show  in  f u tu r e  c h a p te r s ,  th e  p e r io d
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d is t r ib u t io n  b y  i ts e lf  d o es  n o t im ply o r  r e q u i r e  to rq u e  d e c a y  fo r  i t s  
e x p la n a tio n  if  se le c tio n  e f f e c ts  a re  t r e a te d  p r o p e r ly .  T he c o r r e c t  
a p p ro a c h  is  to  w ork  from  th e  P ,P  d iag ram  i.e . th e  jo in t  d i s t r ib u t io n  o f 
p u l s a r s  in  P a n d  P from  w h ich  c o n c lu s io n s  c a n  m ore re l ia b ly  be  
d ra w n . In  f a c t  s e v e ra l  m odels can  s u c c e s s fu l ly  [S ee  c h a p te r s  4 -6 ] 
r e p r o d u c e  a  p e r io d  d is t r ib u t io n  b u t  n o t th e  jo in t  P ,P  d i s t r ib u t io n  th a t  
is  o b s e rv e d . I t  is  an  aim of th is  w ork  to  d e m o n s tra te  t h a t  th e  c o r r e c t  
w ay to  co m p are  an d  t e s t  m odels o f p u ls a r  e v o lu tio n  is  to  u s e  jo in t  
d is t r ib u t io n s  o f P a n d  P an d  th is  h a s  n o t b e e n  do n e  b y  p re v io u s  
a u th o r s  in  a  c o n s is te n t  m an n e r.
F o r s im p lic ity , th e o re tic a l  t re a tm e n ts  o f th e  c a se  w h e re  th e  m ag n e tic  
f ie ld  B d e c a y s  h a v e  a ssu m e d  an  e x p o n e n tia l fa ll in  B w ith  a n  e - fo ld in g  
tim e o f t , ty p ic a lly  in  r a n g e  10^ to  10^ y e a r s .  T h is  m akes e a s y  an  
a n a ly t ic  d ev e lo p m en t. R ecen tly , N ara y an  a n d  O s t r ik e r (1990) h a v e  u s e d  
a  p o w er-law  d e p e n d e n c e  fo r  th e  m ag n e tic  f ie ld  d e c a y  a n d  a c h ie v e d  
s a t i s f a c to r y  r e s u l t s .
T he th e o re t ic a l  s itu a tio n  a n d  o b s e rv a t io n s  from  o th e r  s o u rc e s ,  
h o w e v e r, in d ic a te  a  s u b s ta n t ia l ly  d i f f e r e n t  p ic tu r e .  H er X I, a  g a la c tic  
X ray  s o u rc e , is  w ide ly  b e lie v ed  to  be  a n e u tr o n  s t a r  o f a g e  ~5xl0® 
y e a r s .  C y c lo tro n  lin e s  h a v e  b een  id e n tif ie d  in  th e  s p e c tru m  of H erX l 
w h ich  in d ic a te  a  m agnetic  fie ld  o f ^5x10^2 G a u ss ,[ T ru m p e r  e t  a l(1978)], 
a  v a lu e  in co m p a tib le  w ith  d e c ay  o f th e  fie ld  on  a  tim esca le  o f 1 0 ^ -1 0 7 
y e a r s .  T h e o re tic a l s tu d ie s  o f n e u tro n  s t a r  f ie ld s  a r e  s u b je c t  to  
u n c e r t a in ty  r e g a r d in g  th e  in te r io r  c o n d it io n s , sp e c if ic a lly  th e  
c o n d u c tiv ity  o f th e  m a tte r  in  th e  s ta r .  I f  Ohmic d is s ip a tio n  o f c u r r e n t s  
c an  n o t ta k e  p lace  in  s u p e rc o n d u c tin g  m a tte r  th e n  ty p ic a l  d e c a y  
tim esc a le s  m ay be  a s  long  a s  a  H ubble tim e, in  a n y  c a se  >>10^ y e a rs . 
In  p a r t ic u la r  th e  form  of a n y  d e c ay  is  b e lie v ed  to  follow  a  d is t in c t ly
44
n o n -e x p o n e n tia l  d e c re a s e ,  a  m ore s te a d y  d e c lin e  b e in g  a n t ic ip a te d ,
[S a n g  a n d  C hanm ugam (1987), C hanm ugam  a n d  B r e c h e r (1987) a n d  E w art 
e t  a l(1975 )l. T he c o n c lu s io n  t h a t  is  in e s c a p a b le  from  th e s e  p a p e r s  is  
th a t ,  o v e r  th e  d u r a t io n  o f a  ’k in e m a tic ’ life tim e of a  p u ls a r ,  no
s ig n if ic a n t  d e c a y  m ay ta k e  p la c e . T h is  fa i ls  c o m p le te ly  to  ta l ly  w ith  
p u ls a r  m odels w h ich  r e q u i r e  to rq u e  d e c a y  o n  k in em a tic  a g e  t im e sc a le s  
a 106 y e a r s ,  a n d  c a s t s  som e d o u b t  o v e r  th e s e  m odels. K u n d t h a s  a lso  
q u e s tio n e d  th e  o b s e rv a t io n a l  e v id e n c e  fo r  f ie ld  d e c a y  [ K undt(1981)
a n d  K u n d t(1 9 8 8 )l.
In  a d d it io n , K u lk arn i(1 9 8 6 ) o b s e rv e d  th e  com pan ion  s t a r s  to  th e  two 
b in a r y  p u ls a r s  PSR0655+64 a n d  PSR0820+02 a n d  fo u n d  them  to  be  w h ite  
d w a rf  s ta r s .  He fo u n d  th a t  th e  com panion  o f 0655+64 w as a s  old a s  109 
y e a r s ,  on  th e  b a s is  o f s ta n d a r d  coo ling  c u rv e s ,  t h u s  c r e a t in g  a
c o n tra d ic t io n  th a t  th e  p u l s a r s ’s m ag n e tic  fie ld  o u g h t  to  h a v e  
lo n g -s in c e  d e c a y e d , a s  th e  n e u tr o n  s t a r  is  a t  le a s t  a s  old a s  th e  w h ite  
d w a rf. K u lk a rn i’s  so lu tio n  w as to  p ro p o se  tw o c o m p o n e n ts  to  th e  
p u ls a r  m ag n e tic  f ie ld , o n ly  o n e  o f w h ich  d e c a y e d  in  th e  ’n o rm a l’ w ay, 
th e  o th e r  b e in g  a  c o re  f ie ld , s ta b le  o v e r  m uch lo n g e r  t im esc a le s .
An a l te rn a t iv e  v ie w p o in t on  p u ls a r  m ag n e tic  f ie ld s  h a s  b e e n  p u t  
fo rw a rd  b y  B la n d fo rd  e t  al(1983) a n d  A p p le g a te  e t  a l(1984). T h ey  
s u g g e s t  th a t  th e  p u ls a r  f ie ld s  a r e  no t fo ss il  f ie ld s , b u t  a r e  g e n e ra te d  
b y  th e  p u ls a r  a f t e r  i t s  c re a t io n  th ro u g h  a th e rm a l flux . T he a b il i ty  to  
do th is  d e p e n d s  on  th e  a m o u n t o f d if f e re n t ia l  r o ta t io n  in  th e  in te r io r  
o f th e  s ta r ,  w h ich  im p lies th a t  f a s t e r  p u ls a r s  will c r e a te  th e i r  ow n 
f ie ld s  m uch m ore sw iftly  th a n  th e  r e s t .  T h is  e x p la in s  th e  s t r o n g  fie ld  
o f th e  y o u n g  C ra b - lik e  p u ls a r s ,  an d  t ie s  in  in te r e s t in g ly  w ith  th e  
in je c tio n  h y p o th e s is  o f N arayan (1987 ) (see  S e c tio n  2.7 ) in  th a t  th e  
slow er p u ls a r s  will ta k e  lo n g e r  to  c r e a te  th e i r  f ie ld s , a n d  will
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’t u r n - o n ’ la te r  a s  p u ls a r s  a f t e r  a b o u t 104 y e a r s .
I t  sh o u ld  be n o ted  th a t  if  o b s e rv a t io n s  do  dem an d  le s s  e f f ic ie n t  
s p in -d o w n  a s  p u ls a r s  a g e , i t  is  th e  to rq u e  th a t  is  in f e r r e d  to  d e c a y , 
w h ich  c a n  o c c u r  w ith o u t a n y  d im in u tio n  o f th e  m ag n e tic  f ie ld , a s  we 
sh a ll  go  on  to  exam ine.
2.3.4 A lignm en t a n d  c o u n te r -a l ig n m e n t.
An a l te rn a t iv e  m eans o f p ro d u c in g  to rq u e  d e c a y  is  th e  a lig n m e n t 
b e tw e e n  s p in  a n d  m ag n e tic  axes  o f th e  s t a r .  S in ce  th e  c la s s ic a l  
e x p re s s io n  fo r  th e  d ipo le  ra d ia tio n  c o n ta in s  a  s in ^ e  f a c to r ,  th is  w ould  
te n d  to  z e ro  a s  a lig n m e n t o c u rs . T h is  w ould  b e  b r o u g h t  a b o u t  b y  
e le c tro m a g n e tic  to rq u e s ,  one  com p o n en t o f w h ich  c a u s e s  th e  sp in d o w n . 
In  a n  e a r ly  p a p e r , D avis a n d  Gold s te in  (1970) show ed  th a t  a  c la s s ic a l  
d ipo le  in  a  vacuum  w ould a lig n  on th e  sam e tim esc a le  a s  ro ta t io n a l  
e n e rg y  w as lo s t. H ow ever, s in c e  o u r  a b il i ty  to  m odel th e  e le c tr ic  a n d  
m ag n e tic  f ie ld s  in  th e  n e a r - p u ls a r  e n v iro m e n t is  lim ited , th e  s t r e n g th  
a n d  s e n s e  of su c h  a  to rq u e  c a n n o t be  re l ia b ly  p r e d ic te d .  T h is  m eans 
t h a t  th e  p u ls a r  m ay e v e n  c o u n te r -a l ig n  i.e . th e  a x e s  te n d  to  m ove 
u n t i l  th e y  a r e  p e rp e n d ic u la r ,  [ B esk in  e t  a l(1984)]. T h u s  th e o r y  a g a in  
c a n n o t c u r r e n t ly  p ro v id e  a re lia b le  m echan ism , so  th e r e  is  fre e d o m  to  
ch o o se  d i f f e r e n t  ’p a ra m e tr ic ’ m odels fo r  a lig n m e n t. In  th e  m odel of 
G o ld re ich  a n d  Ju lia n  e v e n  an  a lig n e d  p u ls a r  c a n  s p in  i t s e l f  dow n 
th ro u g h  a  u n ip o la r  in d u c tio n  m echanism  b u t  th is  is  s u b je c t  to  th e  
sam e in c o n s is te n c ie s  of a ll a tte m p ts  to  ex p la in  th e  m a g n e to s p h e r ic  
s t r u c tu r e .  T h is  d if f ic u l ty  w as re a lis e d  e a r ly  on  b y  GO w ho a tte m p te d  a  
c a lc u la tio n  of th e  a lig n in g  to rq u e  b u t  show ed  th e  e s tim a te  o f th e  
c ru c ia l  co m ponen t w as u n re lia b le . A gain , e x p o n e n tia l  a lig n m e n t is  
f r e q u e n t ly  in v o k ed  in  th e  form  of th e  law 
s in (e )  = sin(e0) e x p ( - t / r )  (2.7)
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[Jo n es(1 9 7 6 ), Jo n e s(1 9 8 1 ), C an d y  a n d  B la ir(1983), CB86 ] a n d
tim esc a le s  o f e x a c tly  th e  sam e r a n g e  a s  fo r  f ie ld  d e c a y  a r e  d e d u c e d .
J o n e s  b a se d  h is  m odel o f a lig n m e n t on  a  to rq u e  from  c u r r e n t  flow s
b e tw e e n  p o la r  cap  a n d  m a g n e to s p h e re  in  th e  p u ls a r ,  w h ich  a c ts  
p ro v id e d  a t e m p e r a tu r e - d e p e n d e n t  d is s ip a tiv e  to r q u e  c a n  be  
n e g le c te d .
T he a lig n m e n t o f p u l s a r s  h a s  im p o r ta n t  c o n s e q u e n c e s  fo r  th e  beam ing  
f ra c tio n  w hich  will e v o lv e  w ith  tim e, (see  C h a p te r  6).
B oth f ie ld  d e c a y  a n d  a lig n m e n t, b e c a u se  o f th e  d e c a y  in  th e  sp in d o w n  
to rq u e ,  lead  to  th e  c h a r a c te r i s t i c  a g e  b e in g  g r e a te r  th a n  th e  t r u e  a g e  
o f th e  p u ls a r .  T h is  co u ld  ex p la in  th e  h ig h  v a lu e s  o f P /P  ~ 10® y e a rs  
a n d  m atch  them  w ith  th e  k in em a tic  a g e s .
2.3.5 D ea th lin es .
In  a  n u m b er o f m odels , a  c u to f f  lin e  in  th e  P ,P  p la n e  h a s  b e e n  
s u g g e s te d .  Below th is  l in e  lie s  a  re g io n  of th e  P ,P  p la n e  in  w h ich  th e
p u ls a r  fa ils  to  fu n c t io n  a s  b e fo re , e ffe c tiv e ly  d ie s , a n d  becom es
in v is ib le  to  a n y  o b s e r v e r .  T h is  c a n  b e  re la te d  to  c o n d it io n s  in  th e  
m a g n e to sp h e re , su c h  th a t  p o te n t ia l  g a p s  a r e  m ain ta in ed  o f s u f f ic ie n t  
s t r e n g th  to  allow  p a ir  p r o d u c t io n  to  c o n tin u e . [ See R uderm an(1979), 
R uderm an  an d  S u th e r la n d  (1975), S to llm ann(1987b), M ichel(1982) fo r  
d e ta ils .]  P u ls a r s  c ro s s in g  su c h  a d e a th lin e  w ould e n te r  th e  
im a g in a tiv e ly  e n ti t le d  ’p u ls a r  g r a v e y a r d ’, w h e re  th e y  w ould  be 
c o n fin e d  to  o b s c u r i ty  u n le s s  s p in - u p  v ia  a  b in a ry  com pan ion  g r a n te d  
them  a  new  a c tiv e  p h a s e . Some m odels do n o t in v o k e  a  d e a th lin e , 
n o ta b ly  LMT, w h ich  r e l ie s  on  o ld e r  p u ls a r s  fa d in g  g r a d u a l ly  th ro u g h  
lu m in o sity  d e c ay .
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2.4 THE WORK OF GUNN AND OSTRIKER
2.4.1 R eview  of p a p e rs .
O s t r ik e r  a n d  G unn(1969) a n d  G unn  a n d  O s tr ik e r(1 9 7 0 ) , h e r e a f te r  OG 
a n d  GO, th e  tw o p a p e r s  b y  G unn  a n d  O s t r ik e r ,  la id  dow n id e a s  w h ich  
h a v e  b e e n  re m a rk a b ly  e n d u r in g  in  th e i r  lo n g e v i ty  a n d  s e v e r a l  
s u b s e q u e n t  m odels d e v e lo p e d  from  th e  c o n c lu s io n s  r e a c h e d  in  th is  
e a r ly  w o rk . F o r th e  p u r p o s e s  o f re v ie w , we will t r e a t  them  to g e th e r .  
OG d e v e lo p e d  a m odel fo r  p u ls a r  e v o lu tio n  w ith  th e o re t ic a l  p r e d ic t io n s  
of p u ls a r  b e h a v io u r  a n d  GO a n a ly s e d  th is  m odel in  co m p a riso n  to  th e  
a c tu a l  d a ta  a v a ila b le . D e sp ite  u s in g  th e  lim ited  d a ta  o f th e  d a y , a  m ere  
41 p u l s a r s ,  o n ly  14 o f w h ich  h a d  know n  v a lu e s  o f P  th e y  w ere  led  to  
th e  fo llow ing  e v o lu t io n a ry  s c e n a r io :-
1) P u ls a r s  w ere  b o rn  a t  s h o r t  p e r io d s  w ith  a  G a u ss ia n  d i s t r ib u t io n  of 
ln e (B), in  th e  g a la c tic  p la n e , w ith  a  ’k ic k ’ v e lo c ity  o f ~100 k m /s
2) P e r io d  e v o lu tio n  ta k e s  p lac e  a c c o rd in g  to  P=A B ^ /P  a n d  lu m in o s ity  
L = c o n s ta n t.B ^ , fo r  c o n s ta n t  A.
3) A bou t 1 /4  -  1 /6  o f a ll p o te n t ia l ly  v is ib le  p u l s a r s  a r e  s e e n  b y  
o b s e r v e r s  on  E a r th .
4) M agnetic  f ie ld s  d e c a y  e x p o n e n tia lly  on  e - fo ld in g  tim es  t  ~4 M yrs .
5) P u ls a r s  a r e  a s so c ia te d  w ith  T y p e  II  s u p e rn o v a e  a n d  a r e  p ro d u c e d  
from  s t a r s  w ith  m asses  g r e a te r  th a n  4 s o la r  m asses .
T he s u b s e q u e n t  d is c o v e ry  of m ore p u ls a r s  a p p e a re d  to  lea d  to  s im ila r 
c o n c lu s io n s  on th e  d i s t r ib u t io n  o f p e r io d s , c u lm in a tin g  in  LMT(1985) 
w hich  is  e f fe c tiv e ly  a  re w o rk in g  o f GO u s in g  th e  u p - to - d a te  d a ta . I t  is  
im p o r ta n t  to  look c lo se ly  a t  th e  m eth o d s  u s e d  a n d  to  a s s e s s  th e i r  
re le v a n c e  a n d  a c c u ra c y .
OG c o n s id e re d  th e  d y n am ics  of a  r a p id ly  s p in n in g  n e u tr o n  s t a r  
s u b je c t  to  b o th  m ag n e tic  d ipo le  a n d  g ra v i ta t io n a l  q u a d ru p o le  ra d ia tio n .
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T hey  a lso  c o n s id e r  th e  o r ig in  o f r e la t iv is t ic  p a r t ic le s  in  th e  
m a g n e to s p h e re , b u t  fo r  o u r  p u rp o s e s  o n ly  p a r t  o f th i s  p a p e r  is  
r e le v a n t .  U sing  th e  w o rk  o f C anuto(1969), S o l in g e r (1969) a n d  H a rtle  
a n d  T h o rn e (1968) on n e u tr o n  s ta r  p r o p e r t ie s  a s  a  b a s is ,  th e y  p r e d ic t  
d e c a y  tim esca le s  o f th e  m ag n e tic  fie ld  in  th e  n e u tr o n  s t a r  a n d  so lv e  
th e  e q u a tio n  o f m otion fo r  th e  s t a r  to  g iv e  i t s  sp in -d o w n  b e h a v io u r . 
T h ey  fo u n d  th a t  a n  o b je c t  s u c h  a s  th e  C rab  cou ld  be  m atc h ed  e x a c tly  
in  a g e  w ith  th e  1054A.D. s u p e rn o v a  if a  re a s o n a b le  a m o u n t o f e n e r g y  
h ad  b e e n  lo s t  in  g ra v i ta t io n a l  r a d ia tio n . S ince  th e  g ra v i ta t io n a l  
r a d ia tio n  lu m in o s ity  d e p e n d s  on a  h ig h e r  p ow er o f th e  ro ta t io n a l  
f r e q u e n c y  th a n  th e  m ag n e tic  d ipo le  ra d ia tio n  lu m in o s ity , ( u 6 co m p ared  
to  cj4, w h e re  w = 2 tt/P  ), i t  c a n  sa fe ly  be  ig n o re d  a f t e r  th e  e a r l ie s t  o f 
tim es. T hey  in tro d u c e  th e  q u a n t i ty  ’te rm in a l period*  w h ich  is  th e  
maximum p e rio d  a  p u ls a r  m ay re a c h  th ro u g h  sp in d o w n  if  th e  f ie ld  
d e c a y s , an d  d e p e n d s  on b o th  t  a n d  th e  in itia l  v a lu e  o f B.
OG a lso  p o in ts  o u t  th e  p o s s ib i l i ty  of a lig n m e n t ta k in g  p la c e , b u t  show  
th a t  th e  n e c e s s a ry  c a lc u la tio n  c a n n o t g iv e  a  re l ia b le  e x p re s s io n  fo r  th e  
a lig n m e n t to rq u e  d u e  to  o u r  ig n o ra n c e  o f th e  c o n d it io n s  in  th e  
m a g n e to sp h e re  a t  th e  s te l la r  s u r fa c e . The p re s e n c e  o f a  s ig n if ic a n t  
q u a d ru p o le  fie ld  can  dom ina te  o v e r  th is  so th e  th e o re t ic a l  s i tu a tio n  is  
com plica ted .
In  GO, a n  a n a ly s is  o f th e  d a ta  is  c a r r ie d  o u t, d e s p i te  th e  p a u c i ty  o f 
know n P v a lu e s . T h e ir  in it ia l  a s su m p tio n  is  th a t  th e  o b s e rv e d  p e r io d  
d is t r ib u t io n  in  n o t s e r io u s ly  b ia se d  b y  se le c tio n  e f f e c ts  in  th e  r e g io n s  
o ccu p ied  b y  th e  m a jo r ity  of o b s e rv e d  p u ls a r s .  A lo g -n o rm a l 
d is t r ib u t io n  in  in it ia l  m ag n e tic  fie ld  is  a ssu m e d , a n d  a lu m in o s ity  law 
w h ere  th e  lu m in o sity  is  p ro p o r tio n a l  to  th e  s q u a re  o f th e  m ag n e tic  
f ie ld . T h is c o r r e s p o n d s  to  a  = jB =1 in  e q u a tio n  (1 .8a). P u ls a r s  a r e
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a ssu m e d  to  be d i s t r ib u te d  u n ifo rm ly  in  th e  g a la c tic  p la n e . T h ey  d e r iv e ,  
b y  a  m ost to r tu o u s  m eth o d , th e  p r e d ic te d  d i s t r ib u t io n  in  P^, th e  
te rm in a l p e r io d , in c lu d in g  th e  se le c tio n  d u e  to  th e  f lu x - lim ita tio n  of 
th e  s u r v e y s .  T h ey  th e n  ’f i t ’ t h e i r  d i s t r ib u t io n s  ( a p p a r e n t ly  e y e b a ll  
f i t s )  to  th e  o b s e rv e d  d a ta  ( a  h is to g ra m  of 14 p u ls a r s )  e s tim a tin g  
’b e s t- f i t*  v a lu e s  fo r  th e  p a ra m e te r s ,  w h ich  a r e  th e  m ean a n d  v a r ia n c e  
in  in it ia l  m ag n e tic  f ie ld , ( th e  d e c a y  tim esca le  b e in g  p ro v id e d  b y  
th e o r y ) ,  f in a lly  d e r iv in g  a  p e r io d  d is t r ib u t io n  w h ich  is  claim ed to  be  a  
good  f i t  to  th e  d a ta .
To d e r iv e  a b i r t h r a t e ,  a  f u r t h e r  a n a ly s is  o f th e  d is ta n c e  d a ta  is  
r e q u i r e d  so  th a t  a  m ean d is ta n c e  p a ra m e te r  can  be  d e d u c e d . Also th e  
p u ls e w id th  d a ta  is  a n a ly s e d  a n d  a  p e r io d  d e p e n d e n c e  in f e r r e d  fo r  th e  
13 o b s e rv e d  p u ls a r s  w ith  kn o w n  p u lse w id th s .
2.4.2 D iscu ss io n  o f GO.
T h e re  a r e  some c r i t ic is m s  th a t  can  be  lev e lle d  a g a in s t  th e  w o rk  o f 
G unn a n d  O s tr ik e r ,  some of w h ich  b e n e f i t  from  h in d s ig h t  a n d  
s u b s e q u e n t  r e s e a r c h .  T he m ost im p o r ta n t  o f th e s e  a r e  su m m arised  
below :
1) L ack  o f a p p re c ia t io n  o f s e le c tio n  e f fe c ts
T he in it ia l  a s su m p tio n  th a t  th e  p e rio d  d is t r ib u t io n  w as la rg e ly  
u n b ia s e d  w as c le a r ly  w ro n g . We now know  from  P r o s z y n s k i  a n d  
P rz y b c ie n (1 9 8 4 ) th a t  th e  lu m in o s ity  d e p e n d e n c e  o f th e  o b s e rv e d  sam ple  
on  P a n d  P is  f a r  rem o v ed  from  th a t  u se d  in  GO, a n d  i t  is  h a rd  to  
re c o n c ile  th e s e  e v e n  w ith  s e v e re ly  b ia se d  d a ta  s e ts .  T h is  im p lies th e  
o b s e rv e d  p e rio d  d i s t r ib u t io n  w ill n o t, in  g e n e ra l,  follow  th e  sam e form  
a s  th a t  fo r  th e  in t r in s ic  p o p u la tio n . T h e re  is  a lso  good e v id e n c e  th a t  
’f a s t ’ p u ls a r s  a re  m ore d if f ic u l t  to  d e te c t  in  s u r v e y s  th a n  in te rm e d ia te  
p e rio d  p u ls a r s .
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2) L ack  of s ta t is t ic a l  r ig o u r
N ow here in  GO is  th e r e  a n y  s ta t is t ic a l  t e s t  of how good a n y  o f th e  
’fits* a re ,  o r  w h a t s ig n if ic a n c e  c a n  be  a t ta c h e d  to  th e s e  r e s u l t s .  
A lth o u g h  it  is  n o t v e r y  m ea n in g fu l to  c o n s t r u c t  a  h is to g ra m  fo r  a  
d is t r ib u t io n  of o n ly  14 o b je c ts ,  w h ich  h a v e  a  la r g e  s p re a d  in  P v a lu e s , 
a n d  o b ta in  firm  c o n c lu s io n s , on  s e v e r a l  o c c a s io n s  th e  claim  is  m ade 
th a t  th e  ’f i t  is  a c c e p ta b le ’ o r  th a t  ’th e  m atch  in  d i s t r ib u t io n s  is  
s a t i s f a c to r y ’. T h e se  a r e  s ta t is t ic a l ly  m e a n in g le ss  w h en  th e  a p p r o p r ia te  
t e s t s  h a v e  n o t b e e n  p e rfo rm e d , a n d  le v e ls  o f s ig n if ic a n c e  a s s e s s e d .  In  
f a i r n e s s ,  th e  s h o r ta g e  o f a v a ila b le  d a ta  in  1970 m ade th is  im p o ss ib le  
fo r  GO, b u t  s u b s e q u e n t  t e s t s  h a v e  show n  th e i r  m odel to  b e  r e le v a n t  
(see  C h a p te r  5).
3) T he ’f i t t i n g ’ o f th e  d a ta
GO f i t  th e  Pj- d i s t r ib u t io n  f i r s t  ( a p p a r e n tly  an  ’e y e b a l l’ f i t)  a n d  in fe r  
q u a n ti t ie s  from  th a t  b e fo re  th e y  f i t  th e  p e r io d  d i s t r ib u t io n .  S ince  th a t  
d is t r ib u t io n  is  m o d e l- in d e p e n d e n t, i t  sh o u ld  h a v e  b e e n  f i t te d  f i r s t  a n d  
p a ra m e te rs  e s tim a te d  from  th a t ,  r a t h e r  th a n  th e  c o m b in a tio n s  in h e r e n t  
in  P^ = con .P P  a n d  Tc h a r = P /2 P  w h ich  in v o lv e  b o th  P a n d  P, a n d  a r e  
model d e p e n d e n t  q u a n ti t ie s .  In  some s e n s e  th e  P in fo rm a tio n  is  b e in g  
u s e d  in  th e  f i t t in g  o f th e  p e r io d  d is t r ib u t io n ,  w h ich  is  n o t th e  c o r r e c t  
w ay to  p ro c e e d  e sp e c ia lly  if  P a n d  P a r e  n o t d i s t r ib u te d  
in d e p e n d e n tly . Viewed a n o th e r  w ay , i t  is  p o ss ib le  to  f i t  th e  PP a n d  
P /P  d is t r ib u t io n s  s e p a r a te ly  a n d  y e t  n o t b e  a b le  to  f i t  th e  jo in t  P ,P  
d is t r ib u t io n .
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4) A m islead in g  a rg u m e n t
•  «
T h ey  a lso  p lo t B v s  t c ( th a t  is  PP v s  P /P  ) a n d  claim  e v id e n c e  fo r  
d e c a y  o f B b u t  th is  is  a  flaw ed  a rg u m e n t, a s  p o in te d  o u t  s u b s e q u e n t ly  
b y  F lo w ers  a n d  R uderm an(1977) a n d  L yne  e t  al(1975). T he r e s u l t  c a n  
be  re p ro d u c e d  b y  a s s ig n in g  each  p u ls a r  th e  P v a lu e  o f i t s  n e a r e s t  
n e ig h b o u r  in  th e  c a ta lo g u e , sh o w in g  i t  to  be s p u r io u s  to  th e  q u e s tio n  
o f f ie ld  d e c ay . A f u r t h e r  d ra w b a c k  is  th a t  if  th e  ’dea th line*  on  th e  P ,P  
p la n e  is  t ra n s fo rm e d  o n to  th e  B v s  Tc p lan e , i t  m ay a c t  to  c o n s tr a in  
d a ta  to  lie in  th e  o b s e rv e d  p o r tio n  (see  A ppend ix  A5) in d e p e n d e n t  o f 
a n y  fie ld  d e c a y . T h is  d e p e n d s  on  th e  e x a c t form  ta k e n  fo r  th e
d e a th l in e . F o r exam ple, th e  d e a th lin e  P ^ A .P3 t ra n s fo r m s  to  B ^
A~1t c ~2 , w h ich  c le a r ly  c o n s tr a in s  th e  d a ta  to  th e  lo w er le f t  c o r n e r  of 
th e  B v s  Tc p la n e , w ould g iv e  th e  im p re ss io n  of a  t im e -d e p e n d e n t  B.
5) In  th e i r  a n a ly s is  o f p u lse w id th s , GO c o n c lu d e s  t h a t  t h e r e  is  a  
r e la t io n  b e tw e en  p e rio d  a n d  beam ing  fa c to r ,  b u t  claim  th is  is  
in s ig n if ic a n t  fo r  th e i r  e a r l ie r  co n c lu s io n s , b u t  w ith o u t r e p e a t in g  th e  
a n a ly s is .  T h is  claim is  th e r e fo r e  u n s u b s ta n t ia te d ,  a n d  l a t e r  w o rk  b y  
N a ra y an  in  p a r t ic u la r  (N arayan(1987), V iv ek an an d  a n d  N aray an (1 9 8 2 )) 
h a s  show n  th a t  su c h  an  e ffe c t  can  h av e  s e r io u s  c o n s e q u e n c e s  fo r  
p u ls a r  e v o lu tio n .
O v era ll, th is  p a p e r  is  d if f ic u lt  to  follow, th ro u g h  some o b s c u re  a n d
m is lead in g  n o ta tio n , a n d  is  g u i l ty  o f a  lack  o f r ig o u r  in  th e  v e r y  a r e a s
w h e re  th e s e  a r e  m ost r e q u i r e d .  I t  is  n o t s t r i c t ly  c o r r e c t  to  claim  
s u c c e s s  fo r  th e  fie ld  d e c a y  m odel on th e  b a s is  o f th is  w o rk  a lo n e , a n d  
s in c e  th is  model h a s  had  a  m ajor in flu e n c e  on  f u tu r e  a n a ly s e s  b a se d  
on  th e  GO w ork  i t  is  im p o r ta n t to  rem em ber i ts  in a d e q u a c ie s  w hen  
in te r p r e t in g  o th e r  la te r  c o n tr ib u tio n s .
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2 .5  THE WORK OF LYNE, MANCHESTER AND TAYLOR
2.5.1 R eview  o f p a p e r .
T h is  p a p e r  ( L y n e , M a n c h e s te r  a n d  T a y lo r (1985), h e r e a f te r  LMT ) is  
r e c o g n is e d  a s  a  m ajo r c o n tr ib u t io n  to  th e  fie ld  o f p u l s a r  e v o lu tio n .
E s s e n tia l ly  i t  is  a  re w o rk in g  o f GO u s in g  th e  m ore a b u n d a n t  d a ta  o f
1985, w ith  a  to ta l  o f 316 p u l s a r s  u s e d . T he sam e d i s t r ib u t io n s  d e r iv e d  
b y  GO a re  u s e d  in  LMT, b u t  i t  is  a  m uch m ore c o n v in c in g  a n d
c o m p re h e n s iv e  t r e a tm e n t  a n d  in c lu d e s  m ore d e ta il  th a n  th e  e a r l ie r  
p a p e r .  T he m ain c o n c lu s io n s  r e a c h e d  a r e  v e r y  sim ilar;
1) th e  g a la c tic  p o p u la tio n  is  70,000 p u l s a r s  w ith  lu m in o s itie s  a b o v e  0.3 
m Jy k p c 2, w ith  a  b i r t h r a t e  o f 1 /(3 0 -1 2 0 ) y e a r s .
2) th e  fie ld  d e c a y s  on  a tim esc a le  o f 9 M yrs, a n d  L ~ fo r  m ag n e tic  
f ie ld  B d i s t r ib u te d  in it ia l ly  a s  a  lo g -n o rm a l w ith  m ean v a lu e  7.5x10 H  
G auss.
3) T he d is t r ib u t io n  in  th e  g a la x y  is  s im ila r to  th a t  o f OB s t a r s  a n d  
s u p e rn o v a  re m n a n ts , b u t  w ith  a  l a r g e r  sc a le  h e ig h t .
4) T he p u ls a r s  d i s t r ib u t io n  in  P a n d  P c a n  b e  q u a li ta t iv e ly
u n d e rs to o d  w ith o u t in v o k in g  a  c u to f f  in  p u lse  p ro d u c t io n  o r
lu m in o s ity , th a t  is  no  'd ea th L n e*  is  r e q u i r e d .
By 1985, s e v e ra l  m ajo r s u r v e y s  h ad  b e e n  c o n d u c te d , w h ich  w e re
s u b je c t  to  f a i r ly  w e ll-u n d e rs to o d  se le c tio n  e f fe c ts .  T he d a ta  sam ple
c o m p rise d  316 p u ls a r s ,  from  w h ich  LMT d e a ls  w ith  a  f lu x - lim ite d  sam ple  
o f 265 p u ls a r s .  T h ey  a lso  w e re  a b le  to  e s ta b l is h  a  m ore re l ia b le  
d is ta n c e  sca le  fo r  th e  p u ls a r s ,  u s in g  w ork  on  th e  i n te r s t e l l a r  e le c tro n  
d i s t r ib u t io n ,  th u s  r e d u c in g  one  s o u rc e  o f s y s te m a tic  e r r o r .  LMT d e r iv e  
th e  in t r in s ic  s p a tia l  a n d  lu m in o s ity  d i s t r ib u t io n s  fo r  th e  g a la c tic  
p o p u la tio n  b y  a n  i te r a t iv e  m ethod  d e v e lo p e d  o r ig in a lly  in  L a r g e (1971) 
a n d  M a n c h e s te r  a n d  T ay lo r (1977). T h is  u s e s  th e  o b s e rv e d  d i s t r ib u t io n s
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in  c y lin d r ic a l  c o o rd in a te s  r ,  z a n d  lu m in o s ity  L, in c lu d e s  k now n
se le c tio n  e f fe c ts ,  a n d  allow s th e  g a la c tic  p o p u la tio n  to  b e  fo u n d  b y  
in te g r a t in g  o v e r  a ll t h r e e  v a r ia b le s .  T h is  g iv e s  70,000 p u l s a r s  in  th e  
g a lax y .
N ext, LMT d e r iv e  th e  e q u a tio n s  g o v e rn in g  th e  e v o lu tio n  o f p u l s a r s ,  in  
a  m an n e r e q u iv a le n t  to  GO, a n d  f i t  th e  d i s t r ib u t io n  in  t c
( c h a r a c te r i s t ic  a g e ) to  g iv e  th e  m agnetic  f ie ld  d e c a y  tim esc a le  t ^ ,  in  
th e  LMT n o ta tio n . N ext, a  le a s t  s q u a re s  f i t  to  th e  d i s t r ib u t io n  g iv e s  
b o th  th e  m ean f ie ld  a t  b i r t h  a n d  th e  v a r ia n c e  in  th e  (a ssu m ed ) 
ln -n o rm a l d is t r ib u t io n  in  in it ia l  fie ld  s t r e n g th .  T he r e s u l t in g  p e r io d
d is t r ib u t io n s  a r e  th e n  c o m p a red , a lth o u g h  no fo rm al g o o d n e s s - o f - f i t  
c r i t e r ia  a re  fo u n d . A f in a l  c h e c k  is  c a r r ie d  o u t u s in g  th e  d i s t r ib u t io n  
in  z, th e  th e o re tic a l  fu n c t io n  d e r iv e d  from  a n  a s su m p tio n  o f M axw ellian 
v e lo c itie s  th a t  th e  p u l s a r s  a c q u ir e  a t  b i r th .
T he LMT b i r th r a t e  is  fo u n d  in  a  d i f f e re n t  fa s h io n  from  th e  GO p a p e r .  
U sin g  th e  a ssu m p tio n  o f s ta t io n a r i ty ,  a n d  th e  h is to g ra m  in  lu m in o s ity , 
a  low er lim it is  o b ta in e d  b y  in s is t in g  th a t  in  th e  m ost p o p u lo u s  
lu m in o s ity  b in , th e  p u ls a r s  m u st ’tra v e rse *  th e  b in  in to  th e  a d ja c e n t  
low er b in  in  a  g iv e n  tim e d e p e n d e n t  on th e  d e c a y  tim esc a le  o f th e
m ag n e tic  fie ld . T h is  g iv e s  an  e v e n tu a l  b i r t h r a t e  o f 1 p u ls a r /3 0 -1 2 0  
y e a r s ,  w hen a n  e s tim a te d  beam ing  fa c to r  is  a c c o u n te d  fo r .  T h is  is  
claim ed b y  LMT to  be  c o m fo rta b ly  com patib le  w ith  th e  s u p e rn o v a  r a te .
2.5.2 D iscussion  o f LMT.
We sh a ll  d is c u s s  s e v e ra l  f e a tu r e s  of LMT. F i r s t ly ,  th e  s h o r tc o m in g s  
in h e r e n t  in  GO a re  to  a n  e x te n t  e lim ina ted  in  LMT, w h ich  t r e a t s  a  
m uch la r g e r  d a ta  sam ple. H ow ever, a lth o u g h  th e y  s ta t i s t ic a l ly  f i t  
th e o re tic a l  d i s t r ib u t io n s  to  d a ta , th is  in  s ti l l  done  in  th e  w ro n g  o r d e r ,  
a n d  th e  f i t  to  th e  p e rio d  d is t r ib u t io n  o c c u rs  la s t ,  n o t f i r s t .  T h ey  a lso
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do n o t f i t  th e  P ,P  d i s t r ib u t io n ,  b u t  show  a  M on te-C arlo  s im u la tio n  of 
th e  P ,P  d iag ra m  w ith o u t d e r iv in g  a n  a n a ly t ic  e x p re s s io n  fo r  th e  jo in t  
d i s t r ib u t io n .
LMT d o es  n o t g iv e  a n y  fo rm al in d ic a tio n  o f g o o d n e s s -o f - f i t  o f th e  
th e o re t ic a l  d i s t r ib u t io n s  to  th e  o b s e rv e d  e q u iv a le n ts .  P u r e ly  on  th e  
b a s is  o f th e  'f its*  in  th e  p a p e r ,  some w ould  a p p e a r  to  be  a p p ro x im a te  
m a tc h e s  w ith  th o se  o b s e rv a t io n s  th e y  a r e  in te n d e d  to  ex p la in .
T he i te r a t iv e  schem e u s e d  in  LMT m ay be s u b je c t  to  s y s te m a tic  
e r r o r s .  By a d o p tin g  a  s e p a ra b le  d i s t r ib u t io n  o f r ,  z an d  L [c y l in d r ic a l  
c o o rd in a te s  r  a n d  z, a n d  lu m in o s ity  L ] fo r  th e  in tr in s ic  p o p u la tio n , no 
c o r r e la t io n  is  a ssu m ed  to  be  p r e s e n t  b e tw e en  z a n d  L. An e x p lic it 
f e a tu r e  o f th e i r  m odel is  in  f a c t  th a t  p u ls a r s  a t  h ig h  z h a v e  (by  
h y p o th e s is )  m ig ra te d  from  th e  p la n e , th e r e fo r e  a re  o ld e r  o b je c ts  a n d  
can  s a fe ly  be  e x p e c te d  to  h a v e  lo w e r - th a n - a v e r a g e  f ie ld s  a n d  
lu m in o s itie s  (on th e  b a s is  o f th e  LMT m odel). T he lu m in o s ity  is  
a s su m e d  to  d e p e n d  on  th e  s q u a re  o f th e  fie ld  s t r e n g th ,  so  some b ia s  
w ill b e  in tro d u c e d . T h is  e f fe c t  is  p o s s ib ly  c o u n te rb a la n c e d  b y  th e  
o b s e rv e d  c o rre la t io n  b e tw e en  m ag n e tic  f ie ld  a n d  t r a n s v e r s e  v e lo c ity  
d is c u s e d  in  S ec tio n  1.6.7. In  g e n e ra l ,  th e  d is t r ib u t io n  a t  h ig h e r  z 
v a lu e s  will be d e p e n d e n t  on th e  d is t r ib u t io n  in  th e  p la n e  a t  e a r l ie r  
tim es, an d  th e  p rob lem  is  n o t a t  all t r iv ia l .
A re la te d  c ritic ism  is  th e  d is t r ib u t io n  in  lu m in o sity  t h a t  is  u s e d . A 
fo rm  fo r  th e  in t r in s ic  lu m in o s ity  d e n s i ty  com es from  th e  i te r a t io n  
schem e. L a te r , th e  lu m in o s ity  law  L « B2 is  a d o p te d . T h is  im m edia te ly  
im p lies th a t  th e  in t r in s ic  d is t r ib u t io n  in  lu m in o sity  co u ld  b e  d e r iv e d  
o n ce  th e  d is t r ib u t io n  in  in itia l  fie ld  s t r e n g th  is  a ssu m ed . H ow ever, two 
d i f f e r e n t  lu m in o sity  d i s t r ib u t io n s  a r e  u s e d , a n d  th u s  a  p o ss ib le  
in c o n s is te n c y  b e tw e en  th e  tw o p a r t s  o f th e  a n a ly s is  is  a p p a r e n t .  T h is
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is  e x tre m e ly  im p o r ta n t  s in c e  th e  b i r t h r a t e  d e r iv a t io n  is  m ade on  th e  
b a s is  o f th e  lu m in o s ity  h is to g ra m , b u t  th e  e r r o r  t h a t  th is  g iv e s  r is e  to  
is  p ro b a b ly  sm all.
T he s ig n if ic a n c e  o f th e  d e r iv e d  b i r t h r a t e  is  q u e s tio n a b le . E s s e n tia lly  
i t  is  th e  r a t io  of loca l s u r f a c e  d e n s i ty  to  a  lu m in o s ity  d e c a y  tim esca le . 
S ince  th e  l a t t e r  is  h ig h ly  m odel d e p e n d e n t ,  a n d  th e  fo rm e r  o b ta in e d  in  
a  m odel in d e p e n d e n t  w ay , i t  is  d if f ic u l t  to  a s s e s s  i t s  im p o rta n c e , 
rem e m b e rin g  th a t  th e  i te r a t iv e  schem e is  a t  o d d s  w ith  th e  d e c a y  o f 
p u ls a r  m ag n e tic  f ie ld s  a n d  lu m in o s itie s . T h e re  is  a lso  th e  q u e s tio n  o f 
th is  e s tim a te ’s in d e p e n d e n c e  o f th e  b in n in g  schem e c h o s e n -  a  d i f f e r e n t  
b i r t h r a t e  m ay w ell a r i s e  if  a  d i f f e r e n t  h is to g ra m  fo r  lu m in o s ity  h ad  
b e e n  c h o se n . S in ce  th is  a n s w e r  is  th e n  e s s e n t ia l ly  m u ltip lied  b y  a 
la rg e  f a c to r  to  g iv e  a  to ta l  g a la c tic  b i r th r a te ,  sm all d is c r e p a n c ie s  will 
b e  a u g m e n te d . I t  is  m ore d e s ir a b le  to  u s e  th e  P  a n d  P d a ta  s in c e  th e y  
a re  m ore re l ia b le  o b s e rv a b le  q u a n ti t ie s .
T he ’c h e c k s ’ u s in g  th e  z (g a la c tic  h e ig h t  p a ra m e te r )  d i s t r ib u t io n  a r e  
n o t q u a n tif ie d .
To c o n c lu d e  th is  d is c u s s io n , we n o te  th a t  th e  w o rk  in  LMT is  a  m ajo r 
c o n tr ib u tio n  to  th e  s o lu tio n  of m any p ro b lem s of p u l s a r  e v o lu tio n , b u t  
is  s u b je c t  to  som e m inor fa i l in g s . T h e re  is  a  p o s s ib le  in c o n s is te n c y  
b e tw e en  th e  tw o h a lv e s  o f th e  p a p e r ,  th u s  th e  c o n c lu s io n s  m ay b e  
sy s te m a tic a lly  b ia s e d  to  a n  e x te n t  th a t  c a n n o t b e  g a u g e d  u n t i l  f u r t h e r  
w ork  is  d e v o te d  to  th is  im p o r ta n t  q u e s tio n . T he m ethod  fo r  d e r iv in g  
th e  b i r t h r a t e  is  n o t c o m p le te ly  c o n v in c in g , a n d  s u f f e r s  from  a  se c o n d  
in c o n s is te n c y  r e g a r d in g  th e  form  of th e  lu m in o s ity  d i s t r ib u t io n ,  w h ich  
f i r s t ly ,  is  n o t id e n tic a l  w ith  th e  m odel lu m in o sity  law  th a t  is  u s e d , a n d  
se c o n d ly  th e  ro le  o f th e  minimum lu m in o sity  r e f e r r e d  to  in  LMT is  n o t 
c le a r . A f in a l c r it ic ism  is  th e  o r d e r in g  of th e  f i t t in g  p ro c e d u r e ,  a n d
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th e  r e s e r v a t io n  th a t  d e s p ite  th e  q u a li ty  of th e  m odel f i t t in g  t h a t  is
c a r r ie d  o u t, we h av e  no g u a ra n te e  th a t  th e  LMT m odel a c tu a lly  f i t s  th e  
«
P ,P  d is t r ib u t io n  a t  a n y  a s s ig n e d  le v e l  of s ig n if ic a n c e . P u t t in g  th e  
p r io r i ty  on th e  f i t t in g  o f th e  m a rg in a l d i s t r ib u t io n s  is  c e r ta in ly  
B u sp ec t. T h ese  lim ita tio n s  sh o u ld  b e  d e a lt  w ith  b e fo re  th e  f ie ld  d e c a y  
m odel can  be p ro p e r ly  te s te d .
2 .6  THE ALIGNMENT MODELS OF CANDY AND BLAIR
2.6.1 Review  of p a p e rs .
In  a  s e r ie s  o f p a p e rs ,  ( C andy  a n d  B la ir (1983), C andy  a n d  B la ir (1985), 
C an d y  a n d  B lair(1986) a n d  B lair(1987) ) C andy  a n d  B la ir d e v e lo p e d  a 
p u ls a r  m odel b a se d  on  th e  p u ls e w id th  d a ta  a n d  u s e d  i t  to  p r e d ic t  a  
p u ls a r  b i r th r a te .  No p re v io u s  s ig n if ic a n t  c o r re la t io n s  o f p u lse w id th  
w ith  o th e r  p u ls a r  o b s e rv a b le s  h ad  b e e n  r e p o r te d  b u t  C andy  a n d  B la ir 
co n c lu d e d  from  th e i r  w ork  th a t  th e  p u lse w id th  a g a in s t  c h a r a c te r i s t ic  
a g e  d iag ram  (F ig . 6.6) show ed a  d i s t in c t  minimum a t  a g e s  a ro u n d  107 
y e a rs .  T hey  th e n  p ro c e e d e d  to  ex p la in  s u c h  b e h a v io u r  v ia  a  
c om b ina tion  o f a lig n m en t o f m ag n e tic  an d  ro ta t io n  a x es  a n d  a  
n a rro w in g  of th e  em ission  cone w h ich  th e y  claim ed b e s t  e x p la in ed  th e  
o b s e rv e d  d a ta . The c o n s e q u e n t  beam ing  f ra c tio n  w as t h u s  a g e  
d e p e n d e n t ,  a n d  an  e s tim a te  of th e  r e s u l ta n t  b i r t h r a t e  in  B la ir (1987) 
w as a s  h ig h  a s  l p s r / ( 4  ± l) y r s .  T he im p lica tio n s  of su c h  a  h ig h  p u l s a r  
b i r t h r a t e  a re  c le a r ly  v e ry  im p o r ta n t.
2.6.2 D iscu ssio n  o f th e  C andy  a n d  B la ir m odels.
H ow ever, th e r e  is  m uch th a t  c a n  be  c r i t ic is e d  in  th is  w o rk . 
K rishnam ohan(1985) p o in te d  o u t  a  flaw  in  th e  o r ig in a l  a rg u m e n t, th a t  
th e  m ean p u lse w id th  w as no t a  good p a ra m e te r  to  u s e , s in c e  i t  w as 
s e n s i t iv e  to  th e  p re s e n c e  o f p u ls a r s  w ith  la rg e  p u lse w id th s  in  a n y  a g e  
b in . T h e re  is  a  la rg e  ’ta i l ’ in  th e  p u lse w id th  d a ta  w ith  th e  e f f e c t  of
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th e s e  la rg e  p u ls e w id th s  d o m in a tin g  in  a n y  p a r t ic u la r  b in .
K rish n am o h an  sh o w ed  th a t  rem oval o f o n ly  a few  p u l s a r s  cou ld  a lso  
rem o v e  th e  ’m inim um ’ th a t  C andy  a n d  B la ir fo u n d  co m p e llin g ly
im p o r ta n t .  He d e m o n s tra te d  th a t  th e  m edian  p u lse w id th  show ed  no
d e p e n d e n c e  w ith  a g e  a n d  w as a  b e t t e r ,  m ore s ta b le  p a ra m e te r  to  u s e , 
b e in g  le s s  s e n s i t iv e  to  th e  p re s e n c e  o f u n u s u a l ly  la rg e  p u ls e w id th s  
th a n  th e  m ean. T h is  c a lled  in to  q u e s tio n  th e  v a lid ity  o f th e  C an d y  a n d  
B la ir w o rk . A s u b s e q u e n t  p a p e r  (C andy  a n d  B la ir (1985)) r e a s s e r t e d  
t h e i r  c o n c lu s io n s  b u t  w ith  a  m ore d e ta ile d  s ta t is t ic a l  a n a ly s is . T h e re  is  
a n  o b v io u s  la r g e  s c a t t e r  in  th e  p u lse w id th  v s  c h a r a c te r is t ic  a g e  
d ia g ra m , [see  F ig u re  6.6] m ak ing  a n y  c o n c lu s io n  a s  to  a  g e n e ra l  t r e n d  
d if f ic u l t .  C e r ta in ly , b in n in g  th e  d a ta  a s  C andy  a n d  B la ir d id  is  a
d a n g e ro u s  p r o c e d u r e  u n d e r  th e s e  c o n d itio n s .
T h e re  a re  some g r a v e  c r it ic ism s  w h ich  c a s t  d o u b t  on  th is  w o rk ,
nam ely , th e  co m p le te  n e g le c t  of lu m in o sity  se le c tio n  e f fe c ts :  th e y
e s s e n t ia l ly  a ssu m e  th a t  a ll p u ls a r s  a re  e q u a lly  b r ig h t .  Also, th e i r
d e r iv a tio n  o f th e  m ean p u lse w id th  d is t r ib u t io n  is  o n ly  a p p ro x im ate ; th e  
w o rk  in  C h a p te r  6 sh o w s how th is  sh o u ld  be  c o n d u c te d , ta k in g  p r o p e r  
a c c o u n t of th e  g e o m e try  o f th e  p rob lem , a n d  d e r iv in g  fo rm a lly  a  
d i s t r ib u t io n  of p u ls e w id th s .
In  t h e i r  la te r  w o rk  (CB1986) th e  f i t  b e tw e en  d a ta  a n d  m odel is  
im p ro v ed  b y  a llow ing  th e  a lig n m e n t tim esca le  to  be  d i s t r ib u te d ,
in t ro d u c in g  a new  p a ra m e te r ,  a n d  claim  th is  is  f u r t h e r  e v id e n c e  fo r  
th e  m odel. T h is  is  w ro n g , s in c e  th e  d is t r ib u t io n  is  n o t in c lu d e d  in  th e  
c a lc u la tio n  from  th e  s t a r t ,  a s  i t  sh o u ld  be , a n d  a g a in  ig n o re s  s e le c tio n  
e f fe c ts .  T h e ir  d e r iv a tio n  o f th e  s ta t ic  p u lse w id th  d i s t r ib u t io n  (i.e . t h a t  
from  an  en sem b le  o f n o n -e v o lv in g  p u ls a r s  ) is  n o t g iv e n , b u t  if i t  is  
b a se d  on th a t  o f H e n ry  a n d  Paik(1969) i t  is  w ro n g , s in c e  th a t  w ork
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ig n o re s  th e  s p h e r ic a l  g e o m e try  in h e r e n t  in  th e  d e f in itio n  o f th e  
p u lse w id th .
T he b i r t h r a t e  e s tim a te  of B la ir (1987) u s e s  th e  v a lu e  o f L y n e  e t  al 
(1985) fo r  th e  g a la c tic  p u ls a r  p o p u la tio n , w h ich  w as r e a c h e d  on  th e  
b a s is  o f a  co m p le te ly  d i f f e r e n t  e v o lu t io n a ry  m odel, in c o n s i s te n t  w ith  
t h a t  o f B la ir (1987), w ho a g a in  ig n o re s  s e le c tio n  e f f e c ts  d u e  to  
lu m in o s ity . No m en tion  is  m ade o f i n te r p u ls e  p u ls a r s ,  th e  p r o p o r t io n  o f 
w h ich  is  a  d i r e c t  c h e ck  on th e  th e o r y .  In  s h o r t ,  t h e r e  a re  m any  flaw s 
in  th is  w o rk , a n d  we p r e s e n t  a  m ore r ig o r o u s  a n d  r e a l is t ic  a lig n m e n t 
m odel in  th e  fo llow ing  p a g e s .
2 .7  THE INJECTION MODELS
2.7.1 R eview  o f in je c tio n  m odel p a p e r s .
In  a  s e r ie s  o f p a p e r s  [ N a ra y a n  a n d  V iv ek an an d (1 9 8 1 ), V iv e k a n an d  
a n d  N ara y an  (1981), N aray an  a n d  V iv e k a n an d  (1983), N a ra y an  (1987) ]
th e s e  a u th o r s  in tro d u c e d  th e  id e a  o f p u ls a r  ’in jec tio n * . T h is  b a s ic a lly  
in v o k e d  th e  * tu r n in g - o n ’ of p u l s a r s  a t  in te rm e d ia te  p e r io d s  ( -0 .5
s e c s ) ,  n o t a t  p r e - C r a b - ty p e  v a lu e s  o f 10 m sec, sa y . In  a  
m o d e l- in d e p e n d e n t a rg u m e n t ( th e i r  e x p re s s io n )  th e y  show ed  how th e  
s o -c a lle d  p u ls a r  ’c u r r e n t ’, o r  flow  of p u ls a r s  a t  a n y  p e r io d  to  h ig h e r  
p e r io d s  re a c h e d  a maximum o n ly  a t  in te rm e d ia te  p e r io d s , a n d  th is  
r e la te d  d ire c t ly  to  th e  b i r t h r a t e  in  th e s e  re g io n s . T h e y  c o n c lu d e d  th a t  
i t  w as a g e n u in e  e f fe c t  a n d  from  i t  e s tim a te d  a b i r t h r a t e  o f p u l s a r s  
w h ich  w as a 1 /50  y e a rs  in  th e  g a lax y . O th e r  a u th o r s  in  l a t e r  w ork  
(C h ev a lie r  a n d  Em m ering (1986) a n d  S to llm ann(1987b) re a c h e d  b ro a d ly  
s im ila r c o n c lu s io n s  r e g a r d in g  th e  b i r th - p e r io d s  of p u ls a r s .
T he la te  ’t u r n - o n ’ of p u ls a r s  m ay be  re la te d  to  th e  m echan ism  of 
B la n d fo rd  e t  al(1983) w h ere  th e  p u ls a r  m ag n e tic  f ie ld s  a r e  g e n e ra te d  
b y  th e  ro ta t io n  of th e  s ta r ,  on  ty p ic a l  tim esc a le s  o f 104 y e a r s  fo r
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in te rm e d ia te  p e r io d s .
2.7.2 C ritic ism  of in je c tio n  m odels.
H ow ever, th e  m o d e l- in d e p e n d e n c e  of th is  a p p ro a c h  is  n o t e n t i r e ly  
c le a r .  T he p u ls a r  c u r r e n t  is  d e fin e d  w ith o u t r e f e r e n c e  to  a n y  m odel 
o f s p in -d o w n , b u t  a lm ost c e r ta in ly  is  b ia se d  b y  se le c tio n . T h is  is  
re a l is e d  b y  th e  a b o v e  a u th o r s ,  b u t  to  c o r r e c t  fo r  se le c tio n  d e m a n d s  a 
k n o w led g e  o f th e  lu m in o s ity  law  w hich  is  a  co m p o n en t o f a n y  m odel. 
W hat is  n o t a lw ay s  re a lis e d  is  th e  in e v ita b i li ty  o f in je c tio n  in  o r d e r  to  
g e t  ro u n d  th e  p rob lem  of a  lu m in o s ity  d e p e n d e n c e  on p e rio d  o f th e  
ty p e  L « P - 1 w hich  r e n d e r s  y o u n g , f a s t  p u ls a r s  h ig h ly  lu m in o u s a n d  
th u s  m ak ing  i t  d if f ic u l t  to  e x p la in  th e i r  a b s e n c e  from  th e  o b s e rv e d  
sam ple. S u ch  lum inous o b je c ts  o u g h t  to  be  v is ib le  o v e r  la rg e  re g io n s  
of th e  g a lax y , y e t  few  a re  se en . A w ay o u t is  to  p o s tu la te  th a t  th e  
m a jo r ity  o f p u ls a r s  o n ly  e n te r  th e  scen e  on ce  th e i r  p e r io d s  re a c h  
in te rm e d ia te  v a lu e s , o r  a re  c re a te d  a t  th e s e  lo n g e r  p e r io d s . T h is  is  
d if f ic u lt  to  re c o n c ile  w ith  th e  o b s e rv e d  y o u n g  p u ls a r s  w h ich  c le a r ly  
w ere  b o rn  a t  p e r io d s  o f th e  o r d e r  of 10 m sec, a n d  a r e  a m o n g s t th e  
m ost lu m in o u s p u ls a r s .  T h is  w as re a lis e d  b y  L yne  e t  al(1985) a s  a  
p ro b lem , th o u g h  th e y  h ad  no n eed  fo r  in je c tio n .
I t  is p o ss ib le  to  sim u la te  'in jec tio n *  e v e n  w h en  th e  p u ls a r s  a r e  b o rn  
a t  P rlO  m sec, sa y . U sin g  a sim ple m odel fo r  e v o lu tio n  a n d  a  p o w er law  
w ith  in d ic e s  <x a n d  jS (eq u a tio n  1.8) fo r  lu m in o s ity  th e  p e a k  in  th e  
r e s u l t in g  p u ls a r  c u r r e n t  can  be  show n to  be  p o s itio n e d  a c c o rd in g  to  
th e  v a lu e s  o f a  a n d  £, i.e . is  s u b je c t  to  se le c tio n  e f f e c ts .  See 
A ppend ix  A6 fo r  d e ta ils . D raw ing  a co n c lu s io n  th e r e fo r e ,  from  th e  
o b s e rv e d  c u r r e n t  is  f r a u g h t  w ith  lik e ly  m is in te rp re ta t io n s .
2.8 MECHANISMS AND DISTRIBUTONS.
T h a t a  d is t r ib u t io n  in  n e u tro n  s t a r  p ro p e r t ie s  is  n o t o n ly  lik e ly , b u t
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im p o r ta n t  in a t te m p tin g  to  e x p la in  th e  P ,P  d ia g ra m  o r  lu m in o s ity  law s,
sh o u ld  b e  e m p h a s ise d . S in ce  m ost m odels, in  p a r t ic u la r  GO a n d  LMT,
u s e  d i s t r ib u t io n s  in  m ag n e tic  fie ld  a s  an  e s s e n t ia l  in g r e d ie n t  b u t  th e n
a t t r i b u t e  th e  ’s u c c e s s ’ o f t h e i r  a p p ro a c h  to  th e i r  m odel o f sp in d o w n ,
w h e re a s  th e  tw o  c o n tr ib u t io n s  from , in  th is  c a se , f ie ld  d e c a y  a n d  a
G a u ss ia n  in  ln e (B) a r e  b o th  im p o r ta n t  b u t  to  s e p a r a te  o u t  th e i r
in d iv id u a l  ro le  is  n o t e a sy  m ath em a tica lly . T h is  is  a  f e a tu r e  w h ich  will
p r e v a i l  th r o u g h o u t  all th e  m odels we sh a ll  s tu d y -  i t  is  im p o ss ib le  to
*
g e t  a n y  ’f i t ’ to  th e  P ,P  d ia g ra m  w ith o u t a  r a n g e  o f m ag n e tic  fie ld  
v a lu e s .
T he e r r o r  e s tim a te s  on  th e  d is ta n c e  sca le  a r e  o f c ru c ia l  im p o rta n c e  in  
a ll  a n a ly s e s  o f th e  p u ls a r  p o p u la tio n . U n c e r ta in t ie s  in  d is ta n c e  
t r a n s m it  th e m se lv e s  to  d e te rm in a tio n s  o f th e  s u r f a c e  d e n s i ty  a n d  
lu m in o s itie s , w ith  in c re a s e d  e r r o r  b o u n d s  on  th e s e  q u a n ti t ie s .  T h is  
q u e s tio n  w as in v e s t ig a te d  b y  A rn e tt  a n d  L erche(1981 ) w ho c o n c lu d e d  
t h a t  su c h  w as o u r  ig n o ra n c e  o f s e v e ra l  k e y  f a c t s  th a t  o u r  r e s u l t in g  
b i r t h r a t e  e s tim a te s  cou ld  be  o u t  b y  a s  m uch a s  a  f a c to r  o f x20. T h ey  
d e m o n s tra te d  t h a t  th e  f i t t in g  o f p u ls a r  d i s t r ib u t io n s  to  g iv e n  fo rm s of 
e le c tro n  d e n s i ty  led  to  th e  p a ra m e te rs  o f th e s e  f i t te d  d is t ib u t io n s  so  
fo u n d  b e in g  co u p le d  in  a  h ig h ly  n o n - lin e a r  m an n e r. T h ey  a lso  p o in te d  
o u t  th a t  u n c e r ta in ty  o v e r  th e  a g e in g  r a te s  o f p u ls a r s  a n d  th e  t r u e  
a g e s  m ean t t h a t  th e  tim esca le  in h e r e n t  to  th e  d e te rm in a tio n  o f a  
b i r t h r a t e  w as a lso  in  d o u b t  to  a  c o n s id e ra b le  d e g re e ,  t h u s  
c o n t r ib u t in g  to  th e  e r r o r  in  th e  b i r t h r a t e  e s tim a te .
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CHAPTER 3
TIME DEPENDENT TREATMENT OF PULSAR EVOLUTION
3.1 INTRODUCTION
We s h a ll  d e v e lo p  a  m ethod  fo r  s tu d y in g  p u ls a r  e v o lu tio n  w h ich  is 
b a s e d  on  so lv in g  th e  t im e -d e p e n d e n t  c o n tin u ity  e q u a tio n  in  th e  p u ls a r  
d i s t r ib u t io n  fu n c tio n . T h is  will be  p r e s e n te d  la te r  in  th is  C h a p te r . T h is  
a p p ro a c h  d i f f e r s  from  all p re v io u s  w ork  know n to  th e  a u th o r  b y  th e  
in c lu s io n  o f th e  t im e -d e p e n d e n t  te rm  in th e  c o n tin u ity  e q u a tio n . The 
t im e - in d e p e n d e n t  c o n tin u ity  e q u a tio n  h a s  b e e n  u s e d  fo r  p u ls a r  s tu d ie s  
b y  H ard in g (1 9 8 4 ), B esk in(1983) a n d  P h in n e y  a n d  B landfo rd (1981) b u t  
th e  fu ll  e x p re s s io n  h a s  n o t b e e n  in v e s t ig a te d . T h is  is  u s u a lly  
ju s t i f i e d  b y  s ta t in g  th a t  p u ls a r  life tim es a re  m uch le s s  th a n  th e  a g e  of 
th e  g a la x y , so th e  a s su m p tio n  th a t  th e  p u ls a r  p o p u la tio n  is  s ta t io n a r y  
fo llow s. T he s u b s e q u e n t  so lu tio n  o f th e  e q u a tio n  is  a lso  sim p lified . No 
t r e a tm e n ts  o f th e  t im e -d e p e n d e n t  c a se  a re  know n, a n d  it  is  of in te r e s t  
a n d  im p o rta n c e  to  in v e s t ig a te  th e  c o n s e q u e n c e s  of a b a n d o n in g  th e  
s t e a d y - s t a t e  a ssu m p tio n , w ith  th e  e x p e c ta tio n  th a t  in  th e  a p p r o p r ia te  
lim its , th e  r e s u l t s  m ay r e d u c e  to  th o se  o f th e  t im e - in d e p e n d e n t  
a n a ly s is .
3.2 STATIO N ARITY
S ince  th e  life tim e of a p u ls a r  is  in  fa c t  a  m odel d e p e n d e n t  q u a n t i ty ,  
th e  ’s t e a d y - s t a t e 1 a ssu m p tio n  c a n n o t go u n c h a lle n g e d . We do  n o t know , 
a p r io r i ,  th e  p u ls a r  life tim es , a n d  i t  w ould be w ro n g  to  a ssu m e  th e y  
will be  s h o r t  com p ared  to  th e  le n g th  of tim e o v e r  w h ich  th e y  h a v e  
b e e n  fo rm ed , w hich  is  a n o th e r  u n k n o w n  q u a n ti ty .  T he so -c a lle d  
k in em a tic  a g e s  of p u ls a r s  e s tim a ted  from  p ro p e r  m otion o b s e rv a t io n s  
r e p r e s e n t  a  sm all, h ig h ly  b iase d  sam ple of o b je c ts ,  from  a sm a ll,b ia sed  
sam ple o f o b s e rv a b le  p u ls a r s  (see  below ). As em p h a s ise d  b y  P h in n e y
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a n d  B la n d fo rd (1 9 8 1 ), i t  w ould  be  w ro n g  to  b a s e  c o n c lu s io n s  fo r  th e  
e n t i r e  p u l s a r  p o p u la tio n  on  th is  sm all sam ple.
T he c h a r a c te r i s t ic  a g e s  o f p u ls a r s  c a n  be  in te r p r e te d  in  a 
m o d e l- in d e p e n d e n t  w ay a s  ’ty p ic a l  tim es o v e r  w h ich  th e  p e rio d  
c h a n g e s  s ig n i f ic a n t ly ’, a n d  th e  o b s e rv e d  d i s t r ib u t io n  s p a n s  th e  r a n g e  
103 y r s  to  109 y r s .  A lth o u g h  th e s e  w ould be  c o n s id e re d  le s s  th a n  th e  
a g e  o f th e  g a la x y , we sh o u ld  re c o g n is e  th a t  a  c o n tin u o u s  c re a tio n  
s c e n a r io  m ay n o t be th e  o n ly  p o s s ib i l i ty , a n d  th a t  a  time d e p e n d e n c e  
in  b i r t h r a t e  c a n n o t b e  d is c o u n te d . One o th e r  m otivation  fo r  th e  
t im e -d e p e n d e n t  m ethod is  th e  a b il i ty  to  d ea l w ith  s c e n a r io s  o th e r  th a n  
th o s e  o f c o n tin u o u s , u n ifo rm  b i r th r a t e s .  In  p a r t ic u la r ,  th e  ’s t a r b u r s t ’ 
p h en o m en o n  cou ld  be  m odelled  th ro u g h  a s o u rc e  term  in c lu d in g  a  d e lta  
fu n c tio n  in  tim e, o r  th e  c re a tio n  r a t e  cou ld  be  allow ed to  d e c ay , fo r  
exam ple. S u ch  a n  a p p ro a c h  cou ld  be  m o tiv a ted  b y  s tu d ie s  o f s u p e rn o v a  
r a t e s  in  e x te rn a l  g a lax ies  (R ich te r  a n d  Rosa(1989) a n d  r e f e r e n c e s  
th e r e in  ) w h ich  show  th a t  th e r e  may be  ’s t a r b u r s t ’ g a lax ies  w ith  
s u b s ta n t ia l ly  h ig h e r  s u p e rn o v a  c o u n ts  th a n  o th e r s ,  s u g g e s t in g  p e r io d s  
o f s u p e r n o v a e /s t a r  fo rm atio n  on  s h o r t  tim e sc a le s  com pare  to  th e  
g a la c tic  a g e , a n d  n o t un ifo rm  c re a tio n .
3.3 SUPERNOVA AND PU LSAR BIRTH  RATES  
S in ce  i t  is  g e n e ra lly  a c c e p te d  th a t  p u ls a r s  a r e  c re a te d  in  T y p e  II 
s u p e rn o v a  ex p lo s io n s , a n d  th e  r a te  o f th e s e  is  o b s e rv a t io n a lly  
d e te rm in e d , th e n  th e  p u ls a r  b i r t h r a t e  m ay n o t ex ceed  th e  s u p e rn o v a  
r a te ,  e sp e c ia lly  a s  th e  en d  p r o d u c ts  o f s u p e rn o v a e  m ay be b lack  h o les , 
n e u tr o n  s t a r s  o r  sim ply  d e b r is .  S te a d y  s ta t e  m odels o f te n  f in d  an  
u n c o m fo r ta b ly  h ig h  b i r th r a te  fo r  p u ls a r s  in  c lo se  p ro x im ity  to  th e  
s u p e rn o v a  r a te  w hich  le a d s  to  th e  need  fo r  a l te r n a t iv e  b i r th  s c e n a r io s  
fo r  p u ls a r s ,  su c h  a s  a c c re tio n - in d u c e d  c o lla p se  o f a  w h ite  d w a rf
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[Taam  a n d  Van d e n  H euvel(1986) ] o r  ’q u ie t ’ d e a th  e v e n ts  to  re p la c e  
s u p e rn o v a e  b e in g  in v o k e d , [ B la ir (1989)] b o th  o f w h ich  a r e  ad  hoc a n d  
le s s  th a n  com pelling . I t  is  u n s a t i s f a c to r y  to  in v o k e  th a t  th e  c o lla p se  of 
a  s te l la r  c o re  to  n e u tro n  s t a r  d e n s i t ie s  will o c c u r  w ith o u t th e  em iss io n  
o f n e u tr in o s ,  sh o c k  w av es  a n d  th e  ex p u ls io n  o f h o t o u te r  sh e ll  m a tte r  
a n d  r e s u l t  in  a  ’q u ie t  s u p e rn o v a ’ e v e n t.  R em em bering  th e  90% of 
s u p e rn o v a  re m n a n ts  (SNRs) w ith  no v is ib le  s ig n s  of p u ls a r  a c t iv i ty  
co m p ared  w ith  th e  4 p u ls a r s  s e e n  in  SNRs e m p h a s ise s  th e  m a g n itu d e  o f 
th is  p ro b lem . M any s u p e rn o v a e  m ay sim ply  n o t p ro d u c e  p u l s a r s ,  
u n le s s ,  som ehow  th e y  ’t u r n  o n ’ a f t e r  an  im p lau sib le  10^“ ® y e a r s
( in je c tio n ) . T h is  may b e  d u e  to  th e  g e n e ra tio n  of m ag n e tic  f ie ld s  b y  
th e  B la n d fo rd  e t  al(1983) m echan ism , b u t  th is  is  f a r  from  a c c e p te d  a s  
a n  e s ta b l is h e d  e ffe c t. I n je c tio n  is  in  c o n tra d ic t io n  w ith  th e  
o b s e rv a t io n s  o f th e  y o u n g e s t  p u ls a r s  w hich  can  b e  d a te d  fa i r ly  
re l ia b ly  th ro u g h  th e  a g e  o f th e  SNR, a n d  a r e  se e n  to  be  h ig h ly
e n e rg e t ic  o b je c ts ,  d i r e c t ly  in f lu e n c in g  th e  e v o lu tio n  o f th e  s h e lls  of 
g a s  in  w h ich  th e y  a re  em b ed d ed  th ro u g h  th e i r  o u tp u t  o f f a s t
p a r t ic le s ,  m ag n e tic  f ie ld s  a n d  in te n s e  ra d ia tio n .
S u p e rn o v a e  a r e  th e  s y n th e s i s  m ach ines  fo r  h e a v y  e lem en t p ro d u c t io n  
an d  to  s a t i s fy  th e  o b s e rv e d  a b u n d a n c e s  in  th e  g a la x y  th r o u g h
p ro d u c tio n  in  s u p e rn o v a e  r e q u i r e s  fa ir ly  s t r in g e n t  lim ita tio n s  on  th e  
ty p e s  a n d  n a tu r e  of p ro g e n i to r  s t a r s  w hich can  p o se  p ro b le m s fo r  
h ig h  p u ls a r  b i r t h r a t e s  u n le s s  one  c a n  p ro d u c e  p u ls a r s  a n d  s y n th e s i s e  
h e a v y  e le m en ts  in  th e  one  e v e n t.  The m ass r a n g e  a v a ila b le  fo r  n e u tr o n  
s ta r  fo rm ation  can  be c o n s tr a in e d  b y  th e  re q u ire m e n t  o f p r o d u c t io n  o f 
th e  c o r r e c t  a b u n d a n c e s  o f i ro n -p e a k  e lem en ts  (O s tr ik e r  e t  a l(1974)) 
a n d  it  may n o t be p o ss ib le  to  p ro d u c e  b o th  a re m n a n t n e u tr o n  s t a r  
an d  a s ig n if ic a n t  y ield  of h e a v y  e lem en ts  u n le s s  s u b s ta n t ia l  m ixing h a s
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o e c u re d  b e fo re  th e  s u p e rn o v a  exp lo sio n , a s  one  e x p e c ts  th e  h e a v y  
e le m e n ts  to  be  p ro d u c e d  p r im a rily  in  th e  c o re  of th e  s ta r .[  B e th e  an d  
B row n( 1989)]. A lth o u g h  th e s e  c o n c lu s io n s  a r e  te m p e re d  b y  th e  la te r  
w o rk  of S h ipm an  an d  G reen  (1980) w ho, b y  u s in g  a  m ore r e a l is t ic  
s te l la r  b i r t h r a t e  fu n c tio n , show ed  th a t  th e  lim its  on  th e  m ass r a n g e  of 
n e u tr o n  s t a r  p r o g e n i to r s  w ere  le s s  d em a n d in g  th a n  th o se  s u g g e s te d  
b y  O s tr ik e r  e t  al(1974), th u s  p a r t ia l ly  o b v ia t in g  th e  p rob lem . H ow ever, 
th e y  do n o t c o n s id e r  th e  q u e s tio n  of i ro n  a b u n d a n c e  a n d  h e a v y  
e lem en t p ro d u c tio n , an d  in tro d u c e  th e  f u r t h e r  d if f ic u lty  c re a te d  b y  
th e  a d d it io n a l  n e c e s s i ty  to  p ro d u c e  th e  r e q u i r e d  w h ite  d w a rf  n u m b e rs , 
w h ich  c o n s tr a in s  n e u tro n  s t a r  p ro d u c tio n  th ro u g h  th e  low er m ass 
b o u n d . T h e ir  c o n c lu s io n , h o w e v e r, is  of i n te r e s t ,  in  th a t  th e y  
re c o g n is e  a so lu tio n  is  p o ss ib le  to  th e  v a r io u s  p ro b lem s if  th e  a d o p te d  
p u ls a r  b i r t h r a t e  is  a s  low a s  o b s e rv a t io n s  a llow - th is  show s th a t  a 
h ig h  p u ls a r  b i r t h r a t e  c re a te s  p ro b lem s in  m any a re a s ,  a n d  i t  is  w ise 
to  look c a re fu lly  a t  a n y  b i r t h r a t e  w hich  is  s u f f ic ie n tly  h ig h  to  in f r in g e  
on  o th e r  e s ta b l is h e d  a re a s  of k n o w led g e . We a lso  n o te  th e  w o rk  of 
H ills(1978) w ho c a lc u la te d  an  u p p e r  lim it to  n e u tr o n  s ta r  p ro d u c tio n  in  
th e  g a lax y  th ro u g h  th e  c o n s tr a in t  of th e  g a la c tic  lu m in o s ity , an d  
r e a c h e d  an  ex trem e  u p p e r  lim it o f 1 /(27  dt 10) y e a r s .  T h is sh o u ld  a le r t  
u s  to  q u e s tio n  a n y  b i r th r a te  w hich a p p ro a c h e s  n e a r  th is  b o u n d . F o r 
c o m p a tib lility  w ith  th e  s u p e rn o v a  r a te  e s tim a te s  o f Van d en  
B erg h (1 9 8 7 ), Van d en  B ergh(1988), b e a r in g  in  m ind th is  d is c u s s io n , we 
w ould  c o n s id e r  a n y  p u ls a r  b i r th r a te  o f th is  s ize  a s  u n c o m fo rta b ly  
h ig h .
3.4 PU LSAR KINEMATIC VELOCITIES 
T he ’s h o r t  p u ls a r  l ife tim e s’ a rg u m e n t w as a p p a re n t ly  v in d ic a te d  
fo llow ing  th e  m easu rem en t of p ro p e r  m otions o f a  small sam ple  of
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p u ls a r s  b y  v a r io u s  g r o u p s  (L yne e t  a l(1982), H elfand  a n d  
T adem aru (1977 ), A n d e rso n  a n d  L yne(1983), C o rd es(1 9 8 6 ), C ordes(1987 ) ) 
w h ich  s u g g e s te d  th a t  p u l s a r s  a r e  u n u s u a lly  h ig h  v e lo c ity  o b je c ts .  By 
m e a s u r in g  th e  s e p a ra tio n  from  th e  g a la c tic  p la n e , z a n d  i ts  r a t e  of 
c h a n g e  z a  k in em atic  a g e  co u ld  b e  d e fin e d  = z /z  w h ich  s u g g e s te d  
ty p ic a l  a g e s  o f ‘v10^ y r s .  fo r  th e  sam ple. T h is  a p p e a re d  to  j u s t i f y  th e  
s ta t io n a r i ty  a s su m p tio n  b u t  a lso  to  b ack  u p  m odels w h e re  f ie ld  d e c a y  
ta k e s  p lac e  on  a  sim ilar tim esca le , th u s  c a u s in g  th e  p u ls a r  to  c e a se  
p u lsa tio n  a n d  h e n c e  ’d ie  o f f ’.
T h e re  a r e ,  h o w e v e r , s e v e ra l  q u e s tio n a b le  f e a tu r e s  o f th is  a p p ro a c h -
a) T he t r u e  sp a c e  v e lo c itie s  a re  u n k n o w n , s in c e  o n ly  t r a n s v e r s e  
m otion c a n  be  d e te c te d -  t h u s  th e  t r u e  d ire c tio n  o f p u ls a r  m otion is  
u n k n o w n  a s  is  th e  b ir th p la c e .
b) V eloc ities  m e a su re d  b y  d i f f e r e n t  te c h n iq u e s  do n o t a g r e e /c o r r e la te  
v e r y  w ell, c a s t in g  some d o u b t  on  a t  le a s t  one  s e t  o f o b s e rv a t io n s
c) O nly a  sm all sam ple h a s  b e e n  s tu d ie d , 26 p u l s a r s  in  L yne  e t  
al(1982) a n d  71 p u l s a r s  in  th e  C o rd es  sam ple [P h in n e y  a n d  
B la n d fo rd (1981)1
d) P o te n ta l  a s so c ia tio n s  w ith  n e a rb y  s u p e rn o v a  re m n a n ts  fa ile d  fo r  all 
of th e  L yne  e t  al(1982) sam ple.
e) A c o r r e la t io n  b e tw e en  t r a n s v e r s e  v e lo c ity  a n d  B = (P P ) l/2  w as 
d e d u c e d  from  b o th  sam p les, a n d  ta k e n  to  be  a c a u s a l  r e la t io n s h ip .  
Some a u th o r s  [ S to llm ann  a n d  Van d e n  H euvel(1987) a n d  P h in n e y  a n d  
B land fo rd (1981 ) ] h a v e  a rg u e d  th a t  th is  cou ld  be  d u e  to  s e le c tio n  
e f f e c ts  s in c e  th e  sam ple m ay be h ig h ly  b ia s e d , t h u s  m ak in g  i t  
u n s u ita b le  a s  a  b a s is  fo r  a s su m p tio n s  w hich  c ru c ia l ly  in f lu e n c e  th e  
r e s t  of th e  a p p ro a c h  to  p u ls a r  ev o lu tio n .
f) T he s ta tu s  of th e  in te r s te l la r  s c in til la tio n  m e a su re m e n ts  o f p u ls a r
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t r a n s v e r s e  v e lo c itie s  h a s  b e e n  q u e s tio n e d  b y  th e  w ork  o f Lee a n d  
Jok ip ii(1976) who a rg u e d  th a t  th e  ty p ic a l  s p e e d s  o f p lasm a 
d is tu r b a n c e s  in  th e  in te r s t e l l a r  m edium  is  o f s im ila r m a g n itu d e  ( 
lO O km /sec ) o r  g r e a te r  th a n  th e  t r a n s v e r s e  v e lo c itie s  o f th e  p u ls a r s ,  
t h u s  m ak ing  th e  a ssu m p tio n  th a t  th e  s c in til la t io n  o b s e rv a t io n s  a r e  d u e  
to  th e  p u ls a r  motion q u e s tio n a b le . T h is  h a s  a lso  b e e n  p o in te d  o u t  b y  
A rn e tt  a n d  L erche(1981). Lee an d  Jok ip ii(1976) a c tu a lly  u s e  th e  
s c in t i l la t io n s  to  e s tim a te  th e  ty p ic a l sp e e d  o f in te r s te l la r  d i s tu r b a n c e s .
g) In  a d d it io n , some of th e  sam ple a p p e a r  to  be  h e a d in g  to w a rd s  th e  
g a la c tic  p la n e , c o n tr a ry  to  th e  a s su m p tio n  o f b i r th  a t  z=0 a n d  m ak ing  
a g e  e s tim a te s  im possib le . The C rab  p u ls a r ,  in  m any w ays th e  b e s t  
s tu d ie d  a n d  can o n ic a lly  r e g a r d e d  p u ls a r ,  in f a c t  h a s  a  la rg e
d is c re p a n c y  b e tw een  i ts  (w ell-know n) t r u e  a g e  a n d  th e  in f e r r e d
k in em a tic  ag e  b y  a f a c to r  o f 103. The C rab  can  be  re l ia b ly  d a te d  b y
C h in ese  r e c o r d s  of th e  1054A.D. s u p e rn o v a  w h ich  p ro d u c e d  th e  p u ls a r .
The w o rk  o f H anson  [H anson( 1979a) a n d  H anson  (i9 7 9 b ) ] on  p r o p e r  m otion 
d i s t r ib u t io n s  in  fa c t  r a is e s  th e  k inem atic  a g e s  d e d u c e d  from  p r o p e r  
m otions th u s  p a r t ly  r e d u c in g  th e  d is c re p a n c y  b e tw e en  th e s e  a n d  th e  
c h a r a c te r i s t ic  a g e s  fo u n d  from  p e rio d  d e r iv a t iv e s .  H anson’s e s tim a te  of 
th e  v e lo c ity  d isp e rs io n  (H anson 1979b) a p p ro p r ia te  to  a M axw ellian 
v e lo c ity  d is t r ib u t io n  is  c o n s id e ra b ly  sm alle r th a n  th a t  o b ta in e d  d i r e c t ly  
from  th e  c a lc u la te d  in d iv id u a l t r a n s v e r s e  v e lo c itie s . T h is  i l lu s t r a t e s  th e
— "To
th e  a u th o r ’s know ledge, th is  a n a ly s is  h a s  n o t b e e n  re p e a te d  w ith  th e  
m ore com plete  sam ple o f C ordes(1986). I t  w ould b e  o f g r e a t  i n te r e s t  to  
t e s t  th e  co n c lu s io n s  of H anson a g a in s t  th e  l a r g e r  o b s e rv e d  d a ta  
sam ple.
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I t  is  p ro b a b le  th a t  th e  a p p a r e n t  c o rre la t io n  b e tw e e n  B (m ag n e tic  fie ld  
s t r e n g th )  a n d  Vj. ( t r a n s v e r s e  v e lo c ity )  is  d u e  to  s e le c tio n  e f f e c ts ,  in  
th is  c a se  th e  M alm quist B ias and  th e  o b s e rv a t io n a l  d isc r im in a tio n  
a g a in s t  s lo w -m o v in g  o b je c ts .  To o b s e rv e  p u ls a r s  a t  la rg e  d is ta n c e s  
th e y  h a v e  to  b e  lu m in o u s a n d  to  o b s e rv e  a p ro p e r  m otion th e y  m ust 
b e  m ov ing  a t  a  s u b s ta n t ia l  s p e e d , b o th  q u a n ti t ie s  in g e n e ra l  a b o v e  th e  
’a v e r a g e ’ e x p e c te d  fo r  th e  p o p u la tio n  a s  a w hole. I t  is  q u i te  p o ss ib le  
th a t  th is  g iv e s  r is e  to  th e  c o rre la t io n , e sp e c ia lly  if th e  lu m in o s ity  of 
th e  p u l s a r  d e p e n d s  e .g . on  th e  m agnetic  fie ld  [GO ta k e  L ~ B^ a s  do 
LMT1 . I t  is  d if f ic u l t  to  se e  th a t  su c h  an  ’u n lik e ly ’ re la tio n  cou ld  be 
c a u sa l . H ow ever an  a tte m p t  b y  S to llm ann  an d  Van d e n  H euvel(1986) to  
r e p r o d u c e  th i s  from  a  s im u la tio n  d id  n o t a c h ie v e  m ore th a n  p a r t ia l  
s u c c e s s . T h e y  d id  p o in t  o u t  th a t  th e  d e g re e  o f c o r re la t io n  w as m ore 
d e p e n d e n t  on  w h a t p u l s a r s  w ere  in c lu d e d  in  th e i r  sam ple th a n  th e  
se le c tio n  e f f e c ts  th a t  th e y  in c lu d e d . I t  is  p o ss ib le  th a t  g iv e n  m ore 
e x te n s iv e  s tu d y ,  th e  c o r r e la t io n  may t u r n  o u t to  be  e n t i r e ly  s p u r io u s .  
S to llm ann  a n d  Van Den H euvel on ly  t r e a te d  one p a r t ic u la r  m odel of 
e v o lu tio n , nam ely  fie ld  d e c a y , an d  i t  is  p o ss ib le  o th e r  m odels w ould 
g iv e  s u b s ta n t ia l ly  d i f f e r e n t  co n c lu s io n s .
T he n o v e l p u ls a r  m odel o f C heng(1985) e x p la in s  su c h  a re la t io n s h ip  
u s in g  a  m odel b a s e d  on th e  c a p tu r e  of in te r s te l la r  g r a in s  to  g e n e ra te  
p u ls a t io n s  in  th e  m a g n e to s p h e re , su c h  th a t  f a s t e r  p u ls a r s  c a p tu r e  
m ore g r a in s ,  s p in  dow n m ore e ff ic ie n tly  a n d  h e n c e  h a v e  a p p a re n t ly  
h ig h e r  m ag n e tic  f ie ld s . H ow ever it  can  be  sa fe ly  a s s e r te d  th a t  th e  
e n e rg e t ic s  o f th e  sy s te m  a re  pow ered  b y  th e  ro ta t io n  of th e  n e u tr o n  
s t a r  n o t th e  m otion of i t  th ro u g h  th e  sk y , a n d  e v e n  p u ls a r s  w ith  low 
v e lo c itie s  c a n  be  h ig h ly  lum inous, in d e p e n d e n t  of th e i r  sp a c e  
v e lo c itie s .
3.5 CONSEQUENCES OF TIME INDEPENDENCE
We sh a ll s t a r t  b y  lo o k in g  a t  th e  s t e a d y - s t a t e  a s su m p tio n  a s  i t  h a s  
b e e n  u s e d  b y  o th e r  a u th o r s  [GO,LMT, C h e v a lie r  a n d  E m m ering( 1986), 
E m m ering  an d  C h e v a lie r (1989)]. F i r s t ly ,  i t  s h o u ld  b e  n o te d  th a t  th e  a g e  
of th e  g a lax y  is  a  l i t t le -p u b l ic is e d  p a ra m e te r  in  th e  s t e a d y - s t a t e  
m odels. T h is  is  to  e n s u re  th e r e  is  o n ly  a f in i te  n u m b e r  o f p u l s a r s  in  
th e  in t r in s ic  p o p u la tio n , a  to ta l  th a t  is  o f some in te r e s t ,  a n d  th a t  th e  
in t r in s ic  d is t r ib u t io n  is  n o rm a lisab le . S e c o n d ly , th e  ro le  p la y e d  b y  th e  
’d e a th l in e ’ c a n  be  im p o r ta n t . I f  th e  d e a th l in e  m ark s  a  g e n u in e  c u to f f  
in  th e  p u ls a r  em ission  p ro c e s s  th e n  p u l s a r s  do  ’d ie ’ a s  th e y  c ro s s  it, 
a n d  d ro p  o u t of th e  c a lc u la tio n s . I f  i t  is  th e  r e s u l t  o f a  lu m in o s ity  
s e le c tio n  e f fe c t ,  su c h  a s  a p o w er law in  P  a n d  P th e n  p u l s a r s  below  
th e  d e a th l in e  a re  m ere ly  too f a in t  to  be d e te c te d ,  b u t  a r e  p r e s e n t  in  
th e  in t r in s ic  d is t r ib u t io n  fu n c tio n . T h is  l a t t e r  o p tio n  w ould m ean th a t  
s ta t io n a r i ty  of th e  p u ls a r  p o p u la tio n  is  d e te rm in e d  b y  se le c tio n  e f f e c ts  
an d  th e  m odel of e v o lu tio n  th a t  is  b e in g  s tu d ie d . T h is  is  a  r a t h e r  
c r i t ic a l  p o in t. F o r exam ple, in  th e  fie ld  d e c a y  m odels, th e  d o m in an t 
p a ra m e te r  t  v ir tu a l ly  fo rc e s  a  s te a d y - s t a te  s in c e  w ith  e x p o n e n tia l 
d e c a y  th e  ag e  of th e  Galaxy t 0 is  s u p r e s s e d  b y  th e  te rm s  in c lu d in g  
e x p ( - t0 /T ). H ow ever, th is  d o es  n o t n e c e s s a r i ly  h a p p e n  fo r  a ll 
co m b in a tio n s  o f lu m in o sity  law s a n d  e v o lu t io n a ry  m echan ism s. T he 
m odel o f G unn a n d  O s tr ik e r  (GO) h a p p e n s  to  b e  th e  b e s t  exam ple of 
th is  e f fe c t.
We aim to  show  in th is  c h a p te r ,  fo r  sim p lified  a n a ly t ic  m odels, th a t  a  
s te a d y  s ta t e  need  n o t a r is e :  h e n c e  th e  a s su m p tio n  o f s te a d y  s ta t e  w ith  
an  in co m p a tib le  model will h av e  s e r io u s  e f f e c ts  on  fo r  exam ple, th e  
b i r t h r a t e  d e te rm in a tio n . In  th e i r  p a p e r , C h e v a lie r  a n d  E m m ering(1986) 
a tte m p te d  to  g e n e ra lis e  th e  m odels o f GO a n d  LMT b y  in c lu d in g  an
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a r b i t r a r y  lu m in o s ity  law  o f th e  form  L = AP0^ #  fo r  c o n s ta n ts  a  , £  a n d  
A. T h e y  fa ile d  to  in d ic a te  th a t  th e i r  a p p ro a c h  w ould fa il d u e  to  b e in g  
u n -n o rm a lis a b le  fo r  c e r ta in  com b in a tio n s  of cx an d  /3. T h is  a p p lie s  to  
th e  a g e  d i s t r ib u t io n  th a t  is  d e r iv e d .
We will so lv e  th e  t im e -d e p e n d e n t  c o n tin u ity  e q u a tio n  fo r  two 
sim p lified  m odels, 1 a n d  2, w ith  an d  w ith o u t fie ld  d e c a y  re s p e c t iv e ly .
We show  th a t  No^ g ( t0 ) , th e  n u m b er o f p u ls a r s  o b s e rv a b le  a f t e r
g a la c tic  a g e  t 0 will n o t n e c e s s a r i ly  re a c h  a  fixed  v a lu e . H ence th e  
d e te rm in a tio n  o f th e  b i r t h r a t e  is  u n c e r ta in  if  a  s te a d y  s ta te  is  
a s su m e d  to  h a v e  b een  r e a c h e d . Also i t  will be  show n th a t  th e  b i r t h r a t e  
c a n n o t a lw a y s  be  d e te rm in e d  u n iq u e ly , b u t  on ly  in  com b ina tion  w ith  
o th e r  m odel p a ra m e te rs .  T h is  is  a  f e a tu re  of o th e r  w ork  th a t  h a s  n o t 
b e e n  s t r e s s e d .  F o r th e  f ie ld  d e c ay  m odel (2) a  s te a d y  s ta te  can  be 
re a c h e d  fo r  some r a n g e s  o f p a ra m e te r  sp a ce  b u t  in  m odel 1 i t  c a n n o t 
be  r e a c h e d  e x c e p t a s  a  sp e c ia l ca se . T h ese  sim plified  m odels a re  n o t 
d e s ig n e d  to  ex p la in  o r  b e  co m patib le  w ith  th e  o b s e rv e d  d i s t r ib u t io n  of 
b o th  p e rio d  a n d  p e rio d  d e r iv a tiv e ,  b u t  in s te a d  to  e m p h a s ise  th e  
im p o rta n c e  o f se le c tio n  e f f e c ts  an d  show  th e  a p p lic a tio n  o f o u r  m ethod . 
T h is  will b e  d e v e lo p e d  in  f u tu r e  c h a p te r s  to  c re a te  d e ta ile d  m odels 
t h a t  c a n  b e  f i t te d  a n d  te s te d  a g a in s t  th e  o b s e rv a t io n s . I t  will be
fo u n d  th a t  some of th e  f e a tu r e s  in h e r e n t  in  th e  sim ple m odels will be
p r e s e n t  in  th e  s o p h is t ic a te d  tre a tm e n ts , e v e n  dow n to  th e  
d e te rm in a tio n  o f b i r t h r a t e s .  T h is  is  w hy GO an d  LMT h a v e  d i f f e r e n t  
m eth o d s o f d e te rm in in g  b i r t h r a t e s .  D esp ite  u s in g  th e  th e o r y  of GO, 
LMT re c o g n is e s  th e  u n s a t i s f a c to r y  n a tu re  o f th e  e a r l ie r  b i r t h r a t e  
e s tim a te  a n d  p ro c e e d  w ith  an  e n ti r e ly  new m ethod. As p o in te d  o u t in  
C h a p te r  2, th is  may n o t be  a n  id ea l rep la ce m e n t. We sh a ll  o n ly  t r e a t  
th e  c a se  o f c o n s ta n t ,  u n ifo rm  c re a tio n  h e re  to  m ain ta in  co m p a tib ility
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w ith  o th e r  s tu d ie s  a n d  th e  c a se  o f t im e -d e p e n d e n t  b i r t h r a t e s  sh a ll  be
c o n s id e re d  la te r  in  C h a p te r  7.
3.6  TIME DEPENDENT CONTINUITY EQUATION METHOD
3.6.1 T he  tim e d e p e n d e n t  c o n tin u i ty  e q u a tio n .
T he im p lic it a s su m p tio n  o f m ost a n a ly s e s  o f p u ls a r  s ta t i s t i c s  (an d  a ll 
t r e a tm e n ts  know n  to  th e  a u th o r )  is  th a t  th e  p o p u la tio n  is  
t im e - in d e p e n d e n t .  E v id e n tly , th e  so lu tio n  o f th e  tim e d e p e n d e n t  c a se  
sh o u ld  b e  e x p e c te d  to  c o n ta in  th e  s te a d y  s ta te  so lu tio n  a s  a  sp e c ia l 
c a se . We s h a ll  fo rm u la te  th e  p ro b lem  in  i t s  m ost g e n e ra l  te rm s  a n d  
th e n  a p p ly  th e  th e o r y  to  p a r t ic u la r ly  sim ple  m odels in  th e  re m a in d e r  
o f th is  c h a p te r ,  a n d  a g a in  in  m ore d e ta il  in  l a t e r  c h a p te r s .
A p u l s a r  is  d e s c r ib e d  b y  th e  v a lu e s  o f a  n u m b er o f v a r ia b le s , th e
9
o b v io u s  o n e s  b e in g  th e  p e r io d  P, p e rio d  d e r iv a t iv e  P a n d  lu m in o sity  L.
T he p u ls a r  m odel sp e c if ie s  th e  d y n am ics  o f th e  p u l s a r ’s e v o lu tio n . In
g e n e ra l  te rm s  we d e n o te  th e  v a r ia b le s  n e c e s s a ry  to  d e s c r ib e  a p u ls a r  
b y  x j,X 2,»**xn a n d  a ssu m e  th e  m odel s p e c if ie s  th e  d y n am ica l law s x j = 
f j(x^,X 2»...xn ). When c o n s id e re d  in  th e  c o n te x t  of a  p o p u la tio n  of 
p u ls a r s ,  X2»X2»...xn becom e s ta t is t ic a l  v a r ia b le s .  D en o tin g  th e  n u m b e r  
d e n s i ty  o f p u ls a r s  in  th is  c o o rd in a te  sp a c e  b y  n (x j,X 2 i •••xn ), in  th e  
s e n s e  t h a t  th e  n u m b er o f p u ls a r s  in  th e  c o o rd in a te  volum e dV = 
d x |d x 2 .. ,d x n is  g iv e n  b y  n (x i,X 2,..*xn )dV, th e  n u m b er c re a te d  p e r  u n i t  
vo lum e o f c o o rd in a te  sp a c e  p e r  se co n d  b y  C(xj,X2,...x n ). I t  th e n  fo llow s 
th a t  n (x j,X 2j»**xn ) s a tis f ie s
3n + 3 (n . x i ) + 3 (n .x2 ) + . . .  = C(xi f  x2> . . .  ; t )  . . ( 3 . 1 )
3t  3 x 3 x^l 2
3.6.2 S o lu tio n  o f th e  t im e -d e p e n d e n t  c o n tin u i ty  e q u a tio n .
T he g e n e ra l  so lu tio n  to  th is  c o n tin u ity  e q u a tio n  m ay be  w r i t te n
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n ((-M0, x 20> • • * ; t 0 ) = n(xj_j ,x2j ,  . . . ; t j ) . 3 j  , x 2j  , . . . )
w h e re  th e  s u ff ix  0 r e f e r s  to  th e  tim e of o b s e rv a t io n  a n d  th e  su ff ix  I 
to  th e  in it ia l  tim e. T h u s  e q u a tio n  (3.2) g iv e s  th e  n u m b e r  d e n s i ty  a t  th e  
p r e s e n t  e p o c h  a s  a  sum  of tw o te rm s . T he f i r s t  te rm  r e p r e s e n t s  th e  
in itia l  n u m b e r  d e n s i ty  m u ltip lied  b y  a  f a c to r  t h a t  s im p ly  am o u n ts  to  
th e  r a t io  o f dVj/dVQ, i.e . th e  Jaco b ia n . In  a b s e n c e  o f c re a tio n , a ll 
p u ls a r s  in it ia l ly  in  dVj a t  t j  will be " a d v e c te d "  in to  dVq a t  tim e tq . 
T he se c o n d  te rm  is  th e  in te g r a l  a lo n g  th e  p u ls a r  t r a j e c t o r y  on  w h ich  
x 10»x 20,,, ,x n0»^0 l*e s  th e  n u m b er o f p u ls a r s  c r e a te d  p e r  u n i t  tim e 
p e r  u n i t  volum e of c o o rd in a te  sp a c e  a g a in  m u ltip lied  b y  th e  d i la ta t io n  
f a c to r  dV j /dV q. I t  is  th u s  sim ply  th e  in te g r a te d  c o n tr ib u t io n  to  th e  
p r e s e n t  n u m b er d e n s i ty  o f p u ls a r s  c re a te d  b e tw e en  tim es t j  a n d  tQ.
We sh a ll  now p ro v e  th is  r e s u l t .  F o r s im p lic ity , we look a t  th e  c a se  o f 
one  v a r ia b le , x, so th e  c o n tin u ity  e q u a tio n  will be:
R e fe r r in g  to  F ig u re  3 .1 ,  we s e e  how p u ls a r s  from  p o in ts  A and  B flo w  
(ev o lv e )  t o  C and D a s  tim e  p a s s e s .  To f in d  th e  number d e n s i ty  a t  C, 
which i s  th e  p o in t  ( t 0 ,X o), we m ust i n te g r a t e  o v e r  a l l  c o n t r ib u t io n s
c r e a t io n )  and  a  p r e s e n t  tim e  t 0 . A model w i l l  be  s p e c i f i e d  by  th e
3 n ( x ; t )  + 3 ( x .n ( x , t )  ) = C (x ; t)  (3 .3 )
3 t 3 x
from p u l s a r s  c r e a te d  betw een an  i n i t i a l  tim e  t j  ( th e  o n s e t  o f  p u l s a r
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form  f o r  x a s  a  fu n c t io n  o f  x and  t .  We s o lv e  t h i s ,  t o  g iv e  fo rm a lly ;  
x  = f  ( t , x * , t * )  (3 .4 )
w here each  t r a j e c t o r y  i s  s p e c i f i e d  by  one r e f e r e n c e  p o in t  ( x ^ j t * ) ,  
and  a  p a ra m e te r ,  in  t h i s  c a s e  t .  We c o u ld  e q u iv a le n t ly  have a llo w e d
x t o  b e  th e  p a ra m e te r . L e t p o in ts  A, B and  C have c o o rd in a te s  ( t j X ^ ,  
( tjX i+ A x j)  and  ( to ,x 0 ) .
The number o f  p u ls a r s  c r e a te d  in  th e  ran g e  AB w i l l  be  C (x1 ;t)Zkx1 .
From (3 .4 )  we s e e  t h a t  x A = f ( t ; x 0 ; t 0 ) (3 .5 )
S im i la r ly ,  we g e t  an  e x p re s s io n  g iv in g  th e  c o o rd in a te s  o f  p o in t  B 
a s  fo llo w s :
Xi+Axi = f ( t ; x 0 +Ax0 ; t 0 ) «  f ( t ; x Q ; t 0 ) + 3 f ( t ^ j t o ) . A xq (3 .6 )
3 x0
Thus th e  number d e n s i ty  c o n t r ib u t io n  a t  ( t 0 ,x 0 ) from  th o s e  p u l s a r s  
c r e a te d  a t  tim e  t  i s  d n (x 0 ; t 0 )Ax0 = C ( x ,t ) .A x 1 
Thus d n (x 0 ; t 0 ) = C ( x , t ) .A x 1 (3 .7 )
So th e  in te g r a t e d  c o n t r ib u t io n  w i l l  b e :
n ( Xq ; t 0 ) = 3x C ( x ; t )  d t  (3 .8 )
3xq
The seco n d  c o n t r ib u t io n  i s  from  p u l s a r s  a l r e a d y  p r e s e n t  b e fo r e  th e
c r e a t i o n  o n s e t  a t  t j ,  p o s s ib ly  from  a  p re v io u s  b u r s t  o f  p u l s a r
c r e a t i o n .  N orm ally , t h i s  w i l l  be  ig n o re d , in  a  s te a d y  c r e a t io n  m odel.
T h is  w i l l  be  sim p ly  n ( x j j t j ) .  Axj (3 .9 )
Axq
i . e .  t h e  Ja c o b ia n  f a c t o r  tim es  th e  o r ig i n a l  number d e n s i ty .
H ence, by  a p p ly in g  t h i s  argum ent t o  s e v e r a l  v a r i a b le s ,  we g e t  th e  
r e s u l t  o f  e q u a tio n  (3 .2 )
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3.6.3 P r e d ic t in g  th e  o b s e rv e d  d is t r ib u t io n .
So f a r  we h a v e  n o t r e la te d  th e  n u m b e r  d e n s i ty  n  to  th e  n u m b er o f 
o b s e rv e d  p u l s a r s  w ith  g e n e ra lis e d  c o o rd in a te s  in  a  c e r t a in  r a n g e . In  
p r in c ip le  i t  is  p o s s ib le  to  c o n s id e r  th e  p o s itio n a l c o o rd in a te s  o f th e  
p u l s a r s  a s  in c lu d e d  in  th e s e  g e n e ra lis e d  c o o rd in a te s . F o r  s im p lic ity  we 
sh a ll a s su m e  th a t  th e  n u m b er d e n s i ty  is  h o m o g en eo u s w ith in  th e  
g a la c tic  d isc . S in c e  th e  p u ls a r s  a r e  c o n c e n tra te d  in  th e  p la n e  o f th e  
d isc  we sh a ll  r e f e r  to  a  s u r f a c e  d e n s ity .
T he to ta l  n u m b e r  o f p u ls a r s  p e r  u n i t  a r e a  is
n()(t) = JX. .J  n ( x i , x 2 , . . . .xn ;t)dx^dx2 . . .dxn (3.10)
The jo in t  d e n s i ty  fo r  x^ a n d  X2» sa y , is  s im ila rly  
n 12(x l»x2 tf) = n (x 1,x2,..x n ;t)d x 3dx4 ...d x n  (3.11)
As we h a v e  a l r e a d y  in d ic a te d , nQ a n d  th e  jo in t  d e n s i t ie s  d is c u s s e d  
ab o v e  r e f e r  to  th e  in t r in s ic  p o p u la tio n  o f p u ls a r s .  T he o b s e rv a b le  
d i s t r ib u t io n s  will d e p e n d  on  th e  se le c tio n  e f f e c ts ,  th e  m ost im p o r ta n t
o f w h ich  we ta k e  to  b e  th e  f lu x - lim ita tio n  o f th e  p u l s a r s  s u r v e y s  a n d
th e  b eam in g  of th e  p u ls a r  r a d ia tio n . We a lso  n o te  th e  p e r io d - d e p e n d e n t  
s e le c tio n  in h e r e n t  to  th e  d e te c tio n  p ro c e s s ,  a s  o u tlin e d  in  LMT, 
w h e re b y  f a s t  p u l s a r s  a re  le s s  lik e ly  to  be  d e te c te d .
U n d e r  th e  a s su m p tio n  th a t  th e  n u m b er d e n s i t ie s  o f p u ls a r s  a re  
s p a tia l ly  h o m o g en eo u s  w ith in  th e  g a la c tic  d isc , th e  o b s e rv a b le  n u m b er 
d e n s i ty  becom es
n o b s (x l»x2>,,,x n “ h *  n (x l>x2>,,,x n »^)®(x l>*,,x n^
x H(L-4Trr2Fm in)27Trdr (3 .12)
w h e re  B(xj,X 2i..x n ) is  th e  beam ing  se le c tio n  f ra c t io n , w h ich  c a n  in
g e n e ra l  d e p e n d  on  th e  xj an d  g iv e s  th e  f ra c t io n  o f a ll p u l s a r s  th a t
a re  v is ib le  to  u s  b y  v i r tu e  o f fa v o u ra b le  o r ie n ta t io n ;  R is  th e  g a la c tic
r a d iu s ,  F min th e  f lu x  th re s h o ld  a t  w hich  a  p u ls a r  is  o b s e rv a b le  a n d  H
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a  H e a v is id e  s te p - fu n c t io n .
T he b eam ing  f ra c tio n  B h a s  b e e n  d is c u s s e d  b y  a  n u m b er o f a u th o r s  
[ P ro sz y n sk i(1 9 7 9 ) , C andy  a n d  B lair(1983), C andy  a n d  B la ir(1986), 
N aray an (1 9 8 7 ), N aray an  a n d  V ivekanand(1983) a n d  L y n e  a n d  
M an ch es te r(1 9 8 8 )] a n d  e v id e n t ly  d e p e n d s  on  th e  p a r t ic u la r  m odel fo r  
th e  p u ls a r  beam . I f  we a c c e p t  th e  p o la r  cap  m odel fo r  th e  em issio n  
a n d  th e  id ea lise d  g e o m e try  o f a  con ica l beam (see  P ro sz y n sk i(1 9 7 9 ))  
th e n  th e  f a c to r  B will be c o n s ta n t  w hen  th e  a lig n m en t a n g le  (d e f in e d  
h e re  a s  th e  a n g le  b e tw e en  m ag n e tic  a n d  ro ta t io n  axes) d o e s  n o t 
c h a n g e  a s  th e  p u ls a r  e v o lv e s . In  a lig n m e n t m odels fo r  p u ls a r  e v o lu tio n  
th e  B fa c to r  will becom e a v a r ia b le  d e p e n d e n t  on p e r io d , in tro d u c in g  a 
m ore com plica ted  se le c tio n  e f fe c t.  E q u a tio n  (3.12) r e la te s  th e  o b s e rv e d  
n u m b e r  d e n s ity  to  th e  in tr in s ic  n u m b er d e n s ity . The m arg in a l 
d i s t r ib u t io n  of a n y  v a r ia b le  m ay b e  fo u n d  b y  in te g r a t in g  o u t o v e r  a ll 
th e  o th e r s .
3.7  APPLICATION OF METHOD TO SIM PLE MODELS
3.7.1 MODEL 1 : No fie ld  d e c ay .
F o r p u r e  m agnetic  d ipo le  r a d ia tio n  we know  th a t  th e  sp in d o w n  law  c a n
be  w r i t te n  P = k /P ,  fo r  c o n s ta n t  k. T h is  can  be g e n e ra lis e d  b y  th e
in tr o d u c tio n  of th e  b ra k in g  in d ex  r\, d e fin e d  b y  th e  new  s p in -d o w n  law
P = k P 2-1^ (3.13)
T he c a se  r\ =3 c o r re s p o n d s  to  p u r e  d ipo le  ra d ia tio n . I f  th e r e  a r e
s u b s ta n t ia l  m agnetic  m om ents h ig h e r  th a n  d ipo le  p r e s e n t  th e n  n  m ay
be g r e a t e r  th a n  3 [P h in n e y  an d  B land fo rd (1981 )], b u t  in e r t ia l  e f f e c ts
te n d  to  re d u c e  n  [R o b e rts  a n d  S tu rro c k (1 9 7 2 )l. O b se rv a tio n s  o f th e
C rab  p u ls a r  in d ic a te  n  * 2.5 [G roth(1975a,1975b)], th o u g h  th e  v a lu e s
»•
a re  u n c e r ta in  fo r o th e r  p u ls a r s  th ro u g h  th e  e r r o r s  in  m e a su r in g  P 
[K und t(1988 )]. The so lu tio n  of (3.13) g iv e s  u s  th e  p u ls a r  t r a je c to r y :
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Pn  ^ ( R - l J k t  = F^_1- ( n - l ) k 0 t 0 . . ( 3 .1 4 )  
k  = kQ . . ( 3 .1 5 )
So th e  J a c o b ia n  r e q u i r e d  in  (3 .2 )  i s
3 (P ,k )  = PP_2 . . ( 3 .1 6 )
a<P0 .k 0 >
so  t h a t  from  ( 3 .2 )  and (3 .1 6 )  i t  fo llo w s  t h a t :
n <p0>k 0 : V  = Po " ln (P I - ko ; t I> + I  C(p .k ; t ) P o -2  d t  . . ( 3 .1 7 )
p v i  t i  p a - 2
By c h o o s in g  t j  t o  b e  th e  s t a r t  o f  th e  p u ls a r - fo rm in g  epoch , we can
s e t  n ( P j ,k Q j t j )  = 0 . We ta k e  th e  so u rc e  te rm  to  b e  th e  fo llo w in g :
C ( P ,k ; t )  = c 0 S(P-Q ) H ( t)  K(k ) . . ( 3 .1 8 )
so  t h a t  a l l  p u l s a r s  a r e  c r e a te d  w ith  i n i t i a l  p e r io d  Q, b u t  w ith  a
d i s t r i b u t i o n  in  k  o f  K (k ) , and  th e  H e a v is id e  s te j> -fu n c tio n  H (t)
a llo w s  o n ly  t^O . T h is  g iv e s :
n (P o ,k o ; t o ) = c  PP' 2 fg°S(P-Q ) K(k) H (t)  d t  . . ( 3 .1 9 )
~ f f w
C hanging th e  v a r i a b l e  o f  i n te g r a t io n  to  P , e q u a tio n  (3 .1 9 )  becom es: 
" o b s  <Po -k o ; V  = c  Po " 2ko lK (k) H(Qn ' l + ( n - l ) k 0 t  -PQ_1)H (t)  |p_Q (3 .2 0 )
so  a p p ly in g  th e  lu m in o s ity  and beam ing s e l e c t i o n  e f f e c t s  to  
o b ta in  th e  o b se rv e d  d i s t r i b u t i o n  :
n  <P0 ,k 0 ; t 0 ) = Bo,,* Pp - 2+“ - P k f 1K(k0 )Hi H ( t ) |  ^  (3 .2 1 )
^^min
w here H4 i s  th e  f i r s t  o f  th e  two s te p - f u n c t io n s  abo v e . Now we s p l i t  th e  
work i n to  two c a s e s  l a  and lb .  In  l a  we t r e a t  th e  s im p le r  c a se  o f  K(k) 
b e in g  a  d e l t a  fu n c t io n  i . e .  K(k) = $ (k -k 0 ) and in  lb  k i s  d i s t r i b u t e d
a s  K (k) = k a“ 2e x p ( -k /a )  . . ( 3 .2 2 )
w here a  i s  th e  modal v a lu e  o f  k .
F i r s t  we t r e a t  c a se  l a .  By in te g r a t i n g  o v e r  k in  e q u a tio n  (3 .2 1 )  
w ith  K(k) = S (k -k 0 ) ,  we g e t  th e  o b se rv e d  p e r io d  d i s t r i b u t i o n
T h is  ta k e s  th e  form  of a  p o w e r law  in  P 0 . T h is  is  n o t o f c o u rs e  s im ila r 
to  th e  o b s e rv e d  p e rio d  d is t r ib u t io n  b u t  th a t  is  n o t th e  p r im a ry  
o b je c t iv e  o f th is  p a r t  o f th e  w o rk . We c a n  see  th a t  b o th  th e  b ra k in g  
in d e x  n  a n d  th e  p a ra m e te r  oc-/3 (one p a ra m e te r  on ly  d u e  to  o u r  
a s su m p tio n  of K(k) = S ( k -k 0 ) ) will d e te rm in e  th e  form  of th is
d is t r ib u t io n .  A f u r t h e r  in te g r a t io n  o v e r  P 0 will g iv e  th e  to ta l  n u m b er 
o f o b s e rv a b le  p u ls a r s ,  w h ich , w h en  n o rm alised  to  th e  o b s e rv e d  to ta l  o f 
250 a b o v e  Fmjn = 10 m Jy will d e te rm in e  th e  com bina tion  th a t  a p p e a r s  
in  e q u a tio n  (3.23) ,nam ely  /^Frndn = s a ^* ^ e re  ^he b eam ing
f ra c t io n  B can  be ta k e n  a s  0.2, a  ty p ic a l  f ig u r e  [P ro sz y n sk i(1 9 7 9 ) a n d  
L yne  a n d  M a n ch e s te r  (1988)] b u t  now we n o tice  t h a t  to  f in d  c 0 
e x p lic itly  i t  is  n e c e s s a ry  to  know  b o th  A a n d  k 0 i*e* th a t  i t  d e p e n d s  
on b o th  th e  ’m ean’ m ag n e tic  fie ld  a n d  th e  lu m in o sity  law th a t  is  b e in g  
u s e d . T h u s , to  f in d  th e  to ta l  n u m b er o f p u ls a r s  o b s e rv e d  a f t e r  g a la c tic  
a g e  t 0 , Nob s ( t0 ) , th e r e  a r e  th r e e  c a se s  th a t  c a n  be  d isc r im in a te d :
We d e fin e  e  -  n-l+oc-£, so  t h a t  th e  th r e e  c a s e s  c o r re s p o n d  to  €  >0, €  
=0 a n d  €  < 0 r e s p e c tiv e ly . We n o te  th a t  th e  a b o v e  r e s u l t s  ho ld  fo r  n  
>1 so a  c o n d itio n  c a n  be  m ade on  th e  co m b in a tio n  oc-j3. We c a n  w rite :
n , ( P : t )  = c  B A (4F obs o o o ' . . . ( 3 . 2 3 )
w here e  -  n+a-l-jB  (3 .2 4 )
N r . ( t  ) = B (4F . ) " l c  Ak^-1  [Praax P£ ' ‘ dP (3 .2 5 )o b s ' o ' m in ' o J ^
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w here Pttov = ( ( ^ _1 + ( n - l ) k t o ) ^ " 1 (3 .2 6 )
and  Q i s  t h e  p e r i o d  a t  b i r t h .
So we g e t  t h e  fo l lo w in g :
e  > 0 : No b s (V  * X £ _1 [ O'"1) V o  le / ( n _ l )  0 . 2 7 )
e  = 0 : No b s <t0 ) a * In [ 1 + <n-l)k0t 0Qn+1] ' / O 1) (3.28)
e < 0 : ^ h s 'V  ‘  X q£| £ l_1 <3-29
I t  is  im m ed ia te ly  c le a r  t h a t  th e  a g e in g  of th e  Galaxy d oes  no t 
n e c e s s a r i l y  r e s u l t  in  a  c o n s ta n t  n u m b e r  of p u l s a r s  b e in g  o b s e rv e d .  
Only  in  t h e  c a s e  e  < 0 d o e s  a  s t e a d y - s t a t e  r e s u l t .  In  th e  o th e r  c a se s ,  
t h e  o b s e r v e d  n u m b e r  of p u l s a r s  will i n c r e a s e  with
i n c r e a s i n g  g a la c t ic  ag e .  The a b o v e  ap p ro x im a t io n s  h a v e  a ssu m e d  Q << 
P to  s im p lify  t h e  e x p re s s io n s .  T h e re  is  a  minimum p e r io d  p u l s a r s  can  
be c r e a t e d  w ith ,  s in c e  s ta b i l i ty  of th e  s t a r  d e m a n d s  a ro ta t io n  p e r io d  
o f  a p p ro x im a te ly  1 msec o r  more [See F r ied m an  (1983), F r iedm an  e t  
al( 1986)1. F rom  th e  e x p re s s io n  fo r  th e  c o n s ta n t  X we see  t h a t  w h en  a n  
a t t e m p t  is  m ade to  d e te rm in e  c 0 b y  e q u a t in g  N ^ g  to 250 p u l s a r s ,  th e  
co m b in a tio n  o f  p a r a m e te r s  is  a c tu a l ly  d e te rm in e d ,  n o t  t h e  b i r t h r a t e  
u n iq u e ly .  If  th e  p a ra m e te r s  r\, A, <x an d  P a r e  a ssu m e d  know n, a long  
w ith  k 0 t h e n  we can  f in d  c 0B. A f u r t h e r  e s t im a te  of B allows c0 to  be 
fo u n d .  B u t s in c e  none  of th e s e  q u a n t i t i e s  can  be o b s e r v e d  o r  d e d u c e d  
w i th o u t  a n  e v o lu t io n a r y  model, th e  r e a l  v a lu e  of th e  b i r t h r a t e  rem a in s  
u n k n o w n .
C lea rly ,  t h i s  model does  no t f i t  in c o m fo r tab ly  w ith  c o n v e n t io n a l  
s t a t i o n a r i t y  a s s u m p t io n s .  We can  show th e  e s t im a ted  b i r t h r a t e s  fo r  
v a r io u s  lu m in o s i ty  laws a n d  how th e  mean field  s t r e n g t h  a n d  b i r t h r a t e  
a r e  in e x t r i c a b ly  l in k e d .  For c o n v en ien ce ,  we choose  q=3 a s  th e
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b i r t h r a t e  e s t im a te s  a r e  m ore s t r o n g l y  l in k e d  to  o u r  k n o w le d g e  of th e  
lu m in o s i ty  law th a n  th e  b r a k i n g  index , w h ich  is  a lm ost c e r t a in ly  in t h e  
a p p ro x im a te  r a n g e  2-4 , a l t h o u g h  d i r e c t  o b s e r v a t io n  c a n n o t  h e lp  
i d e n t i f y  a  r e l ia b le  v a lu e .
The  b i r t h r a t e s  a r e  t a b u la te d  in  Tab le  l a ,  f o r  v a r io u s  v a lu e s  of r\, ko 
a n d  t 0 a n d  fo r  f iv e  d i f f e r e n t  lu m in o s i ty  law p a i r i n g s  of cc a n d  P. 
B e fo re  t h e s e  a r e  d i s c u s s e d ,  we move on  to  d e r iv e  th e  c o r r e s p o n d in g  
e x p r e s s io n s  fo r  Case l b .
Case l b  o f  Model 1.
Now K(k) = k a ” 2e x p ( - k / a )  . . . ( 3 . 3 0 )
K i s  d i s t r i b u t e d  a c c o r d in g  t o  t h e  above e x p r e s s io n ,  a  gamma-type 
d i s t r i b u t i o n .  Here a  i s  t h e  modal p e r i o d ,  r e f e r r i n g  t o  t h e  i n t r i n s i c ,  
n o t  t h e  o b se rv e d  d i s t r i b u t i o n .  I n t e g r a t i o n  o v e r  e q u a t io n  (3 .2 1 )  now 
g iv e s  an  o b se rv e d  p e r io d  d i s t r i b u t i o n  o f  :
n , (P ;t. ) = [ !° n , (P ,k  : t  )dk (3 .31 )obs ' o ’ o '  J k . obs o ’ o ’ o '  mm
where t h e  e x i s t e n c e  o f  km^n i s  a  consequence  o f  t im e-d e p e n d en c e .
I f  t h e  g a la x y  i s  an  age  t 0 th e n  t o  have re a c h e d  a  p e r io d  P0 i n  
t h a t  t im e  a  p u l s a r  must have had  a t  l e a s t  a  minimum f i e l d  s t r e n g t h  
t o  have  spun-down a s  f a r  a s  P0 . I n  f a c t  km^n i s  :
k . = F ^ ' 1-  Qn_1 (3 .3 2 )mm __________
( n - i ) t 0
so  t h i s  g iv e s  f o r  t h e  p e r i o d  d i s t r i b u t i o n :
n , ( P j t ) = c B A  a ^ r r / H i , ^ - 1- ^ - 1-]
obs o ’ 0 O __________ _ _________
4F . L ( n - l ) a t  J
(3 .3 3 )
 - 0 - Jmm °
where T( , ) i s  an  in co m p le te  Gamma f u n c t io n  d e f in e d  i n  t h e  se n se  
o f  P r e s s  e t  a l (1 9 8 6 )  such t h a t  T (a ,0 )  = G (a ) ,  r ( a , » ) = 0 .  (Here G(a) 
i s  a  c o n v e n t io n a l  (com plete )  gamma f u n c t i o n ) . A f u r t h e r
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i n t e g r a t i o n  o f  (3 .3 3 )  a l lo w s  nobs ( t 0 ) t o  be  found and  t a b u l a t e d  
f o r  v a r i o u s  r\, a  and p a i r s  o f  cx and )3.
Next we d e r i v e  e x p re s s io n s  fo r  Model 2.
3.7 .2  MODEL 2 : FIELD DECAY
The following equations govern the pulsar’s spindown:
P = k P " 1 . . . ( 3 . 3 4 )
and  k = k 0 e x p ( - ( t - t 0 ) /T )  . . . ( 3 . 3 5 )
We have assumed r\ = 3 f o r  co n v en ien ce .  Now T i s  t h e  e - f o l d i n g  t im e  f o r
t h e  m ag n e t ic  t o r q u e  k .  The p u l s a r  t r a j e c t o r y ,  on i n t e g r a t i o n ,  i s :
P2 +2kT = P2 +2k t  . . ( 3 . 3 6 )
0 0
I t  f o l lo w s  t h a t  t h e  J a c o b ia n  i s
3 (P  ,k  ) = P0k (3 .37 )
3(P  ,k  ) P k' o ’ 0 o
A dopting  t h e  same so u rc e  te rm  a s  b e f o r e ,  (3 .1 8 )
C ( P , k , t )  = c 0S (P -Q )K (k )H (t) ,  we s o lv e  (3 .2 )  t o  g e t
n (P 0 ,k o ; t o ) = c oP0k " l |^ S (P -^ )K (k )k P _1H ( t ) d t  (3 .3 8 )
so  n (P o ,k o ; t o ) = c 0P0k ; l K(k0+(P^ -Q2 ) /2 t )Hi H3 (3 .3 9 )
where H :  H( Q2 + 2Tk0 ( e x p ( t  / T ) - l ] - P 2 ) (3 .4 0 )
and i s  a s  b e f o r e ,  Hj = S (P -Q ).
In c lu d e  t h e  s e l e c t i o n  e f f e c t s  a s  b e fo re  t o  g e t  t h e  o b se rv e d  d i s t r i b u t i o n
= cobs o ’ o ’ o o o o
A B k f ' 1 P ^ ' ^ c t k „ + ( P 2-Q2 ))H.H (3 .4 1 )
0  0  0  O 1 3
4F . 2rmin
For t h e  c a s e  where K(k) = S(k-k*) (from now on Case 2a) 
t h e  m a rg in a l  d e n s i t y  in  p e r io d  i s :
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n6bs<Po ;V  = V  B P r v  <P0 - « 2 » /3' 1H1H3 (3.42)
and integration over P0 gives the observed total number of observable 
pulsars in terms of c0 , r, A, Fmin, k* and B. These results are
displayed in Table 2a. The last case is thus that featuring the same
distribution of initial magnetic torques as in lb, so we complete this
section by deriving the results for Case 2b.
Case 2b. Integration of equation (3.41) with K(k) as given in (3.30) 
leads to the following expression for the observed period distribution:
nobs(Po ’V  = com  Po+°HS a*“  exP - [ ^  ] G <0HX> •••(3.43)
L 2 a r  J
w here (X) = age/ ( jS+l, k ^ )  + (P02-Q2 ) c / (  p, krain) . . . ( 3 . 4 4 )
a  2t  a
a n d  G(P) is a  norm al s in g l e - a r g u m e n t  p r o p e r  gamma fu n c t io n ,  w h e re a s  
Q /(a ,x )  is  a n  incom ple te  gamma fu n c t io n ,  in  th e  n o ta t io n  of P r e s s  e t  
a l(1986). T h u s  we i n t e g r a t e  a v e r  (3.44) to  f in d  n ob s ( t0 ) in  th e  u s u a l  
way. Mow we look  a t  t h e  lu m in o s i ty  laws t o  be  u sed .
3 .8  LU M INO SITY LAWS 
S e v e ra l  laws h a v e  b e e n  d i s c u s s e d  in th e  l i t e r a tu r e :  we look a t  f iv e  
p a i r s  o f  a  a n d  P t h a t  s p a n  th e  r a n g e  b e lieved  to be  r e l e v a n t .
The  f iv e  law s of i n t e r e s t  a re :
(1) oc = -1 , £ = 0.33 T h is  is th e  law p r o p o se d  b y  P r o s z y n s k i  a n d  
P r z y b c i e n  (1984) on th e  b a s is  of a r e g r e s s io n  f i t  to  th e  o b s e r v e d  d a ta .
(2) a  :  1 , P -  1. T h is  is th e  law u s e d  b y  GO an d  LMT. I t  is 
e q u iv a l e n t  to s e t t in g  L B2 an d  is  c le a r ly  d i f f e r e n t  from (1).
(3) <x z 0, P -1  T h is  law was b r ie f ly  c o n s id e re d  b y  LMT, b u t  r e t a in s  
a n  im plic it  P -d e p e n d e n c e  t h r o u g h  P a l th o u g h  a  = 0.
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(4) <x -  -1 .5  ,£ = 0.5 S to llm ann(1987a,b )  s u g g e s t e d  th i s  law on th e  
b a s i s  o f  h is  model fo r  p u l s a r  evo lu t ion .
(5) <x= -1 ,  £= 1 T h is  allows L« Tc “ 1 w h e re  Tc is  th e  c h a r a c t e r i s t i c  a g e  
of t h e  p u l s a r .
F o r  e a c h  o f  t h e s e  law s we sh a ll  d e te rm in e  th e  i n f e r r e d  b i r t h r a t e s .  
F i r s t  we m u s t  f in d  a v a lu e  fo r  t h e  p a r a m e te r  A. A l th o u g h  n o t  a 
r e a l i s t i c  a p p ro x im a t io n ,  we sh a ll  a s su m e  a ll  p u l s a r s  h a v e  th e  same A. 
U s in g  t h e  C ra b  a n d  Vela p u l s a r  d a ta  f o r  P a n d  P, A is  c a lc u la te d  fo r  
e a c h .  T h e s e  tw o v a lu e s ,  fo u n d  fo r  e a c h  law, will b e  u s e d  in th e  
b i r t h r a t e  e v a lu a t io n s .
F o r  m odels  l a  a n d  l b  we choose  two v a lu e s  each  of b r a k i n g  in d e x  r\, 
g a la c t ic  a g e  t 0 a n d  m ean m agne tic  t o r q u e  k 0, so t h a t  fo r  e a c h
lu m in o s i ty  law, 16 d i f f e r e n t  b i r t h r a t e s  a r e  fo u n d .
F o r  m odels  2a a n d  2b, t\  is  f ixed a t  3, b u t  we u s e  two v a lu e s  of 
d e c a y  t im esca le  t , a g a in  g iv in g  16 b i r t h r a t e s  fo r  e a c h  (oc,£) p a i r in g ,  
a n d  80 a l t o g e th e r ,  fo r  e a ch  model.
3.9  R E SU L T S  AND DISCUSSION
3.9.1 M odels l a , l b
We c a n  se e  im m edia te ly  th e  in f lu e n c e  on  th e  p u l s a r  b i r t h r a t e  of 
d i f f e r e n t  lu m in o s i ty  laws. Looking a t  T a b le s  l a ,  l b ,  2a a n d  2b we se e  a 
l a r g e  r a n g e  o f  d e r iv e d  c re a t io n  r a t e s ,  a n d  a  v a r i e t y  o f  d i f f e r e n t  
d e p e n d e n c ie s  on  th e  model p a ra m e te r s .  P e r h a p s  th e  m ost im p o r ta n t
p o in t  to  n o te  is  th a t ,  f o r  model 1, no s t e a d y  s t a t e  is  r e a c h e d  e x c e p t
f o r  t h e  p a r t i c u l a r  c a se  of n=2, <x=-1.5 a n d  £=0.5. The o t h e r  lu m in o s i ty  
law s p r o d u c e  a b i r t h r a t e  t h a t  d e p e n d s  on  th e  a g e  of  t h e  g a la x y  
ex p lic i t ly .  T h is  p r o v e s  t h a t  no t all m odels of p u l s a r  e v o lu t io n  a r e
c o n s i s t e n t  w ith  th e  s t e a d y - s t a t e  h y p o th e s i s
The  b r a k i n g  in d ex  in f lu e n c e s  th e  b i r t h r a t e  too (T ab les  l a  a n d  lb ) .  No
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o v e ra l l  c o n c lu s io n  is r e a d i ly  a p p a r e n t ,  b u t  r\ r  3 g e n e r a l l y  g iv e s  a  
h i g h e r  b i r t h r a t e ,  e x c ep t  fo r  some c a s e s  w ith  £=1. T he  e f f e c t  of 
in c r e a s in g  p a ra m e te r  k 0 is s im ila rly  d i f f ic u l t  to  sum m arise .  In  some 
c a s e s  b i r t h r a t e  is  i n d e p e n d e n t  of k 0 (law 5, Table  la ,  r\ = 2), in  o t h e r s  
th e  b i r t h r a t e  r i s e s / f a l l s  a s  k i n c r e a s e s .
The  in t r o d u c t io n  o f  a  d i s t r ib u t io n  in  k t e n d s  to  a l t e r  t h e  b i r t h r a t e .  
T h is  is  a c o n s e q u e n c e  of lu m in o s ity  se lec tion : s in c e  P > 0 fo r  all o u r  
law s, i t  is p u l s a r s  w ith  h ig h e r  k v a lu e s  t h a t  will be  more lum inous .  
S ince  t h e r e  is a  d i s t r ib u t io n  of k - v a lu e s ,  one  p a r t i c u l a r  r a n g e  of k 
will be  f a v o u r e d  t h r o u g h  se lec tion , d e p e n d in g  on th e  v a lu e  of a  a s  
well, s in c e  h igh  k  im plies f a s t e r  s p in d o w n  as  well. T h u s  t h e  h ig h e r  th e  
modal v a lu e  a, th e  f r a c t io n  of all p u l s a r s  t h a t  will be  v is ib le  may r i s e  
o r  fall, t h u s  d e m a n d in g  a  c h a n g e  in th e  b i r t h r a t e  to m ain ta in  t h e  f ixed 
to ta l  of o b s e rv e d  p u l s a r s .  T h e re  is a  v e r y  c o n s id e ra b le  g a p  b e tw e e n  
th e  ex trem al v a lu e s  of b i r t h r a t e  fo u n d :
H ig h e s t  b i r t h r a t e  in  model 1: 1 p u l s a r  /0 .67  y e a r s
Low est b i r t h r a t e  in  Model 1: 1 p u l s a r  / 1 0 4 y e a r s .
3.9.2 Models 2a,2b.
Now we see  th e  in f lu e n c e  of f ield  d e c a y  in c r e a t in g  a  s t e a d y - s t a t e ,  
p ro v id e d  t 0 is  s u f f ic ie n t ly  l a rg e  c om pared  to  t , th e  d e c a y  t im esca le .  
F o r  l a r g e r  t , i t  s im ply  t a k e s  lo n g e r  fo r  a  s t e a d y - s t a t e  to  a r i s e .  The 
e f f e c t  of r a i s in g  th e  in itia l  to rq u e  a c a n  lower o r  r a i s e  t h e  b i r t h r a t e  
d e p e n d in g  on th e  lum inosity  law. I n t r o d u c in g  a  d i s t r ib u t io n  in  in i t ia l  
field  s t r e n g t h s  a lso  te n d s  to r a i s e  th e  b i r t h r a t e ,  in  th e  f ie ld  d e c a y  
case .  Again, a wide r a n g e  of b i r t h r a t e s  is  ca lcu la ted :
H ig h e s t  b i r t h r a t e  in model 2: 2.4 p u l s a r s /  y e a r
Low est b i r t h r a t e  in model 2: 7 p u l s a r s / 1 0 3 y e a r s .
T h e se  models a r e  no t  in te n d e d  to r e p r o d u c e  th e  o b s e r v e d  p r o p e r t i e s
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of t h e  p u l s a r  p o p u la t io n .  T h e y  d e m o n s t r a te  in s te a d  th e  d i f f ic u l ty  in 
f i n d i n g  th e  t r u e  p u l s a r  b i r t h r a t e  w hen  th e  sam ple  is s u b j e c t  to 
s e le c t io n  e f f e c t s ,  w hose  m athem atica l  form is no t  p r e c i s e ly  know n, an d  
t h e  i n t e r d e p e n d e n c e  of  th e  b i r t h r a t e  a n d  th e  model p a r a m e t e r s  in  some 
c a s e s .
Of c r u c i a l  im p o r ta n c e  is  t h e  ro le  of th e  t im e -d e p e n d e n c e .  A l th o u g h  
m odel 1 is  n o t  n e c e s s a r i ly  r e a l i s t i c  in  te rm s  of e x p la in in g  th e  P,P  
d ia g ra m ,  f o r  exam ple, i t  is  n o t  p o ss ib le  to s tu d y  th e  e f f e c t s  o f  it  
w i th o u t  in c lu d in g  t im e -d e p e n d e n c e :  we c a n n o t  a lw ays  a s su m e
s t a t i o n a r i t y .  F o r  m odels  w ith  f ie ld  d e c a y ,  s t a t io n a r i t y  h o ld s  fo r  ga la c t ic  
a g e s  o f  m ore t h a n  a few tim es th e  d e c a y  t im escale . However, b o th  of 
t h e s e  a r e  p a r a m e t e r s  t h a t  we may w ish  to  e s t im a te  on  th e  b a s is  o f  o u r  
s t u d i e s  of t h e  p u l s a r  p o p u la t io n ,  so i t  is d a n g e r o u s  to  a ssu m e  a p r io r  
r e l a t io n  b e tw e e n  them . The t im e - d e p e n d e n t  c o n t in u i ty  e q u a t io n  
a p p r o a c h  a v o id s  a ll t h e s e  p i t f a l l s  a n d  is  e a s y  to a p p ly .
We now p r o c e e d  to d e v e lo p  more d e ta i le d  m odels fo r  p u l s a r  e v o lu t io n  
a n d  to  t e s t  them  a g a in s t  th e  o b s e r v e d  d a ta  to a t t e m p t  to  d isc r im in a te  
b e tw e e n  c o m p e t in g  e v o lu t io n a ry  h y p o th e s e s .
3.10 IN VER SE PROBLEMS
I t  c a n  be  se e n  from  e q u a t io n  3.21, fo r  example, t h a t  th e  e x p re s s io n  
f o r  t h e  o b s e r v e d  p e r io d  d i s t r ib u t io n  in v o lv e s  an  in te g r a t io n  o v e r  th e  
i n t r i n s i c  d i s t r i b u t i o n  in k. T h is  s u g g e s t s  th e  so lu t io n  f o r  a n  u n k n o w n  
K(k) b y  u s in g  th e  o b s e rv e d  p e r io d  d i s t r ib u t io n  on th e  l e f t - h a n d  s id e  
of  t h e  e q u a t io n  a n d  p r o c e e d in g  to so lve  a n  i n v e r s e  p rob lem . T h is  
a s p e c t  o f  t h e  t im e - d e p e n d e n t  m ethod is  d i s c u s s e d  more fu l ly  in 
A p p e n d ix  A7, f o r  a  v a r i e ty  of d i f f e r e n t  p rob lem s. T h is  is  a  no v e l  a n d  
p o te n t i a l ly  u s e fu l  m eans of b ro a d e n in g  o u r  i n s ig h t  in to  th e  p ro b le m s  
of  p u l s a r  e v o lu t io n .  We r e t u r n  to th is  q u e s t io n  in C h a p te r  7.
tFIGURE 3.1
D iagram  to  i l l u s t r a t e  th e  ’flow* of p u l s a r s  a s  d e s c r i b e d  b y  th e  
c o n t in u i ty  e q u a t io n .  All th e  p u l s a r s  in it ia l ly  in  t h e  s e g m e n t  AB a t  time 
t x will b e  in  t h e  r e g io n  CD a t  time t^. T he  J a c o b ia n  r e l a t e s  th e  
r e l a t iv e  ’v o lu m es’ of t h e s e  r e g io n s .  When on ly  one  v a r i a b le  is  in v o lv e d ,  
t h i s  becom es th e  r a t io  of th e  l e n g th s  of th e  l ine  s e g m e n ts  AB a n d  CD.
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TABLE 1A 
PULSAR BIRTHRATES FOR MODEL 1A
ALPHA BETA DELTA MEAN-K
AGE = 
C 2 . 0
1 . E16  s 
C 3 . 0
AGE = 1 
C2. 0
. E17 s 
C3 . 0
x l E - 16 s / s  x l . E- 2 p s r s / y r x l . E - 2 p s r s / y r
- 1 . 0 0 0 . 3 3 0 . 14E+07 1 0 . 0 0 . 8 0 8 3 . 6 8 2 0 . 7 6 2 1 . 7 0 3
- 1 . 0 0 0 . 3 3 0 . 22E+07 1 0 . 0 0 . 5 1 4 2 . 3 4 3 0 . 4 8 5 1 . 0 8 4
- 1 . 0 0 0 . 3 3 0 . 14E+07 1 . 0 0 .  198 1 . 7 0 3 0 . 1 7 3 0 . 7 8 7
- 1 . 0 0 0 . 3 3 0 . 22E+07 1 . 0 0 .  126 1 . 0 8 4 0 . 1 1 0 0 . 5 0 1
1 . 0 0 1 . 0 0 0 . 23E+18 1 0 . 0 0 . 0 6 9 0 . 0 3 4 0 . 0 0 7 0 . 0 0 3
1 . 0 0 1 . 0 0 0 . 11E+18 1 0 . 0 0 .  143 0 . 0 7 2 0 . 0 1 4 0 . 0 0 7
1 . 0 0 1 . 0 0 0 . 2 3 E+1 8 1 . 0 0 . 6 8 6 0 .  343 0 . 0 6 9 0 . 0 3 4
1 . 0 0 1 . 0 0 0 . 11E+18 1 . 0 1.  435 0 . 7 1 7 0 . 1 4 3 0 . 0 7 2
0 . 0 0 1 . 0 0 0 . 76E+16 1 0 . 0 3 . 0 0 5 4 . 6 4 3 2 . 2 5 4 1 . 4 6 8
0 . 0 0 1 . 0 0 0 . 10E+17 1 0 . 0 2 . 2 8 4 3 . 5 2 9 1 . 7 1 3 1 . 1 1 6
0 . 0 0 1 . 0 0 0 . 76E+16 1 . 0 4.  499 1 4 . 6 8 2 3 . 0 0 5 4 . 6 4 3
0 . 0 0 1 . 0 0 0 . 10E+17 1 . 0 3 . 4 1 9 1 1 . 1 5 8 2 . 2 8 4 3 . 5 2 9
- 1 . 5 0 0 . 5 0 0 . 30E+08 1 0 . 0 1 . 6 6 5 2 7 . 2 5 5 1 . 6 6 4 2 2 . 9 2 9
- 1 . 5 0 0 . 5 0 0 . 94E+08 1 0 . 0 0 . 5 3 1 8 . 6 9 8 0 . 5 3 1 7 . 3 1 8
- 1 . 5 0 0 . 5 0 0 . 30E+08 1 . 0 0 . 5 3 1 1 0 . 6 2 2 0 . 5 2 7 8 . 6 1 9
- 1 . 5 0 0 . 5 0 0 . 94E+08 1 . 0 0 .  170 3 . 3 9 0 0.  168 2 . 7 5 1
- 1 . 0 0 1 . 0 0 0 . 25E+15 1 0 . 0 6 . 3 1 8 1 0 3 . 4 2 4 6 . 3 1 3 8 7 . 0 1 0
- 1 . 0 0 1 . 0 0 0 . 89E+15 1 0 . 0 1 . 7 7 5 2 9 . 0 5 2 1 . 7 7 3 2 4 . 4 4 1
- 1 . 0 0 1 . 0 0 0 . 25E+15 1 . 0 6 . 3 7 5 1 2 7 . 4 7 0 6 . 3 1 8 1 0 3 . 4 2 4
- 1 . 0 0 1 . 0 0 0 . 89E+15 1 . 0 1 . 7 9 1 3 5 . 8 0 6 1 . 7 7 5 2 9 . 0 5 2
TABLE 1A
Table  of p u l s a r  b i r t h r a t e s  c a lc u la te d  fo r  model l a  of C h a p te r  3, f o r  a  
u n ifo rm  p l a n a r  ga laxy  of s u r f a c e  a r e a  lOOOkpc^. The b i r t h r a t e s  a r e  
sh o w n  in  u n i t s  of n u m b er  of p u l s a r  s /100  y e a r s  in  t h e  f in a l  f o u r  
co lum ns . The h e a d in g s  *02.0’ a n d  ’C3.0’ r e f e r  to  b r a k in g  in d e x  n  = 2 
a n d  r\ = 3 r e s p e c t iv e ly .  ’MEAN-K’ g iv e s  th e  v a lu e  of m ean m ag n e t ic  
t o r q u e  in  u n i t s  of 10” a nd  co lum ns ALPHA, BETA a n d  DELTA g iv e  
t h e  v a lu e s  of th e  lum inosity  law p a ra m e te r s  a, £ an d  A  fo r  e a ch  o f  5 
(<x,^ 3) p a i r i n g s  d i s c u s s e d  in th e  te x t  a n d  two v a lu e s  of fo u n d  from  
t h e  C rab  a n d  Vela p u ls a r s .  ’AGE = d e f e r s  to  tQ,the a ssu m e d  a g e  of th e  
g a la x y ,  th e  two c a se s  t 0= 1016 an d  t 0= 1017 y e a r s  b e in g  c o n s id e r e d .
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TABLE IB 
PULSAR BIRTHRATES FOR MODEL IB
AGE = 1. E16 s AGE = 1 . E17 s
ALPHA BETA DELTA MEAN-K C2 . 0 C3. 0 C2 . 0 C3 . 0
x l . E - 16 s / s  x l . E - 2 p s r s / y r  x l . E - 2 p s r s / y r
- 1 . 0 0
- 1 . 0 0
0 . 3 3
0 . 3 3
0 . 1 4 E+0 7
0 . 2 2 E+ 0 7
1 0 . 0
1 0 . 0
1 . 6 5 3  
1 . 0 5 2
2 . 9 1 4
1 . 854
1 . 2 2 1 8  
0 . 7 7 7 5
1 . 2 9 7 4  
0 . 8 2 5 6
- 1 . 0 0
- 1 . 0 0
0 . 3 3
0 . 3 3
0 . 14E+07  
0 . 2 2 E+0 7
1 . 0
1 . 0
0 . 6 9 7
0 . 4 4 4
1 . 5 4 6
0 . 9 8 4
0 . 3 5 3 3
0 . 2 2 4 8
0 . 6 2 2 9
0 . 3 9 6 4
1 . 0 0  
1 . 0 0
1 . 0 0  
1 . 0 0
0 . 2 3 E+1 8  
0 . 11E+18
1 0 . 0
1 0 . 0
0 . 0 1 4
0 . 0 2 9
0 . 0 6 9  
0.  145
0 . 0 0 0 1
0 . 0 0 0 3
0 . 0 0 6 9
0 . 0 1 4 4
1 . 0 0  
1 . 0 0
1 . 0 0  
1 . 0 0
0 . 23E+18  
0 . 11E+18
1 . 0
1 . 0
1.  506  
3.  149
0 . 7 5 1
1 . 571
0 . 0 1 3 7
0 . 0 2 8 7
0 . 0 6 9 4  
0 . 1 4 5 1
0 . 0 0
0 . 0 0
1 . 0 0  
1 . 0 0
0 . 76E+16  
0 . 10E+17
1 0 . 0
1 0 . 0
2 . 081  
1 . 581
4 . 6 8 8
3 . 5 6 3
0 . 2 0 7 7  
0 . 1 5 7 8
1 . 4 7 0 4
1.  1175
0 . 0 0
0 . 0 0
1 . 0 0
1 . 0 0
0 . 76E+16  
0 . 10E+17
1 . 0
1 . 0
2 3 . 0 1 4
1 7 . 4 9 1
15 . 724  
11 . 951
2 . 0 8 0 9
1 . 5 8 1 5
4 . 6 8 8 2
3 . 5 6 3 1
- 1 . 5 0  
- 1 . 5 0
0 . 5 0
0 . 5 0
0 . 3 0 E+ 0 8
0 . 9 4 E+ 0 8
1 0 . 0
1 0 . 0
9 . 7 6 9  
3.  118
3 1 . 0 0 2  
9 . 8 9 4
9 . 4 8 1 8
3 . 0 2 6 1
2 5 . 9 0 5 6
8 . 2 6 7 7
- 1  . 50  
- 1 . 5 0
0 . 5 0
0 . 5 0 .
0 . 3 0 E+0 8
0 . 94E+08
1 . 0
1 . 0
4 . 1 0 3  
1 . 3 0 9
12 . 581
4 . 0 1 5
3 . 0 8 9 4
0 . 9 8 6 0
9 . 8 0 3 8  
3 . 1 2 8 9
- 1 . 0 0
- 1 . 0 0
1 . 0 0  
1 . 0 0
0 . 2 5 E+1 5
0 . 8 9 E+1 5
1 0 . 0
1 0 . 0
9 1 . 4 8 4  
2 5 . 6 9 8
1 0 3 . 616  
2 9 . 1 0 6
6 8 . 5 3 3 1
1 9 . 2 5 0 9
8 7 . 0 2 4 6
2 4 . 4 4 5 1
- 1  . 00  
- 1 . 0 0
1 . 0 0  
1 . 0 0
0 . 25E+15
0 . 89E+15
1 . 0
1 . 0
1 5 0 . 4 0 2
4 2 . 2 4 8
1 2 9 . 895
3 6 . 4 8 7
9 1 . 4 8 4 0
2 5 . 6 9 7 8
1 0 3 . 6 1 6 3  
2 9 . 1 0 5 7
TABLE IB
Table of pulsar birthrates calculated for model lb , for a uniform, 
planar galaxy of surface area lOOOkpc2. The birthrates are in units of 
number of pulsars /100 years in the final four columns. The ’MEAN-K’ 
now refers to the parameter a in the text, the modal value of magnetic 
torque. The other headings are as explained in Table la.
TABLE 2A 
PULSAR BIRTHRATES FOR MODEL 2A
AGE= 1 . E15  s AGE= 1 . E16 s
ALPHA BETA DELTA MEAN-K Cl 4 C15 C14 C15
x l . E- 16  s / s  x l . E - 2  p u l s a r s / y e a r
- 1 . 0 0 0 . 3 3 0 . 14E+07 1 0 . 0 6 . 8 5 . 6 6 . 8 3 . 1
- 1 . 0 0 0 . 3 3 0 . 22E+07 1 0 . 0 4 . 3 3 . 5 4 . 3 2 . 0
- 1  . 0 0 0 . 3 3 0 . 14E+07 1 . 0 3 . 4 2 . 7 3 . 3 1 . 5
- 1 . 0 0 0 . 3 3 0 . 22E+07 1 . 0 2 . 2 1 . 7 2 . 1 0 . 9
1 . 0 0 1 . 0 0 0 . 23E+18 1 0 . 0 6 . 9 1 . 1 6 . 9 0 . 7
1 . 0 0 1 . 0 0 0 . 11E+18 1 0 . 0 1 4 . 3 2 . 3 1 4 . 3 1 . 4
1 . 0 0 1 . 0 0 0 . 23E+18 1 . 0 6 8 . 6 1 0 . 9 6 8 . 6 6 . 9
1 . 0 0 1 . 0 0 0 . 11E+18 1 . 0 1 4 3 . 5 2 2 . 7 1 4 3 . 5 1 4 . 3
0 . 0 0 1 . 0 0 0 . 76E+16 1 0 . 0 4 7 . 5 1 8 . 6 4 7 . 5 1 4 . 8
0 . 0 0 1 . 0 0 0 . 10E+17 1 0 . 0 3 6 . 1 1 4 . 2 3 6 . 1 1 1 . 2
0 . 0 0 1 . 0 0 0 . 76E+16 1 . 0 1 5 7 . 6 6 0 . 1 1 5 7 . 6 4 7 . 5
0 . 0 0 1 . 0 0 0 . 10E+17 1 . 0 1 1 9 . 8 4 5 . 6 1 1 9 . 8 3 6 . 1
- 1  . 50 0 . 5 0 0 . 30E+08 1 0 . 0 37 .1 3 3 . 7 3 7 . 0 2 9 . 5
- 1 . 5 0 0 . 5 0 0 . 94E+08 1 0 . 0 1 1 . 8 1 0 . 7 1 1 . 8 9 . 4
- 1 . 5 0 0 . 5 0 0 . 30E+08 1 . 0 1 5 . 8 1 3 . 9 1 5 . 8 1 1 . 7
- 1  . 50 0 . 5 0 0 . 94E+08 1 . 0 5 . 0 4 . 4 5 . 0 3 . 7
- 1  . 00 1 . 0 0 0 . 25E+15 1 0 . 0 166.  1 133 . 7 1 6 6 . 1 1 2 7 . 5
- 1 . 0 0 1 . 0 0 0 . 89E+15 1 0 . 0 4 6 . 7 3 7 . 5 4 6 . 7 3 5 . 8
- 1 . 0 0 1 . 0 0 0 . 25E+15 1 . 0 2 3 8 . 0 176 . 7 2 3 8 . 0 1 6 6 . 1
- 1 . 0 0 1 . 0 0 0 . 89E+15 1 . 0 6 6 . 9 4 9 . 6 6 6 . 9 4 6 . 7
TABLE
Table
2A
of pulsar birthrates calculated for model 2a for a uniform,
planar galaxy of surface area 1000 kpc2. Now ,C14* and ’C15’ refer to 
the birthrate calculated for field-decay times of 1014 and 1015 secs  
resp ectively , and are shown in units of number of b irths/100 years in 
the final four columns. Other notation is explained in Table la.
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TABLE 2B 
PULSAR BIRTHRATES FOR MODEL 2B
AGE= 1. E15 s AGE= 1 . E16 s
ALPHA BETA DELTA MEAN-K Cl 4 C15 C14 C15
x l . E- 16  s / s  X l . E - 2  p u l s a r s / y e a r
- 1 . 0 0 0 . 3 3 0 . 14E+07 1 0 . 0 11 . 1 7 . 4 1 1 . 0 5 . 0
- 1 . 0 0 0 . 3 3 0 . 22E+07 1 0 . 0 7 . 1 4 . 7 7 . 0 3 . 2
- 1 . 00 0 . 3 3 0 . 14E+07 1 . 0 5 . 6 3 . 6 5 . 5 2 . 4
- 1  . 00 0 . 3 3 0 . 22E+07 1 . 0 3 . 6 2 . 3 3 . 5 1 . 5
1 . 00 1 . 0 0 0 . 23E+18 1 0 . 0 7 . 7 1 . 2 7 . 7 0 . 8
1 . 00 1 . 0 0 0 .  U E + 1 8 1 0 . 0 1 6 . 0 2 . 5 1 6 . 0 1 . 6
1 . 00 1 . 0 0 0 . 23E+18 1 . 0 7 6 . 5 12 . 1 7 6 . 5 7 . 7
1 . 00 1 . 00 0.  UE+ 1 8 1 . 0 1 6 0 . 0 25 .  3 1 6 0 . 0 1 6 . 0
0 . 0 0 1 . 0 0 0 . 76E+16 1 0 . 0 5 0 . 8 1 9 . 9 5 0 . 8 1 5 . 8
0 . 0 0 1 . 0 0 0 . 10E+17 1 0 . 0 3 8 . 6 15 . 1 3 8 . 6 1 2 . 0
0 . 0 0 1 . 0 0 0 . 76E+16 1 . 0 1 69 . 1 6 4 . 3 169.  1 5 0 . 8
0 . 0 0 1 . 0 0 0 . 10E+17 1 . 0 1 2 8 . 5 4 8 . 8 128.  5 3 8 . 6
- 1 . 5 0 0 . 5 0 0 . 30E+08 1 0 . 0 4 6 . 6 4 0 . 0 4 6 . 5 3 6 . 2
- 1 .  50 0 . 5 0 0 . 94E+08 1 0 . 0 1 4 . 9 1 2 . 8 1 4 . 9 1 1 . 6
- 1 . 50 0 . 5 0 0 . 30E+08 1 . 0 2 0 . 7 1 6 . 7 2 0 . 6 1 4 . 7
- 1 . 5 0 0 . 5 0 0 . 94E+08 1 . 0 6 . 6 5 . 3 6 . 6 4 . 7
- 1 . 0 0 1 . 0 0 0 . 25E+15 1 0 . 0 1 6 9 . 7 1 3 6 . 0 1 6 9 . 7 1 2 9 . 6
- 1 . 0 0 1 . 00 0 . 89E+15 1 0 . 0 4 7 . 7 3 8 . 2 4 7 . 7 3 6 . 4
- 1 . 0 0 1 . 0 0 0 . 25E+15 1 . 0 2 4 5 . 6 1 8 0 . 9 2 4 5 . 6 1 6 9 . 7
- 1 . 0 0 1 . 0 0 0 . 89E+15 1 . 0 6 9 . 0 5 0 . 8 6 9 . 0 4 7 . 7
TABLE
Table
2B
of pulsar birthrates calculated for model 2b for a uniform,
planar galaxy of surface area 1000 kpc*. ’MEAN—K’ g ives the modal 
value of magnetic torque in units of 10 (the quantity a in the 
text). Other notation is identical to that of Table 2A.
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CHAPTER 4 
ANALYIS OP THE SIMPLE MODEL
4.1 INTRODUCTION
I t  is  t h e  aim o f  th is  w ork  to  r ig o r o u s ly  com pare  s e v e r a l  m odels  o f  
p u l s a r  e v o lu t io n  a g a in s t  th e  o b s e rv e d  d a ta .  T he  p r im a r y  m eans  of 
do in g  th i s  will be  to  o b ta in  th e o r e t ic a l  d i s t r i b u t io n s  in  P a n d  P a n d  to 
s ta t i s t i c a l l y  com pare  t h e s e  u s in g  th e  c h i - s q u a r e d  t e s t  a g a in s t  th e  
d i s t r i b u t io n  fo u n d  in th e  o b s e r v e d  P,P  d iag ram . The b e s t  f i t s  fo r  e a c h  
model a r e  fo u n d  b y  m inimising th e  x2 s ta t i s t i c ,  t h u s  o b ta in in g  b e s t - f i t  
v a lu e s  f o r  t h e  model p a ra m e te r s .  Models can  t h e n  b e  c o m p ared  w ith  
each  o th e r .  T h is  will in d ic a te  w hich , if a n y ,  of th e  m odels  c an  claim to  
r e p r e s e n t  t h e  o b s e r v e d  d i s t r ib u t io n .  A sim ilar a p p r o a c h  h a s  b e e n  made 
b y  C heng  (1989), b u t  he  u s e s  M onte-C arlo  s im u la t io n s  r a t h e r  t h a n  
a n a ly t ic  fo rm s  fo r  d i s t r ib u t io n s ,  and  does  no t  t r y  to  id e n t i f y  th e  
,b e s t - f i t , v a lu e s  of th e  p a ra m e te r s .  I t  is im p o r ta n t  to  u t i l i s e  th e  
in fo rm a tion  in  th e  P,P d iag ram  s ince  t h e s e  p a r a m e te r s  a r e  two m ost 
re l iab le  " p u r e  o b s e r v a b le s "  t h a t  can  be  m e a su re d  f o r  e v e r y  p u l s a r ,  
g iv en  time to  c o n d u c t  th e  o b s e rv a t io n s .  The u n c e r t a i n t i e s  i n h e r e n t  in 
th e  d e te rm in a t io n  of lum in o s ity  an d  i t s  r a t h e r  a r b i t r a r y  d e f in i t io n  
fo r  p u l s a r s  m eans  we do n o t  a t te m p t  to f i t  th e  j o in t  d i s t r i b u t io n  of 
P ,P  a n d  L. As n o ted  e a r l ie r ,  th e  o b s e rv e d  sam ple w ould  make f o r  a  
r a t h e r  s p a r s e  d i s t r ib u t io n  in  a n y  re a l is t ic  t h r e e  d im en s io n a l  g r id  of 
boxes t h a t  cou ld  be  d e v is e d ,  u n s u i t a b le  fo r  th e  r e q u i r e m e n ts  of th e  
c h i - s q u a r e d  t e s t .
4.2 MODEL 1 : THE SIM PLE MODEL
4.2.1 The d e r iv a t io n  of th e  i n t r in s i c  d i s t r ib u t io n .
The f i r s t  d e ta i le d  model to be c o n s id e re d  fo r  p u l s a r  e v o lu t io n  is w h a t  
we term  th e  sim ple model, w hich  f e a t u r e s  no field  d e c a y  o r  a l ig n m e n t .
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T h is  h a s  b een  g e n e ra l ly  d ism issed  in  th e  p a s t  a s  b e in g  in co m p a tib le  
w ith  th e  o b s e r v a t io n s  y e t  we c o n te n d  t h a t  a s  y e t  no r ig o r o u s  a n a ly s i s  
h a s  c o n c lu s iv e ly  ru le d  it  ou t.  T h is  is  b e c a u s e  th e  c o r r e c t  m e th o d s  f o r  
e s t a b l i s h in g  s u c h  a  claim h av e  no t  b een  u s e d .  The 'lack* o f  lo n g  
p e r io d  p u l s a r s  w hich  is o f te n  in v o k ed  a s  an  in d ic a to r  t h a t  f ie ld  d e c a y  
is  n e c e s s a r y  e f fe c t iv e ly  u s e s  on ly  th e  in fo rm a tion  in th e  p e r io d  
d i s t r i b u t io n ,  w h ich , we hope to show, is com patib le  w ith  a  n u m b e r  of 
e v o lu t io n a r y  s c e n a r io s .
T he  sim ple  model h a s  th e  following s p in -d o w n  law:
P = k .P 2" ^  ....(4.1) 
w h e r e  th e  b r a k in g  index  t\  t a k e s  t h e  v a lu e  3 f o r  p u r e  d ipo le  
r a d ia t io n ,  an d
k = 0..................(4.2)
T he  lu m in o s i ty  law is
L = A.P0C.P^ ...(4.3)
w h e re
A = 0. ...(4.4)
S ince  k a n d  A a r e  c o n s ta n t ,  a n d  s in c e  d e a l in g  w ith  lo g a r i th m ic  
q u a n t i t i e s  is  m ore c o n v e n ie n t ,  we ta k e  t h e  v a r i a b le s  d e s c r i b in g  a 
p u l s a r  to  be:
= ln(P) ; x2 = ln (k )  ; and  x3 = ln(A) (4.5)
Also we d e f in e
y t  = ln(P) =xA ;y 2 = ln(P) a n d  y 3 = ln(L) (4.6)
So we g e t  y 2 = x 2 + ( 2 - n ) . x 1  (4 .7 )
and = eXz ex ‘ (1' n) . . . . ( 4 . 8 )
The s o l u t i o n  o f  t h i s  g iv e s  th e  t r a j e c t o r y  e q u a t io n  f o r  x ^ t )  ;
ex ±(n -1 ) _ ex 10(n- l )  + ( „ _ ! ) . ex2 . ( t - t 0 ) (4 .9)
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and x 2 = x 20 ; x 3 = x 30 ------ ( 4 . 1 0 ) #
So we g e t  3xa = e  x i o ^ ~  ^) . . . . ( 4 . 1 1 )
3xlo exi(n-i)
T he  s o u r c e  f u n c t io n  to  be  t a k e n  is
C(x1,x2,x3,t) = c0S(x1-ln(Q ))X (x2,x3 )H(t)..(4.12) 
w h e r e  X(x2,x3) is  a  b iv a r i a t e  norm al d i s t r ib u t io n  in  x2 a n d  x3, [See  
A p p e n d ix  A3 ], S is  a  d e l ta  f u n c t io n  w hich  r e s t r i c t s  all p u l s a r s  to  be  
b o r n  w ith  p e r io d s  P-Q, a n d  H(t) is a  H eav is ide  s t e p  fu n c t io n ,
r e s t r i c t i n g  t  to  be  ^0, s u c h  t h a t  t  = 0 m a rk s  t h e  o n s e t  o f  p u l s a r
fo rm a tio n .  The b iv a r i a t e  form of X allows th e  m ag n e tic  t o r q u e  k to 
h a v e  a  m arg in a l  i n t r in s i c  d i s t r ib u t io n  t h a t  is ln -n o rm a l ,  a s  w as 
a s su m e d  b o th  in  GO an d  LMT, b u t  a lso  allows th e  p a r a m e te r  A to be 
c o r r e la t e d  w ith  k, in a d d i t io n  to g iv in g  some in t r in s i c  s c a t t e r  in th e  
v a lu e s  of  A. The c0 te rm  is  e f fe c t iv e ly  th e  c re a t io n  r a t e ,  e x p r e s s e d  a s  
t h e  n u m b e r  of p u l s a r s  b o r n  p e r  u n i t  time p e r  u n i t  s q u a r e  k i lo p a r se c :  
F o r  s im p lic i ty  i t  h a s  b e e n  a ssu m e d  t h a t  th e  p u l s a r s  a r e  u n ifo rm ly  
d i s t r i b u t e d  in a p l a n a r  d isc  ro u n d  th e  o b s e r v e r .  So, b y  e q u a t io n  (3.2), 
a p p ly in g  th e  m ethod  d e v e lo p e d  in S ec tion  3.6 of C h a p te r  3, we g e t
n ( x 10,x 2 0 ,x 3 0 ; t 0 ) = c 0X(x2 ,x 3 )eX l0 *n  ^  X2° H ( t )  | X io = ln (Q) (4 .1 3 )
where s t e p  f u n c t io n  H ( t )  in t r o d u c e s  t h e  c o n s t r a i n t
e x20 ^ e*io(n-n_ Qn-1 ( 4 . 14)
(n - i )  t 0
v i a  e q u a t io n  ( 4 .9 ) .  Note t h a t  H ( t )  a p p l i e s  t o  t h e  v a lu e  o f  t  which 
i s  found from th e  s o l u t i o n  o f  ( 4 . 9 ) .
Now we s w i tc h  c o o r d in a te s  t o  y 1 , y2 > and y3 •
So n ( y A,y 2 ,y 3 , t 0 ) = n ( x 10 , x 2 0 ,x 3 0 , t 0 ) I 3 ( x 1Q,x 2 0 ,x 3Q) I (4 .1 5 )
I 3 ( y 1 ,y 2 ,y 3 ) |
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The Jacobian term can be shown to be equal to unity, by (4.5,4.6) 
Therefore, the new distribution is;
n ( y i , y 2 . y 3 . t o )  = co-eyi"y2-X(x2o(),x3o()) H< t ) | y  =ln(Q) (4.16)
w h e re  x 20 a n d  x 30 a r e  r e g a r d e d  a s  f u n c t io n s  of y l f y 2 a n d  y 3, t h r o u g h  
e q u a t io n s  (4.5) a n d  (4.6).
T h is  is  t h e  i n t r in s i c  d i s t r i b u t io n ,  in  ln (P ) ,  ln (P )  a n d  ln (L ) .
4.2.2 In c lu s io n  of s e le c t io n  e f f e c t s .
To o b ta in  t h e  o b s e r v e d  d i s t r i b u t io n  we now a p p ly  t h e  s e le c t io n  
e f f e c t s  d e s c r ib e d  in t h e  e a r l i e r  c h a p te r .  T h e se  t h r e e  e f f e c t s  a re :
(1) th e  p u l s a r  m u s t  be  ab o v e  th e  f lu x  t h r e s h o ld  F mjn ;
(2) th e  p u l s a r  m u s t  be beam ing  in  o u r  d i r e c t io n  a n d ;
(3) t h e  p e r io d - d e p e n d e n c e  of d e te c t io n  p r o b a b i l i t y  w h ich  c a n  be  
in c o r p o r a t e d  a s  a f a c to r  f ( y ±) in  t h e  d e n s i t y  o f  y ± a n d  y 2.
We sh a l l  a s su m e  a  un ifo rm  s p a t ia l  d e p e n d e n c e ,  s u c h  t h a t  t h e  p u l s a r s  
a r e  d i s t r i b u t e d  e q u a l ly  in  th e  g a la c t ic  p lane .  T h u s  o n ly  t h e  r a d i a l  
d i s t r i b u t io n  need  be  c o n s id e r e d ,  a s  th e  a z im u th a l  s y m m e try  is  
a s su m e d .  E ffec t  (1) m eans t h a t  w h e n  i n t e g r a t i n g  o u t  o v e r  t h i s  r a d i a l  
c o o rd in a te  r ,  we can  d e f in e  an  r max a s  a  fu n c t io n  of lu m in o s i ty ,  i.e.
r max2 z e x P ( y 3 ) /4 n F m in. (4.17)
T he se co n d  s e le c t io n  e f f e c t  (2) c a n  be d e a l t  w ith  in  t h i s  c a s e  b y  th e  
in t r o d u c t io n  of th e  ’beam ing  f r a c t i o n ’, B0, w hich  is  a s su m e d  c o n s t a n t
in t h i s  model s in c e  no a lig n m e n t  is  t a k in g  p lace . T h u s  we ch o o se  B0 =
1/5 , a  ty p ic a l  e s t im a te .  [GO, L y n e  a n d  M a n c h e s t e r (1988)]. I n c lu d in g  
e f f e c t  (3), we can  ta k e  a c c o u n t  of th e  p e r i o d - s e n s i t i v i t y  of p u l s a r  
s u r v e y s  th r o u g h  f (y^)  w h e re  th e  form  of f (y^)  is  t h a t  t a k e n  b y  LMT, 
so t h a t  f a s t  p u l s a r s  a r e  d isc r im in a te d  a g a in s t :
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f ( y i )  = ( l+ 0 .2 5 e x p ( -2 y 1) )“o,2S ....... (4.18)
So th e  c o m b in e d  e f f e c t  of (1), (2) a n d  (3) is  m u lt ip l ic a t io n  o f  t h e
i n t r i n s i c  d i s t r i b u t i o n  fu n c t io n  b y  a  f a c to r  B0 . f ( y 1) a n d  i n t e g r a t i o n  
o v e r  d i s t a n c e  o n ly  o u t  to  r max, from  (4.17). So we now i n t e g r a t e  o u t  
o v e r  t h e  s p a t i a l  d e p e n d e n c e ,  u s in g  (4.16) a n d  (4.17):
nobs (y i ’y2 ’y3 : t  > = Ion(yi ’y2 ’y3 ; t )  <3^)H(rmax-r)2irr.dr (4 .19)
= c o V < yi X(x2 ( ) , x 3 ( ) ) H ( t  >jy1=ln(Q} (4 .20)
4F •
Now X is  a  b i v a r i a t e  no rm al w ith  a r g u m e n ts
x2 =y2 + (n-2)y1 ; x3 r y 3 -<xyi~Py2. (4.21)
By t h e  p r o p e r t i e s  of th e  b iv a r i a t e  norm al d i s t r i b u t io n ,  ( s e e  e .g .  Mood 
a n d  G ra y b il l  (1963) ) ,X c an  be  e x p re s s e d  in fo rm
X(x,y) = D .exp(-R ) (4.22)
w h e r e  D "1 = 2TTOxO y / ( l - p 2) (4.23a)
a n d  R = ( l / 2 ( l - p 2 ){(x-/J)2/ 2 o x 2+ (y -V )2/ 2 0 y 2- 2 p (x - j j ) ( y -V ) /o x /O y} (4 .23b)
a  q u a d r a t i c  fo rm  in  x a n d  y. Here p  a n d  V a r e  i d e n t i f i e d  a s  t h e  
m ea n s  o f  t h e  m a rg in a l  d i s t r i b u t io n s  o f  x a n y  y  r e s p e c t i v e ly ,  o x  ^ a n d  
Oy2 a s  t h e  r e s p e c t i v e  v a r i a n c e s  a n d  th e  c o r r e la t io n  b e tw e e n  th e  tw o
v a r i a t e s  i s  d e n o te d  b y  p. D is  c h o s e n  to  n o rm a l ise  t h e  d i s t r i b u t i o n  to
u n i ty ,  in  t h e  s e n s e  th a t :
\°loa D* e x p ( - R ) .d x .d y  = 1 ( 4 . 24)
Now x2 a n d  x 3 a r e  r e l a te d  to y l t  y 2 a n d  y 3 a s  a b o v e  so  t h e  fo rm  o f
R is  a l t e r e d  to  g iv e  a new q u a d r a t i c  form  R* s u c h  t h a t
X = D* e x p ( -R ’) (4.25)
w h e r e  R’ is  now a  fu n c t io n  of y 1} y 2 a n d  y 3 . We a lso  i n t r o d u c e  o 2 
a n d  o 3 a s  t h e  s t a n d a r d  d e v ia t io n s  in  In k a n d  In A r e s p e c t i v e ly  w h ic h
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a p p e a r  in  th e  q u a d r a t i c  fo rm  R \  T h u s  :
y  —y
no b s < y , . y , .  y , ; t )  = c  B f ( y  ) e  1 2 e ' R H<t)I  ( 4 . 2 6 ) )
1 2  3 O O 1 lyi--Ln(Q)
4Fmin2T7°2cV ( 1- P 2 )
U sing  t h e  r e s u l t  o f  Theorem 2 i n  Appendix A3, we c a n  i n t e g r a t e  o u t  
o v e r  y3 t o  g e t  t h e  o b s e rv e d  d i s t r i b u t i o n  i n  y t  an d  y 2 1 t h a t  i s :
- p 2o 2/2  y -y^+ ay  +jBy -A?2 +pAa 
= > f ( 7 l )e 3 e l  2 1 2 3 H ( t ) | v = l n ( Q )  ( 4 . 27 )
✓ (27t)o
2
where A = (y2-X/2 ) / o 2 J ^  = 2 (1“P2 ) >* #2 = ^2 “ (n--2)y1 . (4 .2 8 a )
an d  X = c 0Boexp (/i3 +o3 2 / 2 ) /  4Fm^n  (4 .2 8 b )
and  e x p (y 2 ) > e ^ ” 1 )y i-Q n _ i  = ^ 3 ( y 1 ) (4 .2 8 c )
T n - i j t 0e (n _ 2 )y i
T h is  is  th e  d i s t r ib u t io n  t h a t  we sh a l l  u s e  to  c o m p a re  th e  p r e d i c t e d  
a n d  a c tu a l  d e n s i t i e s  o f  p u l s a r s  o n  th e  P ,P  p la n e  a n d  p r o v id e  e v id e n c e  
f o r  w h e t h e r  t h i s  model c a n  e x p la in  th e  e v o lu t io n  o f  p u l s a r s .
4.2.3 T h e  d e a th l in e  in  t h e  sim ple  model.
I t  is  im p o r ta n t  to  n o te  t h e  e f f e c t  of th e  f in a l  te rm  w h ich  a c t s  a s  a 
c u to f f  a n d  w hen  p lo t te d  on  th e  P ,P  d iag ra m  p r o d u c e s  a  ’d e a th l in e ’ ( 
e q u a t io n  4.28c) below w hich  no p u l s a r s  c a n  a p p e a r  s im ply  b e c a u s e  th e  
g a la x y  is  no t  old e n o u g h  f o r  them  to  h a v e  r e a c h e d  t h a t  r e g io n .  We 
h a v e  n o t  a s su m e d  a n y th i n g  a b o u t  th e  n a t u r e  o f  t h e  p u l s e d  em iss ion  
a n d  t h i s  ’d e a th l in e ’ is i n d e p e n d e n t  of th e  m ag n e t ic  f ie ld  d i s t r i b u t io n ,  
d e p e n d s  on ly  w eak ly  on b r a k i n g  in d ex  a n d  f o r  small Q ( Q << l s e c )  is 
a p p ro x im a te ly  i n d e p e n d e n t  of Q. T h is  is  a lso  u n r e l a t e d  to  a n y  o f  th e  
s e le c t io n  e f f e c t s  we h a v e  i n t r o d u c e d ,  b u t  is  a  f u n d a m e n ta l  c o n s t r a i n t
95
on  th e  lo ca t io n  of p u l s a r s  on th e  P,P p la n e  d u e  to  t h e  f in i te  l e n g t h  of 
time o v e r  w h ic h  p u l s a r s  h a v e  b e e n  c r e a te d .  T h is  is  a  u n i q u e  f e a t u r e  
o f  th e  t im e - d e p e n d e n t  a p p ro a c h  in t h a t  i t  ’n a t u r a l l y ’ e x p la in s  t h e  
d e a th l in e  w i th o u t  a n y  n eed  f o r  p u l s e - p r o d u c t i o n  t h r e s h o l d s  o r  e v e n  
se le c t io n  e f f e c t s .  The low est  v a lu e  of  t 0 , t h e  g a la c t ic  a g e  w h ic h  is  
c o m p a tib le  w i th  all t h e  o b s e r v e d  p u l s a r s  t u r n s  o u t  to  b e  t 0 = 
1.17X1017s e c s  =3.707X109 y e a r s ,  w h en  Q = 1m sec. S ee  d ia g ra m  (4.1), 
w h ich  s h o w s  t h e  d e a th l in e  a n d  th e  sam ple of  o b s e r v e d  p u l s a r s .
4.2.4 D is t r ib u t io n  of r e l a te d  q u a n t i t i e s .
I t  is  a lso  p o s s ib le  to  look a t  th e  jo in t  d i s t r i b u t i o n s  o f  q u a n t i t i e s  
w h ich  a r e  f u n c t i o n s  of P a n d  P. In  g e n e r a l ,  if  u  a n d  v  a r e  new  
v a r i a b le s  d e p e n d e n t  on  P a n d  P, w hich  a r e  d i s t r i b u t e d  a s  f (P ,P ) ,  t h e n  
t h e  d i s t r i b u t io n  o f  u  a n d  v  c a n  be  fo u n d  from
f  ( u ,  v  ) = 3( P, P ) f  ( P , P ) (4 .2 9 a )
3( u , v )
« •
Of i n t e r e s t  is  th e  d i s t r i b u t io n  of PP a n d  P / P ,  w h ic h  a r e  u s u a l ly  
t a k e n  a s  m e a s u r e s  of m ag n e t ic  f ie ld  s t r e n g t h  a n d  c h a r a c t e r i s t i c  a g e  
r e s p e c t iv e ly .  I t  c a n  be  show n, t h a t  a l th o u g h  in  t h e  sim ple  m odel t h e  
f ie ld  d o e s  n o t  d e c a y ,  th e  in f lu e n c e  of th e  d e a th l in e  a n d  b r a k i n g  in d e x
c an  fo rm ally  m ake th e  e x p e c ta t io n  v a lu e  of f ie ld  a t  f ixed  a g e  v a r y  w ith
•  % •
a g e ,  i.e. E0b s ( P P |P / P )  may v a r y  with  P /P .  T h is  is  b e c a u s e  t h e
r e s u l t i n g  d i s t r i b u t io n  is  no t  s t r i c t l y  s e p a r a b le  b e c a u s e  o f  t h e  p r e s e n c e
•
o f  th e  d e a th l in e  c u to f f .  The e f f e c t  on ly  becom es s ig n i f i c a n t  a s  T - P / P  
becom es l a r g e  b u t  if t h e  b r a k i n g  index  is g r e a t e r  o r  l e s s  t h a n  3 t h e n
ft i
t h e  i n f e r r e d  e x p e c ta t io n  v a lu e  E0 ]:)S(PP | P /P )  c a n  b o th  r i s e  a n d  fall  
w ith  in c r e a s in g  t  if x\ = 3 is  a s su m e d .  T h is  is  s h o w n  in  F ig u r e  4.3. 
T h is  d e m o n s t r a t e s  th e  p o s s ib i l i ty  of i n f e r r i n g  s p u r i o u s  r e s u l t s  from  
w h a t  a r e  e s s e n t i a l ly  m o d e l -d e p e n d e n t  a rg u m e n ts ,  t h a t  is  a s s u m in g  PP
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d o e s  g iv e  th e  t r u e  v a lu e  o f  B2, f o r  f ie ld  s t r e n g t h  B.
4.2.5 T he  m arg in a l  p e r io d  d i s t r i b u t io n .
F i r s t l y  we can  d e r iv e  t h e  o b s e r v e d  p e r io d  d i s t r i b u t i o n  b y  i n t e g r a t i n g  
e q u a t io n  (4.27) o v e r  y 2. T he  l im its  of i n t e g r a t i o n  a r e  from  t h e  
'd e a t h l i n e '  to  +».
T h u s  we g e t
no b 8 ( y 1 : t )  = x ’ f ( y 1 ) e
( i + a + ( / 3 - i  ) ( 2 - n )  
e r f c
®^min V T o ------
(4 .2 9 b )
a f t e r  some a lg e b r a ,  w h e r e  e r f c  r e p r e s e n t s  t h e  u s u a l  c o m p le m e n ta ry  
e r r o r  f u n c t io n  [ erfc(O ) = 1 ], ^ ( y * )  is  t h e  d e a th l in e  a s  d e f in e d  in  
e q u a t io n  (4.28c) a n d  V  is  t h e  c o n s ta n t  w h ic h  e n s u r e s  o u r  to ta l  
o b s e r v e d  sam ple  e q u a ls  th e  o b s e r v e d  n u m b e r  o f  p u l s a r s ,  a n d  in c lu d e s  
t h e  c r e a t io n  r a t e  c 0 , w hich  is ,  f rom  (4.28b)
V =  > .e x p [  ( £ - 1 ) . ( jl/2 + po2Oa + (0-1 )o2 / 2  ] (4 .3 0 a )
and  u2 = /u2+ o 2 ( 0 - 1 + p / a 2 ) (4 .30b )
Now th e  e n t i r e  n o rm a l isa t io n  c o n s t a n t  is
V  = r oc oexp(/i3+o32+ (0 - l)( /J2+po2o 3+(/3-l)o22/ 2 ) / 4 F mint (4.31)
I t  will b e  n o t ic e d  from  th e  form  of (4.27), (4.28a) a n d  (4.28b) t h a t  t h e  
p a r a m e t e r s  t h a t  d e te rm in e  th e  model a p p e a r  in  c o m b in a t io n s  in  s u c h  a  
w ay  t h a t  t h e y  c a n n o t  be in d iv id u a l ly  d e te rm in e d .  T h is  f e a t u r e  w as 
a l r e a d y  n o t ic e d  in  t h e  s im p ler  m odels d i s c u s s e d  e a r l i e r  in  C h a p te r  3, 
i.e. t h a t  th e  d e te rm in a t io n  of th e  b i r t h r a t e  co u ld  n o t  be  m ade, o n ly  th e  
co m b in a tio n  of t h e  b i r t h r a t e  a n d  th e  mean m ag n e t ic  f ie ld . T h is  a s p e c t
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c a r r i e s  o v e r  in to  t h e s e  m ore d e ta i le d  t r e a tm e n t s .
4.3 MODEL F ITTIN G  PROCEDURE.
4.3.1 T he  c h i - s q u a r e d  s t a t i s t i c a l  t e s t .
T h is  t e s t  i s  u s e d  to  c o m p a re  tw o sa m p le s  o f  d a t a  a n d  to  d e te r m in e  if 
t h e y  follow t h e  same d i s t r i b u t i o n .  We a r e  i n t e r e s t e d  in  t h e  v e r s i o n  
w h e r e  o n e  sa m p le  is  t a k e n  a s  f ixed  ( th e  o b s e r v e d  p u l s a r  P ,P  
d i s t r i b u t i o n  ) a n d  th e  se c o n d  i s  g e n e r a t e d  b y  o u r  e v o lu t io n a r y  model. 
T h is  a p p r o a c h  h a s  b e e n  a d o p te d  b y  C h e n g  (1989) b u t  w i th  a  
M on te -C ar lo  m e th o d .  To q u a n t i f y  t h e  o b s e r v e d  p u l s a r  d i s t r i b u t i o n  in  
t h e  P ,P  p la n e ,  a  g r id  is  s e t  u p  w ith  26 boxes  s u c h  t h a t  all 240 p u l s a r s  
in  t h e  f lu x - l im i te d  sam ple  (Fmjn =10mJy) a r e  a p p ro x im a te ly  e v e n ly  s p l i t  
u p  in to  t h e  b o x e s .  T h is  is  s h o w n  in  F i g u r e  4.1. T h is  g r id  c o v e r s  t h e  
e n t i r e  P ,P  p la n e  from  P = lm s  to  5s a n d  f rom  th e  d e a th l in e  u p  to  P = 
10-108S“ 1. A c o m p u te r  p r o g r a m  t h e n  e v a lu a te s  t h e  n u m b e r s  of p u l s a r s  
p r e d i c t e d  to  o c c u p y  t h e s e  sam e boxes  b y  i n t e g r a t i n g  o v e r  t h e  j o in t  
d i s t r i b u t i o n  f u n c t io n  in  e q u a t io n  (4.26) a n d  t h e n  a  X2 s t a t i s t i c  is  f o u n d  
a s  follows:
2 -2 6  . i  i  x= E. , (m ,  -m ) i = l  obs  p r e  . . . . ( 4 . 3 2 )
“‘pre
w h e r e  m1 w i th  t h e  a p p r o p r i a t e  s u b s c r i p t  r e f e r s  to  o b s e r v e d  a n d  
p r e d i c t e d  o c c u p a n c ie s  in  t h e  i ^  box of  t h e  g r id . [  See  A p p e n d ix  A2]. 
One a lso  m u s t  c o m p u te  p(X2 |v ) ,  t h e  s ig n i f ic a n c e  lev e l  o f  t h e  r e s u l t ,  f o r  
V d e g r e e s  of f re e d o m . H ere  t h e  n u m b e r  of d e g r e e s  o f  f re e d o m  is
V = (n u m b e r  o f  g r id  bo x es  -1  -  t h e  n u m b e r  o f  f r e e  model
p a ra m e te r s )
4.3.2 S ig n if ic a n c e  le v e ls  a n d  t a r g e t  X2*
A p r e d e t e r m in e d  leve l  of s ig n i f ic a n c e  m u s t  be a c h ie v e d  in  o r d e r  to  be
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a b le  to  s a y  t h a t  a  p a r t i c u l a r  model d o e s  s u f f i c i e n t ly  r e s e m b le  th e  
o b s e r v e d  d i s t r ib u t io n .  I f  we a d o p t  th e  sam e c r i t e r i o n  u s e d  b y  
C h e n g  (1989), t h a t  is t h a t  fo r  31 d e g r e e s  of f re e d o m , t h a t  a  v a lu e  of X2 
l e s s  t h a n  58 (ap p ro x im a te ly )  is  a c c e p ta b le ,  t h e n  a  s ig n i f ic a n c e  o f  ^0.2% 
is  r e q u i r e d .
T h is  m eans  t h a t  f o r  a  g iv e n  n u m b e r  o f  d e g r e e s  o f  f re e d o m , a  ’ta rg e t*  
X2 is  d e f in e d  a s  t h a t  w h ich  m u s t  be  o b ta in e d  so t h a t  t h e  model c a n n o t  
b e  r e j e c t e d  a t  t h e  5% lev e l  of s ig n i f ic a n c e .  R ough ly ,  fo r  V d e g r e e s  of  
f re e d o m , a x 2 a  V is r e q u i r e d  a s  a  t a r g e t .  I t  is  c u s to m a ry ,  a n d  in  
t h i s  c a s e  m ore s t r i n g e n t ,  to  u s e  th e  5% lev e l  o f  s ig n i f ic a n c e .  T h is  
im plies  t h a t  fo r  C h e n g ’s  w o rk ,  th e  ’t a r g e t ’ c h i - s q u a r e d  s h o u ld  h a v e  
b e e n  44.98, w hich  is  m uch  m ore r e s t r i c t i v e .  F o r  t h e  sim ple  model, w i th  
21 d e g r e e s  of f reedom , we f in d  t h a t  t h e  5% t a r g e t  is  32.76.
4.3.3 O ptim isa tion  of t h e  X2 fit .
R e g a rd e d  a s  a fu n c t io n  o f  t h e  model p a r a m e te r s  (mean m ag n e t ic  f ie ld ,  
lu m in o s i ty  law p a r a m e te r s ,  e tc .)  x 2 is  a m u lt id im ens iona l  fu n c t io n .  We 
w ish  to  minimise t h i s  f u n c t io n  a n d  h e n c e  o b ta in  th e  b e s t - f i t  p a r a m e t e r  
v a lu e s .  T h is  c a n n o t  be d o n e  a n a ly t ic a l ly  so a  n u m e r ic a l  t r e a tm e n t  is  
r e q u i r e d .  S e v e ra l  m e th o d s  c a n  be  u s e d  to minimise a  m u lt id im ens iona l  
f u n c t io n .  The ’dow nhill  S im plex’ m ethod of N e lde r  a n d  Mead(1965) a s  
o u t l in e d  in  P r e s s  e t  al(1986) was u s e d ,  a s  well a s  v a r io u s  r o u t i n e s  
from  th e  s t a n d a r d  N um erical Algorithm  l ib r a r i e s  to  c o r r o b o r a t e  t h e
r e s u l t s  t h a t  w e re  o b ta in e d .  I t  i s  p o ss ib le  to  look a t  a  X2 f i t  f o r  b o th
* -
t h e  j o in t  P ,P  d a ta  a n d  th e  m arg in a l  P d a ta ,  w h e re  now X is  d e f in e d
on  th e  h i s to g ra m  v a lu e s  r a t h e r  th a n  th e  b in  o c c u p a n c ie s  in  t h e  P ,P  
p lane .  T h is  c an  s im ila r ly  be optim ised  w ith  r e s p e c t  to  t h e  model 
p a ra m e te r s .  The p a r a m e te r s  in th e  simple model a r e  a s  fo llows :
* The  in t r in s i c  mean m agne tic  to rq u e  s t r e n g t h  fJ2
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* T he  lu m in o s i ty  law p a r a m e t e r s  a  a n d  /i
* T he  b r a k i n g  in d e x  r\ f rom  e q u a t io n  (4.1)
* T he  c o r r e la t io n  a n d  v a r i a n c e s  p, o 22 a n d  o 32 f o r  t h e  b i v a r i a t e  
d i s t r i b u t i o n  in  x 2 a n d  x 3
* T h e  i n t r i n s i c  m ean v a lu e  of A = d 3
T h e  v a lu e s  of Q a n d  t 0 a r e  c o n s id e r e d  to  b e  f ixed .
I t  s h o u ld  b e  n o te d  t h a t  in  t h e  s im ple  m odel, t h e  a b o v e  p a r a m e t e r s  
a p p e a r  in  c o m b in a t io n s  a n d  t h a t  t h e s e  c o m b in a t io n s  a r e  t h e  e f f e c t iv e  
p a r a m e t e r s ’ o f  th e  d i s t r i b u t i o n  t h a t  will b e  d e te rm in e d  from  a n y  
m in im isa t ion  p r o c e d u r e .  T h e s e  c o m b in a t io n s  a r e  
: u t = 1 + a  -  ( /3 - l)(n -2)  (4.33a)
: u 2 = ju2 + (£ -1 )o 22 + (po3)a 2 (4.33b)
: u 3 = o 2 (4.33c)
: u 4 = n  (4.33d)
: u 5 = > from  (4.28b) (4.33e)
Of t h e s e ,  u 5 is  e s s e n t i a l ly  a  n o rm a l is a t io n  c o n s t a n t  to  e n s u r e  o u r  
p r e d i c t e d  sam ple  c o n ta in s  t h e  same n u m b e r  o f  p u l s a r s  a s  t h e  o b s e r v e d  
d a t a  s e t .  So t h e r e  a r e  4 f r e e  p a r a m e t e r s  now, g iv in g  21 d e g r e e s  o f  
f r e e d o m  f o r  t h e  c h i - s q u a r e d  t e s t .  I t  is  t h e s e  c o m b in a t io n s  t h a t  a r e  to  
b e  r e g a r d e d  a s  f r e e  w h e n  th e  f i t t i n g  o f  t h e  model is c a r r i e d  o u t .  T h is  
i s  n o t  a  f e a t u r e  u n iq u e  to  t h e  sim ple  model, h o w e v e r ,  a n d  l a t e r  m odels  
will show  s im ilar  " d e g e n e r a c y " .  Notice t h a t  th e  sp e c ia l  c a se  of /3=1 
c a u s e s  c o n s id e r a b le  s im p lif ica tio n  in  t h e  a b o v e  e x p r e s s io n s  a n d  th i s  
will c a r r y  fo rw a rd  to  o t h e r  m odels. In  g e n e ra l ,  h o w e v e r ,  th e  
p a r a m e t e r s  o f  d i r e c t  p h y s ic a l  i n t e r e s t  c a n n o t  be iso la te d  w i th o u t  
a s s u m in g  some f u r t h e r  r e l a t io n s  b e tw e e n  them  a n d  th e  d e te rm in a b le  
U i , . . . u 5 o r  i n p u t t i n g  some s u p p le m e n ta r y  k n o w le d g e  from  a d i f f e r e n t  
a n a ly s i s .  T h is  is  of im p o r ta n c e  w h en  we a t t e m p t  to f in d  th e  b i r t h r a t e
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c 0 w hich  a p p e a r s  a s  a  f a c to r  in  t h e  n o rm a l is a t io n  c o n s t a n t  X.
4.3.4 D e te rm in a t io n  of th e  b i r t h r a t e  c0 .
To g e t  a  r e a l i s t ic  e s t im a te  o f  c0 e n ta i l s  e s t im a t in g  s e p a r a t e l y  t h e  
o t h e r  f a c t o r s  t h a t  a p p e a r  w ith  in  X from  some i n d e p e n d e n t  s o u r c e .  
T h is  will on ly  p r o v e  to  b e  n e c e s s a r y  if t h e  f i t  o b ta in e d  b y  m in im is ing  
X2 is  fo u n d  to  be  s ig n i f ic a n t  a t  th e  p r e s c r i b e d  leve l .  T h e n  th e  
i n f e r r e d  b i r t h r a t e  becom es a q u a n t i t y  of i n t e r e s t .  An a t t r a c t i v e  o p t io n  
would  be  to u t i l i s e  t h e  lu m in o s i ty  d a t a  ( f u r t h e r  in t e g r a t i o n  to  g iv e
m arg in a l  d e n s i t i e s  will o n ly  p r e s e r v e  some of  t h e  co m b in a t io n s  i n h e r e n t  
in  th e  jo in t  d e n s i t y ,  a n d  t h u s  will b e  u n h e lp f u l ) .  I n  f a c t ,  E m m ering  
a n d  C h e v a l ie r  (1989) dem an d  t h a t  t h e i r  s im u la te d  p u l s a r  p o p u la t io n s
s a t i s f y  th e  r e g r e s s i o n  law fo u n d  b y  P r o s z y n s k i  a n d  P rz y b c ie n (1 9 8 4 )  
s u c h  t h a t  th e  i n f e r r e d  a  a n d  jS a g r e e  w ith  th o s e  d e te m in e d  from  t h a t  
w ork . T h is  is  a  r a t h e r  s t r i n g e n t  c r i t e r io n ,  g iv e n  th e  l a r g e  s c a t t e r  
p r e s e n t  in th e  d a ta .  When th i s  is  looked  a t  a n a ly t ic a l ly  fo r  t h e  s im ple  
model, i t  i s  f o u n d  t h a t  u n f o r t u n a t e l y  t h e  new  r e la t io n s  t h a t  a r e
o b ta in e d  in v o lv e  th e  sam e co m b in a t io n s  a l r e a d y  id e n t i f ie d ,  so  t h e
sy s te m  of  e q u a t io n s ,  t a k e n  a s  a  whole, c o n ta in s  m ore u n k n o w n s  t h a n  
t h e r e  a r e  e q u a t io n s  a n d  th e  p ro b lem  is i l l -p o s e d .  T h is  may be  r e p e a t e d  
fo r  f u t u r e  m odels , so th e  o t h e r  o p t io n  is  to  s im ply  d e te rm in e  th e  
b i r t h r a t e  fo r  a  v a r i e ty  o f  ’r e a l i s t i c ’ v a lu e s  of o t h e r  p a r a m e te r s .  T h is  
r e d u n d a n c y  is  a  f e a t u r e ,  v i r t u a l l y  u n m e n t io n e d ,  of o t h e r  w o rk ,  a n d  is  
p r o b a b ly  th e  r e a s o n  w hy  o t h e r  a u t h o r s  u s e  a v a r i e ty  of  m e th o d s  f o r  
d e te rm in in g  th e  b i r t h r a t e  a n d  in  some c a s e s  omit th e  c a lc u la t io n  
a l t o g e th e r  (C heva lie r  a n d  E m m ering(1986)).  T he  a d v a n ta g e  o f  f i t t i n g  
th e  jo in t  d i s t r i b u t io n  of  P ,P  a n d  L would  be  to  rem ove  th i s  
d e g e n e r a c y  from  th e  p rob lem .
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4.4 IM PACT OF TIME DEPENDENCE 
A f u r t h e r  p o in t  to  b e  n o te d  is  t h e  im pac t  o f  t im e - d e p e n d e n c e  on  th is .  
We saw  in  C h a p te r  3 how th e  t im e - d e p e n d e n t  c o n t i n u i t y  e q u a t io n  
m eth o d  d o e s  n o t  g u a r a n t e e  a  s t e a d y - s t a t e  s o lu t io n ,  t h i s  b e in g  
d e p e n d e n t  on  w h ich  model is  b e in g  s tu d i e d .  T h is  m ean s  t h a t  t h e  to ta l  
n u m b e r  o f  p u l s a r s  may n o t  be  c o n s t a n t  in  tim e, so  t h a t  t h e  
n o rm a l is a t io n  o f  th e  d i s t r i b u t i o n  will d e p e n d  on  th e  a g e  o f  th e  
p u l s a r - f o r m a t i o n  e p o ch ,  t 0 in  o u r  n o ta t io n .  T h is  a g e  c a n  be  t h e  a g e  o f  
t h e  g a la x y  o r  th e  time s in c e  s t a r  fo rm a tio n  s t a r t e d  a n d  c a n  b e  g o t  
f rom  e i t h e r  e x te r n a l  (e .g . cosm ologica l ) a r g u m e n t s  o r  f rom  th e  f i t t i n g  
o f  t h e  ’d e a th l in e ’ to  t h e  o b s e r v e d  P ,P  d iag ra m . T h u s  in  g e n e ra l ,  th e  
f i t t i n g  o f  o u r  d i s t i b u t io n s  s h o u ld  in c lu d e  th e  ’a g e  o f  th e  G alaxy’ 
p a r a m e t e r ,  in  th e  t im e - d e p e n d e n t  fo rm u la t io n .  T h a t  i t  is  a lso  a  l a t e n t  
f e a t u r e  o f  th e  s t e a d y  s t a t e  m odels  is  n o t  a lw ay s  a p p r e c ia t e d .  A f in i te  
g a la c t ic  a g e  is  r e q u i r e d  to  no rm a lise  th e  i n t r in s i c  p u l s a r  d i s t r i b u t i o n  
a n d  t h i s  c a n  be  d i s r e g a r d e d  o n ly  if a  d e c a y  t im esca le  r  is  a  lo t  l e s s  
t h a n  t h e  g a la c t ic  a g e  -  t h i s  is  u s u a l ly  s a t i s f ie d  fo r  e x p o n e n t ia l  f ie ld  
d e c a y  m odels , a s  e x p ( - t0 /T) a 0, i.e. w h e n e v e r  t0 is  g r e a t e r  t h a n  a  few  
d e c a y  tim es.
4 .5  MARGINAL AND JOTNT DISTRIBU TIO NS
4.5.1 P r i o r i t y  of f i t t in g .
Tt is  of e x tre m e  im p o r ta n c e  to  r e c o g n i s e  th e  c o r r e c t  p r io r i t i e s  in  
f i t t i n g  o u r  m odels  to th e  p u l s a r  d a ta ,  a s  d i s c u s s e d  in  C h a p te r  2. A
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model will p r e d i c t  th e  o b s e r v e d  d i s t r i b u t io n  in P a n d  P, w h ich  we will 
t e s t  u s i n g  th e  X2 te s t .  The o b s e r v e d  d a ta  is  b in n e d  s u c h  t h a t  a  
g iv e n  b in  c o n s i s t s  of b o u n d s  fo r  b o th  P a n d  P a n d  e a c h  b in  c o n ta in s  
> 5 p u l s a r s .  A to ta l  of 26 b in s  a r e  u s e d .  I t  is th is  f i t  w h ich  sh o u ld  be  
r e g a r d e d  a s  th e  most im p o r ta n t  t e s t  of o u r  models, n o t  t h e  f i t t i n g  of
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th e  m arg in a l  d i s t r i b u t io n  o f  P, f o r  exam ple. T h is  c a n  be i l l u s t r a t e d  in
th e  fo llow ing  id e a l i s t ic  c a se .
4.5.2 Example o f  m is lea d in g  f i t t i n g .
C o n s id e r  a  b i v a r i a t e  no rm a l  d i s t r i b u t i o n  N (x ,y). (See A ppend ix  A3 o r
a n y  s t a t i s t i c s  t e x t  f o r  p r o p e r t i e s  o f  m u l t iv a r ia t e  d i s t r i b u t i o n s ) .  T he
v a r i a t e s  x a n d  y  a r e  g o v e r n e d  b y  t h i s  d i s t r i b u t i o n  w h ich  h a s  a s  a
p a r a m e te r  p, th e  c o r r e la t io n  b e tw e e n  x a n d  y . p c a n  ta k e  a n y  v a lu e  n
t h e  r a n g e  -1 < p < +1. I f  we look a t  t h e  m a rg in a l  d e n s i t y  fo r  x a lo n e ,
i t  is  a  u n i v a r i a t e  norm al, i n d e p e n d e n t  of  p, w i th  a  s im ilar r e s u l t  f o r
y . T h u s  t h e  m arg in a l  d i s t r i b u t i o n  te l ls  u s  n o th in g  of th e  c o r r e la t io n ,
and a n y  one o f an in fin ite  s e t  o f p aren t b iv a r ia te  normal d is tr ib u tio n s
cou ld  p r o d u c e  one  g iv e n  m arg in a l  d i s t r i b u t io n .  E ven  g iv e n  b o th
m a rg in a ls  f o r  x a n d  y, we c a n n o t  i n f e r  t h e  t r u e  form o f  t h e  jo in t
d i s t r i b u t io n  in x a n d  y w i th o u t  f u r t h e r  in fo rm a t io n  o r  a s s u m p t io n s .
T h is  sh o w s  th e  e r r o n e o u s  n a t u r e  of c o n c lu s io n s  d r a w n  from
c o n s id e r a t io n  of t h e  r e s t r i c t e d  in fo rm a t io n  p r e s e n t  in a n y  m a rg in a l
d e n s i t y  w h e n  th e  fu ll  j o in t  d e n s i t y  is  a v a i la b le .  T h u s  we sh a l l  r e g a r d
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th e  f i t t i n g  of t h e  P ,P  d a ta  a s  p a ra m o u n t  in im p o r ta n c e ,  a n d  th e  f i t t i n g  
o f  p e r io d  d a ta  a lone  of  l i t t l e  r e l e v a n c e  u n l e s s  a  p r e v io u s  f i t  h a s  b e e n  
m ade to  t h e  P ,P  d iag ra m .
An a l t e r n a t iv e  w ay  of lo o k in g  a t  t h i s  is  t h a t  if  one  of t h e  tw o 
m a rg in a l  d i s t r i b u t i o n s  a s s o c ia te d  w ith  a  g iv e n  jo in t  d i s t r i b u t io n  c a n n o t  
be  f i t t e d  w ith  t h e  p a r a m e t e r s  f o u n d  b y  f i t t i n g  t h e  o t h e r  m a rg in a l ,  
t h e n  c le a r ly  i t  will n o t  be  p o s s ib le  to  f i t  t h e  jo in t  d i s t r ib u t io n .
4 .6  X2 F IT S  TO THE SIM PLE MODEL
4.6.1 The  jo in t  (P,P) d i s t r ib u t io n .
T r e a t in g  X2 a s  a  fu n c t io n  o f  u 1,u 2 |U3 a n d  u 4 a s  d e f in e d  in r e l a t i o n s  
(4 .33a-e)  we minimise X2 to f in d  th e  b e s t - f i t  s o lu t io n .  S ince  t h e r e  a r e
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26 bo x es  in th e  g r id ,  t h e  n u m b e r  of d e g r e e s  o f  f re e d o m  is  V-21 ( 4 
f r e e  p a r a m e t e r s  a n d  1 from  n o rm a l isa t io n ) .  T he  t a r g e t  X2 d e f in e d  in  
S e c t io n  4.3.2 is 32.67, w ith  t h e  s ig n i f ic a n c e  lev e l  o f  5%. T he  b e s t  f i t  
o b ta in e d  was:
X2 = 233.4 , p(X2 |v) ^ 0 a t  t h e  fo llow ing  p o in t:  
u ± -  0.019 
u 2 -  ~33.76 
u 3 = 1.817 
u 4 = 1.603
T h is  i s  a  v e r y  p o o r  f i t ,  a s  t h e  p(X2 |P) a 0. A l th o u g h  t h i s  m ay n o t  b e
r e g a r d e d  a s  a  s u r p r i s i n g  r e s u l t ,  we claim t h a t  t h i s  is  t h e  f i r s t  d e f in i t e
i n d ic a t io n  of t h e  in a d e q u a c y  o f  t h e  sim ple  model, w i th  no  f ie ld  d e c a y .  
P r e v io u s  a u t h o r s  h a v e  d ism is s e d  th i s  model b e c a u s e  o f  t h e  la c k  of 
l o n g - p e r io d  p u l s a r s  o r  s im ply  b e c a u s e  th e  f ie ld  d e c a y  m odel w as  s e e n  
to  b e  s u c c e s s fu l .  We sha ll  show  in  t h e  fo llow ing p a g e s  how th e  p e r io d  
d i s t r i b u t io n  c a n  be  f i t t e d  to  an  a c c e p ta b le  lev e l  u s in g  th e  s im ple  
model, w ith  no d e f ic i t  of p u l s a r s  a t  a n y  p e r io d .  T h is  t h e n  i l l u s t r a t e s  
t h e  fa l lacy  of m ak ing  d e d u c t io n s  b a s e d  so le ly  on  t h e  m a rg in a l  
d i s t r i b u t io n  w hen  th e  jo in t  d a ta  is  a v a i lab le  a n d  s im u l ta n e o u s ly  
q u e s t io n s  th e  m o tiva tion  fo r  f ie ld  d e c a y  so le ly  on th i s  in fo rm a t io n .
4.6.2 T he  m arg in a l  p e r io d  d i s t r ib u t io n .
U s in g  th e  same p u l s a r  sam ple , we c o n s t r u c t  a  h i s to g ra m  fo r  p u l s a r  
p e r io d  d a ta  a n d  i n t e g r a t e  e q u a t io n  (4.29b) to  g iv e  t h e  p r e d i c t e d  
c o n t r i b u t i o n s  to  t h e s e  b in s .  T h e n  a s im ila r  X2 o p t im isa t io n  is  c a r r i e d  
o u t  a n d  th e  b e s t - f i t  fo u n d  is:
X2 = 7.31 ; v  = 12 (16 b in s -1  (no rm alisa t ion )  -3  f r e e  p a r a m e t e r s )  a n d
p(X2 |v) = 86% a t  th e  p o in t  
u x = 6.4
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Vl = -4 .86  
v  2 = 0.9775
w h e r e  u j  is  a s  d e f in e d  in  (4.33a), a n d  a r e  d e f in e d  a s :
v 2 = (n -1 ) /J2 0 2  a n d  v x = (u 2 + ln (2 t0 ) ) / / 2 o 2. (4.34)
T h is  g iv e s  a  s a t i s f a c to r y  f i t ,  well w i th in  t h e  le v e ls  t h a t  w e re  a s s i g n e d  
b e f o r e h a n d .  T h is  p r o v e s  t h a t  com p le te ly  e r r o n e o u s  c o n c lu s io n s  m ay be  
d r a w n  from  th e  f i t t i n g  o f  a  m a rg in a l  d i s t r i b u t io n  u n l e s s  t h e  
c o r r e s p o n d i n g  jo in t  d e n s i ty  h a s  a l r e a d y  b e e n  ta c k le d .  On t h e  b a s i s  o f  
t h i s  f i t  a lone ,  on e  would c o n c lu d e  t h a t  t h e  sim ple  model w as p o s s ib le  
s c e n a r io  f o r  p u l s a r  e v o lu t io n  w h e r e a s  we know  from  o u r  f a i lu r e  to 
m atch  th e  j o in t  d e n s i t y  t h a t  i t  is not. To c o r r e c t l y  id e n t i f y  o r  r u le  o u t  
c a n d id a t e  m odels , f i t t i n g  th e  jo in t  d i s t r i b u t i o n  is  th e  c o r r e c t  a p p r o a c h .  
Tho-t th is  f i t  to  th e  p e r io d  d a ta  is n o t  a n  a r t e f a c t  of t h e  b in n in g  
sc h em e  c an  be  show n  u s in g  th e  K o lm ogorov-S m irnov  t e s t  on  th e  
c u m u la t iv e  d i s t r ib u t io n  of p e r io d s  (see  A p p en d ix  Al ) .  T h is  u s e s  t h e  
p a r a m e t e r  d, th e  maximum d e p a r t u r e  of th e  th e o r e t ic a l  a n d  o b s e r v e d  
c u m u la t iv e  c u r v e s  from each  o t h e r  a n d  is  i n d e p e n d e n t  of t h e  b in n in g  
s c h em e  in t r o d u c e d  a bove . T h is  g iv e s ,  fo r  t h e  a b o v e  b e s t - f i t  v a lu e s ,  d 
= 0.02 w ith  a  c o r r e s p o n d in g  p r o b a b i l i ty  o f  98%, w hich  c a n  o n ly  be  
i n t e r p r e t e d  a s  a n  ex ce l len t  c o r r e s p o n d e n c e .  T h is  is  s u f f i c i e n t ly  good 
t h a t  we c a n  r e l ia b ly  sa y  t h a t  o u r  f i t  is g e n u in e  a n d  in d e p e n d e n t  of 
th e  g r o u p in g  of  th e  d a ta .  T h is  is  show n  in  F ig u r e  4.2b, w ith  a n  o f f s e t  
b e tw e e n  th e  c u r v e s  fo r  th e  p u r p o s e s  of c l a r i t y  only .
4 .7  REJECTION OF THE SIM PLE MODEL
We c a n  r e j e c t  t h e  simple model a s  i t  is  d e f in e d  in t h i s  C h a p te r  w ith  
a s s u r a n c e ,  s in c e  it fa i ls  to  a c c o u n t  fo r  t h e  o b s e r v e d  d i s t r i b u t io n  of 
p u l s a r  p e r io d s  an d  p e r io d  d e r iv a t iv e s .  D esp ite  i t s  a b i l i ty  to  p r o d u c e  
t h e  o b s e r v e d  p e r io d  d i s t r ib u t io n  a lone , it  c a n  s a fe ly  be d ism isse d ,  a n d
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now we can  p r o c e e d  to  d e v e lo p  a n d  t e s t  o t h e r  m odels  u s in g  t h e s e  
m e thods .  As a  f in a l  r e m a r k ,  we n o te  t h a t  we h a v e  o n ly  t r e a t e d  one  
p a r t i c u l a r  fo rm  of d i s t r i b u t i o n  in t h e  p a r a m e t e r s  k  a n d  A. I t  is
c o n c e iv a b ly  p o s s ib le  t h a t  o t h e r  fo rm s  o f  s o u r c e  f u n c t io n  in  t h e s e
q u a n t i t i e s  would  allow a  b e t t e r  f i t  to  be  m ade. T h is  h a s  n o t  b e e n
a t t e m p te d ,  on  th e  g r o u n d s  t h a t  s in c e  m ost o t h e r  r e a l i s t i c  f u n c t io n a l  
fo rm s  c a n  b e  w e l l - a p p ro x im a te d  b y  norm al d i s t r i b u t i o n s  w ith  
a p p r o p r i a t e  m eans  a n d  v a r i a n c e s ,  a n d  we h a v e  m inim ised  o v e r  t h e
p a ra m e te r  s e t  w h ich  in c lu d e s  t h o s e  p a r a m e t e r s  o f  t h e  b i v a r i a t e  n o rm a l  
( i n t r o d u c e d  in  e q u a t io n  4.12) no  s u b s t a n t i a l  im p ro v e m e n t  in  f i t t i n g  is  
e x p e c te d  o v e r  t h a t  a l r e a d y  a c h ie v e d .
4.8 DIAGRAMS FOR CHAPTER 4.
FOOTNOTE: T he  c h i - s q u a r e d  t e s t
T h e r e  is  a  l im ita tion  in  t h e  c h i - s q u a r e d  t e s t  b e c a u s e  of i t s  in a b i l i ty  to  
i n c o r p o r a t e  r e g io n s  w h e r e  t h e r e  a r e  few o r  no  o b s e r v e d  o r  e x p e c te d  
p u l s a r s .  T h is  is  r e l e v a n t  in fo rm a t io n  f o r  f i t t i n g  a  t r i a l  d i s t r i b u t i o n  on  
th e  P ,P  p la n e .  T he  in c lu s io n  o f  s p a r s e  o r  e m p ty  b in s  will g iv e  a  l a r g e  
c o n t r i b u t i o n  in  t h e  c h i - s q u a r e d  sum m ation . H ow ever s t r i c t l y  s p e a k i n g  
th e  q u a n t i t y  d e f in e d  in  e q u a t io n  4.32 will n o t  be  c h i - s q u a r e d  
d i s t r i b u t e d .  I t  g iv e s  n o n e - t h e - l e s s  a n  a p p ro x im a t io n  to  t h e  g o o d n e s s s  
o f  f i t .  T he  u s e  of  o t h e r  t e s t  s t a t i s t i c s  co u ld  h e lp  to  g e t  r o u n d  th i s  
p ro b le m .
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FIGURE 4.1
T he  b in s  in  t h e  P,P  p la n e  a d o p te d  f o r  t h e  c h i - s q u a r e d  f i t t i n g  o f  t h e  
m odels . T h e re  a r e  26 b in s  in  to ta l ,  c h o s e n  s u c h  t h a t  a t  l e a s t  5 
o b s e r v e d  p u l s a r s  a r e  f o u n d  in  e a c h  b in ,  f rom  th e  sam ple  of  240 
p u l s a r s  w ith  f lu x e s  g r e a t e r  t h a n  10 m Jy. Also sh o w n  is  th e  d e a th l in e  
(D), p r e d i c te d  b y  all t im e - d e p e n d e n t  m odels , w h ich  h a s  b e e n  d r a w n  fo r  
t h e  sim ple  model h e re ,  c o r r e s p o n d in g  to a  g a la c t ic  a g e  of t 0 = 1.5x1017 
s e c s  = 4 .8 x l0 9 y e a r s .
107
2 0 0
180
160 -
140 -
120
100-
80
60
40
2 0 -
 i i i r-- i  r  ~ ~.-j
- 5 0  - 4 0  - 3 0  - 20  -1 0 00 10
InP
FIGURE 4.2A
T he m a rg in a l p e r io d  h is to g ra m  fo r  th e  o b s e rv e d  d a ta  is  sh o w n  b y  th e  
so lid  lin e  a n d  t h a t  p r e d ic te d  b y  th e  sim ple  m odel a s  a  b e s t  f i t  to  i t  b y  
th e  d a s h e d  lin e . T h is  f i t  h a s  a  X2 o f 7.3, w h ich  w ith  12 d e g r e e s  o f 
fre e d o m  g iv e s  a  p (x 2 |V) = 83% (See A p p en d ix  A2). T h e  p a ra m e te r s  o f 
th e  sim ple  m odel fo r  th is  f i t  a r e  th o se  g iv e n  in  S e c tio n  4.6.2.
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FIGURE 4.2B
T he c u m u la tiv e  d i s t r ib u t io n  o f p e r io d s  o b s e rv e d  (O c u r v e )  a n d  
p r e d ic te d  (P c u rv e )  b y  th e  sim ple  m odel. T he tw o c u r v e s  a r e  d ra w n  
w ith  a  c o n s ta n t  o f f s e t  o f ln (P ) = 0.2 to  g iv e  c la r i ty .  T he 
K o lm o g o ro v -S m irn o v  t e s t  p ro d u c e s  a  slaLisLic d -  0.02, the maximum 
d ep a rtu re  of the c u r v e s  from each otlier. i lie param eters  oi tiit; i l l  
are the same as  th ose  obtained  m bection  4.6.2.
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FIGURE 4.3
P lo t o f E0bs(y|x) fo r  th e  sim ple m odel, fo r  th r e e  d i f f e r e n t  b r a k in g
in d ic e s  r\ a s  sh o w n , w h e re  x = ln (P /P )  = In  ( c h a r a c te r i s t i c  a g e )  a n d  y
* • , < ,
= ln(PP) . P is  in  s e c o n d s  a n d  P is  m  s s ” 1. r\ = 3 is  p u r e  m a g n e tic
d ip o le  r a d ia tio n .
n o
CHAPTER 5 
ANALYSIS OF THE FIELD DECAY MODEL
5.1 INTRODUCTION
T he n e x t m odel to  b e  s tu d ie d  c a n  r e a s o n a b ly  b e  c a lle d  th e  ’s t a n d a r d ’ 
m odel o f p u ls a r  e v o lu tio n , t h a t  is  w h e re  th e  m a g n e tic  f ie ld  o f th e  
p u l s a r  d e c a y s  w ith  tim e, u s u a lly  in  a n  e x p o n e n tia l  m a n n e r . T h is  
f e a tu r e  is  th e  e s s e n t ia l  in g r e d ie n t  o f th e  w o rk  o f G u n n  a n d  
O striker(1969),G O , L yne  e t  a l(1985), LMT, C h e v a lie r  a n d  E m m ering (1986), 
h e n c e f o r th  CE, a n d  o th e r s .  T he n e e d  f o r  to r q u e  d e c a y  (w h ich  is  a  
m ore g e n e ra l  s ta te m e n t  th a n  th a t  fo r  p u r e ly  f ie ld  d e c a y )  is  v a r io u s ly  
ta k e n  to  b e  th e  lac k  o f lo n g -p e r io d  p u l s a r s  (P ^ 2 s e c s  ), th e  s h a p e  o f 
th e  o b s e rv e d  P ,P  d i s t r ib u t io n ,  th e  k in em a tic  a g e  a rg u m e n t  a n d  a t  f i r s t
e v e n  th e  s tu d y  of th e  c o n d u c tiv e  p r o p e r t ie s  o f  n e u t r o n  s t a r  m a te ria l.
We h a v e  a lr e a d y  d is c u s s e d  some a s p e c ts  o f f ie ld  d e c a y  in  C h a p te r  3. 
O ur m odel is  m ore g e n e ra l  th a n  th a t  o f GO, LMT a n d  CE in  t h a t  i t  
in c lu d e s  b o th  th e  b ra k in g  in d ex  a n d  lu m in o s ity  law  in d ic e s  a m o n g s t 
th e  f r e e  p a ra m e te rs .  CE allow ed a  a n d  /3 to  b e  d i f f e r e n t  from  th e  a  -(3 
=1 o f GO a n d  LMT b u t  we in te n d  to  v a r y  th em  to  f in d  th e  b e s t - f i t  
v a lu e s .
A k e y  f e a tu r e  of f ie ld -d e c a y  is  th e  e x is te n c e  o f th e  ’te rm in a l period*  
w h ich  is  d e p e n d e n t  on  th e  p r o d u c t  o f d e c a y  tim esc a le  a n d  in it ia l  
m ag n e tic  fie ld  s t r e n g th .  P u ls a r s  n e a r in g  th i s  p e r io d  h a v e  P ’s  w h ich  
te n d  to  z e ro . T he lac k  o f o b s e rv e d  p u l s a r s  a t  lo n g  p e r io d s  is  th e n  
e x p la in e d  th ro u g h  lu m in o s ity  d e c a y  a n d /o r  th e  e x is te n c e  o f  som e 
’d ea th lin e*  in  th e  P ,P  p lan e .
We in te n d  to  look a t  th e  m odel o f LMT a s  a  sp e c ia l  c a se  o f f ie ld
d e c a y , th is  will be  d o n e  in  S ec tio n  5.4.
I l l
5 .2  MODEL 2  : FIELD DECAY MODEL
5.2.1 D e r iv a tio n  o f th e  in t r in s ic  d is t r ib u t io n .
T he k e y  e q u a tio n s  o f f ie ld  d e c a y  a r e  th u s :
P = k .P 2”1"* ...(5 .1 )
a n d  k  = k 0e x p ( - ( t - t 0 )/T ) ...(5 .2 )
w h ic h  a llow s f o r  e x p o n e n tia l d e c a y  o f th e  m ag n e tic  to r q u e  k , o n
tim e sc a le  T. H ere  k  = k 0 a t  tim e t  = t 0. We a d o p t  lo g a r ith m ic  v a r ia b le s  
a s  b e fo r e ,  s u c h  th a t :
x 1 = ln (P )  ; x 2 = ln ( k )  and  x 3 = ln ( A ) . . . .  ( 5 .3 )
an d  y* = ln (P )  ; y 2 -  ln (P )  and  y 3 -  l n ( L ) . . . .  ( 5 .4 )
so  from  (5 .1 )  and  (5 .2 )  we g e t  th e  e q u a tio n
e ( n - i ) x 1 _ e ( ^ - 1 )x 10+ (n_ 1 ) iT te x 20{ e - ( t - t o ) / T j  . . ( 5 . 5 )
a n d  x 2 = x 2Q -  ( t - t 0 ) / t  . . . . ( 5 . 6 )
We c h o o se  th e  same s o u rc e  f u n c t io n  a s  b e fo r e  i n  (3 .1 8 )  i . e .
C ( x 1 ,x 2 ,x 3 ; t )  = c 0S (x 1-ln (Q )  )X(x2 ,x 3 )H (t)  . . . . ( 5 . 7 )  
w here t h e  sym bols have th e  same i n t e r p r e t a t i o n  a s  b e f o r e .
We s o lv e  th e  c o n t i n u i t y  e q u a tio n  (3 .1 )  i n  th e  f a m i l i a r  way 
t o  g e t :
= f e (n _ l)X l° c 0 6<x1-ln (Q ))X < x2 ,x 3 ) H < t) d t . .< 5 .8 )
1 J e (rw ) * t
= oo e ^ O '^ X t X j . j ^ W t ) !  . . ( 5 . 9 )
A p p ly in g  th e  c o n s t r a i n t  H ( t)  a t  x 1=ln(Q ) v i a  e q u a t io n  ( 5 .5 )  
g iv e s  t h e  c o n d i t io n
e ( n - i ) x l 0 <: Qn -1  + (H -l)T  S e X z0 . . ( 5 .1 0 )
v h e r e  Z  -  e x p ( t 0 / T ) - l  (5 .1 1 )
an d  x 2 = x 20  + ln ( l+ > 2 ) (5 .1 2 )
1 1 2
where X2 = e T^V"1 x^iL0 Qn 1 (5.13)
( n - l ) T e X20
Now we change th e  v a r i a b le s  frcan x j  t o  y j  w here 
y i  = x x ;y 2 = x 2 + (2 -n )x 1 an d  y 3 = x 3 +<xx1 +/3x2 (5 .1 4 )
w ith  a  J a c o b ia n  o f  J=1 f o r  t h i s  t r a n s f o r m a t io n .  T h e re fo re  th e  
new d i s t r i b u t i o n  in  th e  y j s  i s
n ( y i o ’ y2O,y 3 0 : t o ) = ° 0e <n' 1 >yi0X (x2 ( ) , x  < ))H (y  - I n  ( Q ) )H ( t ) | . . ( 5 . 1 5 )
_______________________________________  |y i= ln (Q )
ey 20 + (n -2 ) y 10(1 + x2 )
5 .2 .2  The o b se rv e d  d i s t r i b u t i o n .
A g a in , we i n t e g r a t e  o u t  o v e r  th e  s p a t i a l  d e p e n d en c e , w hich h a s  th u s  
f a r  b e e n  s u p p re s s e d , and  i s  assum ed t o  b e  t h a t  o f  a  u n ifo rm  d i s c  
p o p u la t io n  a s  b e fo r e  i n  C h a p te r  3 . T h is  g iv e s  a  maximum r a d iu s  
r max 83 r max2 = exP<y3 ) / 4TTFm in . . . ( 5 . 1 6 )  , so  t h a t
nobe(5r10 -y2 0 -y 3o : t o ) = B0 f< y i 0 )ey30n<yi 0 - y2 0 ’y3 0 : t 0 )/4 F mln 
We now d e f in e  th e  fo llo w in g  q u a n t i t i e s :
V2 = U2 “ ( n -2 ) y 10 . . . ( 5 . 1 8 )
v 3 = A<3 + a y 10 +£y20 . . . ( 5 . 1 9 )
A = (y 2 -  V2 + ln(1+ X 2 ) ) / o 2 . . . . ( 5 . 2 0 )
v 3 = v 3 +pAo3 +ya32/2  . . . ( 5 . 2 1 )
an d  X h a s  form  e x p ( -R ) /o 2o 3 / ( 2 r r ( l - p 2 )) . . . ( 5 . 2 2 )
w here R i s  a  q u a d r a t ic  form  in  x 2 and  x 3 r e g a rd e d  a s  f u n c t io n s  
y i  > y2 and  y3 . In  a  way s im i l a r  t o  th e  a n a ly s i s  i n  C h a p te r  4 
we c a n  w r i te  e x p (y 3 ) .X (x2 () ,x 3 ( ) )  a s  th e  fo llo w in g :
Xeya = exp( -A2/2  + V3 +pAo3+yo32 ) .e x p { - ( y 3-V3 ) 2/y o 32} . . . ( 5 . 2 3 )
✓( 2t t ( 1- p 2 ) )o2o 3
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So now i n t e g r a t e  o u t  o v e r  y 3
noba( y i o ,y 2o : t o )=* f<yi ° ,e y i °~ y20~A2/2+V3H<yi o - l l '<c!>>H<t U_ _ _ _ _ _ _ _  |y 1= ln(Q )
w here * = c 0B0exp(/L/3+<J32 ) / 4Fmin> . . . ( 5 .2 4 b )
w hich i s  th e  o b se rv e d  j o i n t  d i s t r i b u t i o n  i n  ln (P )  an d  ln (P )  f o r  th e  
f u l l  f i e l d  d ecay  m odel.
5 .2 .3  The d e a th l in e  i n  th e  f i e l d  d e cay  m odel.
N ote  th e  * d e a t h l i n e 1 te rm  i s  now g iv e n  by:
eyz * e (n -1 )y i  -  Q''"1 = * 4 ( 7 l  ) . . . . ( 5 . 2 5 )
( r \ - l) to 5  e (n _2)y i
[w h e re  S is  d e fin e d  in  (5 .11)], w h ich  is  in d e p e n d e n t  (a p p ro x im a te ly )  
o f Q fo r  p e r io d s  th a t  s a t i s f y  th e  in e q u a li ty  ln(Q ) << y j .  T h e  
fu n c t io n a l  d e p e n d e n c e  on  y x is  th e  sam e a s  fo r  M odel 1 b u t  now  
m uch sm alle r g a la c tic  a g e s  a r e  r e q u i r e d  to  f i t  th e  o b s e r v e d  d e a th l in e  
f o r  ty p ic a lly  q u o te d  d e c a y  tim es t  (in  r a n g e  105- 1 0 7 y e a r s ) .  As t  
a p p ro a c h e s  r e a s o n a b le  g a la c tic  a g e s ,  th e  d e a th lin e  ’d isa p p e a rs *  in  th e  
s e n s e  t h a t  low er a n d  low er P v a lu e s  becom e a c c e s s ib le  a t  a n y  P. T he 
lo w er T v a lu e s  a r e  th o se  fo u n d  from  m ore m o d e l- in d e p e n d e n t  
a p p ro a c h e s  of F u jim a ra  a n d  K ennel(1980) a n d  P h in n e y  a n d  
B lan d fo rd (1 9 8 1 ), w h e re a s  th e  u p p e r  r a n g e  is  f a v o u re d  b y  th e  m ore  
r e c e n t  d e te rm in a tio n s  o f LMT, C h e v a lie r  a n d  E m m ering(1986), E m m ering  
a n d  C h e v a lie r (1989) a n d  N a ra y a n  a n d  O strik e r(1 9 9 0 ). C le a rly  th e r e  is  a  
b ig  d is c re p a n c y  b e tw e en  th e s e  v a lu e s , p o s s ib ly  d u e  to  th e  p o w e r  o f 
s e le c tio n  e f f e c ts  w h ich  w e re  t r e a te d  d i f f e r e n t ly  o r  g iv e n  le s s  
w e ig h tin g  in  th e  d i f f e r e n t  a p p ro a c h e s .  T h e se  u s e d  e s s e n t ia l ly  th e  sam e 
o b s e rv a t io n a l  d a ta  a n d  re a c h e d  ra d ic a l ly  d i f f e r e n t  c o n c lu s io n s , w ith
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th e  t r e a tm e n t  o f lu m in o s ity  e v o lu tio n  p ro b a b ly  a c c o u n tin g  la r g e ly  fo r  
th e  d i f f e r e n c e s .
5.2.4 Im p a c t o f tim e d e p e n d e n c e .
A k e y  p o in t  e m e rg e s  h e re  r e g a r d in g  s ta t io n a r i ty  a n d  th e
c o n s e q u e n c e s  o f f ie ld  d e c a y . S in ce  th e  tim e sc a le  is  (fo r  c o n v e n ie n c e )  
ta k e n  to  b e  a  u n iv e r s a l  c o n s ta n t  fo r  a ll p u l s a r s ,  a n d  m ost lu m in o s ity  
law s d i s c u s s e d  h a v e  th e  lu m in o s ity  fa llin g  o f f  a s  th e  p u ls a r  a g e s ,  th e
ft
ty p ic a l  p u l s a r  h a s  a n  o b s e rv e d  life tim e on  th e  P ,P  p la n e  of th e  sam e 
o r d e r  a s  r  a n d  th e  s t e a d y - s t a t e  a s su m p tio n  c le a r ly  a p p e a r s  to  h o ld , in  
t h a t  th e s e  life tim e s  a r e  c o n s id e ra b ly  le s s  t h a n  re a s o n a b le  g a la c tic  a g e s
w h ic h  a r e  >109 y e a r s .  T h u s  th e  s ta t io n a r i ty  o f p re v io u s  a n a ly s e s  [ GO,
LMT, P h in n e y  a n d  B lan d fo rd (1 9 8 1 ), N aray an (1 9 8 7 ), C h e v a lie r  a n d  
E m m ering(1986), e tc .]  c a n  be  r e t r o s p e c t iv e ly  ju s t i f i e d .  B ut i t  m u s t be 
re m e m b e re d  th a t  th e s e  life tim es  a r e  m o d e l-d e p e n d e n t a n d , a  p r io r i , no  
life tim e s  a r e  know n  a s  th e s e  c a n n o t  be  in f e r r e d  in d e p e n d e n tly  o f a n  
e v o lu t io n a ry  m odel. T he  e x is te n c e  o f s u c h  a  'd o m in a n t ' c o n s ta n t  a s  T  
v i r tu a l ly  f o rc e s  a  s te a d y - s t a te  to  a r i s e  a s  a ll tim esc a le s  c a n  be
co m p a red  to  i t .  A d i s t r ib u t io n  in  t  can  be  in c lu d e d , b u t  co m p lic a te s  
m a t te r s  c o n s id e ra b ly ,  s in c e  t r a j e c to r i e s  c a n  c ro s s  in  th e  P ,P  p la n e  f o r  
d i f f e r e n t  in it ia l  v a lu e s  o f k . H ow ever th e  c o n tin u i ty  e q u a tio n  m eth o d  is  
w ell s u i te d  to  s u c h  in c re a s e d  com plex ity .
T he  w o rk  o f E w art e t  al(1975) in d ic a te s  t h a t  d i f f e r e n t  m a sse s  o f 
n e u t r o n  s t a r  w ill n e c e s s a r i ly  h a v e  d i f f e r e n t  tim e sc a le s  fo r  d e c a y  o f 
t h e i r  m ag n e tic  f ie ld s . H ow ever, f o r  e x p e d ie n c y  a  s in g le  t  v a lu e  w ill b e  
r e ta in e d  in  th is  w o rk , w h ich  is  th e r e fo r e  c o m p a tib le  w ith  a ll o th e r  
m ajo r a n a ly s e s  th a t  in c lu d e  fie ld  d e c ay .
5.3 D ISCU SSIO N OF THE B A S IS  OF FIELD DECAY
T he o r ig in a l  p a p e r  b y  G unn a n d  O s trik e r(1 9 6 9 ) , GO, q u o te d  C a n u to 's
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(1970) w ork  on  n e u tr o n  s t a r  c o n d u c t iv i ty  a n d  tim esc a le  fo r  f ie ld  d e c a y
o f * a  few  M yrs. T h is  w as fo u n d  to  b e  c o n s is te n t  w ith  t h e i r  v a lu e
d e d u c e d  from  p u ls a r  e v o lu tio n . S in c e  th e n ,  a s  p o in te d  o u t  b y  E w a r t  e t  
a l(1975 ), th e s e  tim esc a le s  h a v e  h a d  to  be  le n g th e n e d  a s  c a lc u la t io n s  o f 
s u p e r c o n d u c t iv i ty  in  n e u tr o n  s t a r  m a t te r  h a v e  im p ro v e d . I n  g e n e ra l ,  
th e  c a lc u la te d  tim esc a le s  a r e  m uch  lo n g e r  th a n  th o s e  i n f e r r e d  a s  
n e c e s s a r y  from  p u ls a r  s tu d ie s .  T h e re  is  a lso  som e d o u b t  a s  to  w h e th e r  
e x p o n e n tia l  d e c a y  is  a n  a p p r o p r ia t e  d e s c r ip t io n  fo r  th e  p ro b le m  o f a  
n e u t r o n  s t a r  w ith  a  c r u s t  s u r r o u n d in g  a  s u p e rc o n d u c t in g  in te r io r .  T he 
w o rk  o f E w art e t  al(1975) c o n c lu d e d  t h a t  n e g lig ib le  d e c a y  in  1 0 7 y r s  
w as lik e ly , fo r  m asses  o f n e u t r o n  s t a r  *1.4 s o la r  m a sse s , u n le s s  e i t h e r
a) n e u tr o n  s t a r  w ere  m uch h o t te r  th a n  e x p e c te d  o n  th e  b a s is  o f 
c o o lin g  th e o ry
o r  b ) th e  c r u s t s  a r e  e x c e e d in g ly  im p u re  o r  a r e  co m p o sed  o f a n  
e x tre m e ly  f in e  m osaic o f c r y s ta l l i t e s
a n d  th e  fie ld  cou ld  o n ly  d e c a y  in  th e  e x tre m e  o u te rm o s t  p o r t io n s  o f
th e  c r u s t .  S im ilar c o n c lu s io n s  w e re  r e a c h e d  b y  S a n g  a n d
C hanm ugam (1987), B re c h e r  a n d  C hanm ugam (1983) w ho e s tim a te d  th a t
e v e n  on  a  H u b b le -tim e sca le , a  d e c a y  f a c to r  o f < 100 in  f ie ld  s t r e n g t h
w as th e  m ost t h a t  cou ld  be  e x p e c te d , a n d  th a t  no s ig n i f ic a n t  d e c a y
w ould  ta k e  p lace  on ty p ic a l  p u l s a r  ’lifetim es* . T h e y  a lso  f a v o u r e d  a
m ore g r a d u a l  d e c a y  in  p r e f e re n c e  to  e x p o n e n tia l  d e c lin e .
F rom  th e  a n a ly s is  o f p u ls a r  s t a t i s t i c s ,  som e s u p p o r t in g  e v id e n c e  fo r
s te a d y  m ag n e tic  f ie ld s  h a s  b e e n  fo u n d  b y  B r e c h e r  a n d
C hanm ugam (1983), N ow akow ski(1987) a n d  K undt(1981 ,1988). N ow akow ski
d is c o v e re d  th a t  th e  tim esca le  fo r  d e c a y  T c o u ld  in  p r in c ip le  b e
*•
in f e r r e d  from  o b s e rv a t io n  o f P fo r  s u i ta b le  p u ls a r s ,  b u t  t h a t  d u e  to
• t
f law s in  th e  f i t t in g  o f tim ing  d a ta  b o th  | P | a n d  th e  p r o p e r  m otion
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c o u ld  b e  o v e re s tim a te d . T h is  w ou ld  h a v e  s e r io u s  c o n s e q u e n c e s  f o r  t h e  
k in e m a tic  a g e  e s tim a te s  o f th e  p u l s a r s  w h ich  a r e  a  c o r n e r s to n e  o f  th e  
’s t a t io n a r i t y ’ a rg u m e n t.
K und t(1988) w as led  to  th e  v iew  th a t  s in c e  f ie ld  d e c a y  a n d  a lig n m e n t  
co u ld  n o t be  d is t in g u is h e d  e a s ily , th e r e  w as a  good  c a se  fo r  no  f ie ld  
d e c a y . In d e e d  th e  a lig n m e n t m odel o f C an d y  a n d  B la ir (1983,1986) 
c la im ed  to  e x p la in  some of th e  p u ls e w id th  d a ta  w h ich  f ie ld  d e c a y  c o u ld  
n o t. T h u s  th e  q u e s tio n  o f w h e th e r  f ie ld  d e c a y  is  r e q u i r e d  f o r  p u l s a r  
e v o lu t io n  is  s ti l l  o p e n -  we h o p e  to  be  a b le  to  h e lp  a n s w e r  t h i s  
q u e s t io n  b y  o u r  a p p ro a c h  to  p u ls a r  e v o lu tio n  in  th is  th e s is .
5 ,4  FITTING  THE FIELD DECAY MODEL
5.4.1 T he LMT model.
We w ish  to  look a t  th e  m odel o f LMT a s  a  p a r t i c u la r  c a se  o f th e  m ore  
g e n e ra l  f ie ld  d e c ay  m odel o u tlin e d  a b o v e . T h is  c a n  b e  r e t r ie v e d  b y  
r e p e a t in g  th e  ab o v e  a n a ly s is  w ith o u t a  s p re a d  in  A, a n d  f ix in g  th e  
p a ra m e te r s  r\ = 3, oc = 1, £ = 1. T h e n  we le t  th e  a g e  o f th e  g a la x y  (to ) 
te n d  to  in f in ity , so  th e  d e a th l in e  d is a p p e a r s .  T h is  p ro d u c e s  th e  LMT 
p r e d ic te d  d is t r ib u t io n  fo r  P a n d  P , w h ich  is :
No b s ( p ,P  ) = CqBo A P e x p -Q in f P ^ 1 ( P  + P / 2 r ) ] 2/2 o k *  ] (5 .2 6 )
2Fm in/(2 ir)< ^  (2t P + P )
w here th e  u s u a l  n o ta t io n  a p p l i e s .
5.4.2 F i t t in g  th e  LMT model.
U s in g  th e  sam e g r id  in  th e  P ,P  p la n e , (F ig u re  4 .1 ), we m inim ise th e  
c h i - s q u a r e d  s ta t is t ic  in  th e  sam e w ay  a s  fo r  th e  sim ple  m odel. T he  
LMT m odel h a s  th r e e  p a ra m e te rs ,  s in c e  q, a  a n d  £ a r e  fixed  in  v a lu e . 
T h u s  we h av e  22 d e g re e s  o f freed o m : a d o p tin g  th e  5% le v e l o f
s ig n if ic a n c e  g iv e s  a  t a r g e t  X2 v a lu e  o f 33.92. T he f r e e  p a ra m e te r s  a r e  
p 2 > °2  anc* T ’ r e s p e c t iv e ly  th e  m ean a n d  s ta n d a r d  d e v ia tio n  in  th e
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d i s t r ib u t io n  o f in it ia l  to rq u e ,  a n d  th e  d e c a y  tim e sc a le .
T he b e s t  f i t  fo u n d  w as: x 2 = 58.12, w ith  p(X2 |v )  r  4 .2 x l0 ” s , a t  th e  
p o in t  u 2 = -3 5 .4 3  
a 2 = 1.45
T = 1 .4 x l0 14 s e c o n d s  = 4 .4M yrs.
T h e se  a r e  v e r y  s im ila r to  th e  v a lu e s  fo u n d  b y  LMT fro m  a  d i f f e r e n t  
m eth o d . Note t h a t  o u r  tim esc a le  is  fo r  th e  d e c a y  o f k  w h ich  is  «  B2, so  
T is  a b o u t  h a lf  o f th e  LMT v a lu e . H ow ever, t h i s  f i t  is  n o t  s ig n i f ic a n t  a t  
o u r  c h o s e n  le v e l. I n  C h en g  (1989) a  b e t t e r  f i t  is  o b ta in e d  fo r  t h i s  
m odel, b u t  u s in g  a  d i f f e r e n t  g r id .  C h e n g ’s  f i t  is  n o t  a c c e p ta b le  a t  th e  
5% le v e l  s in c e  h is  d e g r e e s  o f f re e d o m  a re  n o t a c c o u n te d  fo r  p r o p e r ly ,  
a s  h e  n e g le c ts  th e  f a c t  th a t  th e  LMT v a lu e s  fo r  th e  p a ra m e te r s  a r e  
a l r e a d y  b e s t - f i t  v a lu e s ,  so  d e g r e e s  o f fre e d o m  a r e  lo s t .
T h e re  is  no  e a s y  w ay  to  a s s e s s  th e  in f lu e n c e  o f th e  c h o se n  b in  
schem e o n  th is ,  w ith o u t s im p ly  r u n n in g  s e v e r a l  t r i a l s  o v e r  d i f f e r e n t  
b in  a r r a n g e m e n ts .  T he K o lm ogorov -S m irnov  t e s t  c a n n o t  b e  a p p lie d  to  
th e  tw o -d im e n s io n a l c a s e  in  th e  m a n n e r t h a t  w as u s e fu l  fo r  th e  
m a rg in a l f i t t in g .  S in ce  tim e d id  n o t p e rm it  a  m ore c o m p re h e n s iv e  
a p p ro a c h , no  g r e a t ly  im p ro v e d  f i t s  co u ld  be  fo u n d  u s in g  s l ig h t ly  
a l te r e d  b in  b o u n d a r ie s .  T h u s  th e  LMT m odel fa i ls  to  m eet o u r  r e q u i r e d  
c r i t e r i a  fo r  a c c e p ta n c e ,  a n d  s h o u ld  b e  r e je c te d .  We n o te , h o w e v e r , th e  
w o rk  o f C heng (1989 ), E m m ering  a n d  C h e v a lie r (1989) a n d  N a ra y a n  a n d  
O s trik e r(1 9 9 0 ) c o n c lu d e s  th a t  th e  LMT/GO f ie ld  d e c a y  m odel d o e s  
p ro v id e  a  good e x p la n a tio n  fo r  p u ls a r  e v o lu tio n . T h is  w o rk  in  C h a p te r  
5 f in d s  th a t  th e  LMT m odel c a n n o t f i t  th e  o b s e rv e d  P ,P  d i s t r ib u t io n  a t  
th e  5% le v e l o f s ig n if ic a n c e .
5.4.3 F i t t in g  th e  fu ll  f ie ld  d e c a y  m odel.
Now we u s e  th e  fu ll  fo rm  of e q u a tio n  (5.24). T he p a ra m e te r s  a r e  now
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^ 2* ° 2 » P» T> a  an<  ^ f ° r  th e  u s u a l  n o ta t io n . No a p p a r e n t
c o m b in a tio n  o f p a ra m e te r  e f f e c ts  c o u ld  be  id e n t if ie d  s in c e  u n lik e  th e  
sim ple  m odel, f u r t h e r  a n a ly tic  i n te g r a t io n  c o u ld  n o t  b e  d o n e  o v e r  th e  
fu ll  f ie ld  d e c a y  P ,P  d i s t r ib u t io n  ( e q u a tio n  5 .24a). A ny  d e g e n e r a c y  
p r e s e n t  in  th e  f ie ld  d e c a y  m odel w ill b e  a p p a r e n t  if  id e n t ic a l  f i t s  a r e  
fo u n d  a t  s e p a r a te  p o in ts  in  p a ra m e te r  s p a c e  a s  p a r t  o f th e  X2 
m in im isa tion . I f  th e r e  is  a n y  d e g e n e r a c y  p r e s e n t ,  we w ill be  a b le  to  
a c h ie v e  th e  optim um  f i t  w ith  le s s  th a n  7 p a ra m e te r s .  We s t a r t  w ith  7 
f r e e  p a ra m e te r s ,  g iv in g  18 d e g re e s  o f f re e d o m . T h is  m ak es  o u r  t a r g e t  
X2 a t  th e  5% le v e l 28.87. So we m inim ise X2 a s  u s u a l ,  a n d  th e  b e s t  f i t  
fo u n d  is
P IT  1 : X2 = 27.75 , a n d  p(X2 |v )  = 6.5% a t  th e  p o in t
/J2 = -35 .04  
o 2 = 1.56
a  = 1.66
£ = 0.65 
p  = -0 .1 4
T = 4 .2 x l0 13 s e c s  = 1.33 M yrs 
r\ = 3.25.
•
A s im u la tio n  o f th is  f i t  to  th e  P ,P  d ia g ra m  is  sh o w n  in  F ig u re  5 .1a.
T h is  is  a c h ie v e d  b y  ran d o m ly  g e n e r a t in g  p o in ts  a p p r o p r ia t e ly  in  th e
b in s  u s e d  fo r  th e  X2 te s t .  T h is  g iv e s  a  q u a l i ta t iv e  id e a  o f th e
g o o d n e s s - o f - f i t  o f th is  m odel. C le a rly , s in c e  w e c a n  f i t  th e  jo in t
*
d i s t r ib u t io n  o f P a n d  P i t  w ill be  e a s y  to  f i t  th e  m a rg in a l  d i s t r ib u t io n s  
o f P o r  P  to  th e  d e s ir e d  a c c u ra c y . T h e  r e v e r s e ,  a s  we h a v e  s e e n  in  
C h a p te r  4, is  n o t t r u e .
We c a n  t e s t  ro u g h ly  fo r  r e d u n d a n c y  in  th e  p a ra m e te r  s e t  b y  f ix in g
th e  v a lu e s  o f, s a y , p a n d  r\, a n d  m in im ising  X2 a g a in  o v e r  th e
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re m a in d e r , g iv in g  20 d e g r e e s  o f freed o m , a n d  a  t a r g e t  x 2 o f 31.14. 
T h u s  we a c h ie v e  a n o th e r  f i t :
F IT  2 : x2 = 27.8 , p(X2 |v )  = 11.4% a t  th e  p o in t
/J2 = -34 .9
o 2 = 1.39
a  = 1.59
P -  0.63
T = 4 .1 x l0 ^3 s e c s = 1.3 M y rs , w ith  f ix ed  v a lu e s
T h is  is  a n  a lm o st id e n t ic a l  x 2» b u t  w ith  g r e a t e r  s ig n if ic a n c e  o w in g  to  
th e  2 e x t r a  d e g r e e s  o f  fre e d o m . T h is  s u g g e s t s  t h a t  a  p o s s ib le  
d e g e n e r a c y  m ay e x is t , b u t  s in c e  th e  v a lu e s  a r e  v e r y  s im ila r fo r  th e  5 
f r e e  p a ra m e te r s ,  i t  c o u ld  b e  t h a t  we a r e  c lo se  to  a  Shallow * minimum 
w h ic h  o n ly  slow ly  d e p e n d s  on  P a n d  p. T h is  f i t  is  s im u la te d  in  F ig u re  
5 .1b , w h ich  sh o w s i t  to  b e  s im ila r to  th e  p re v io u s  f i t .
N ext, a  f u r t h e r  m in im isa tion  is  d o n e , b u t  th is  tim e f ix in g  th e  
lu m in o s ity  law  to  th e  GO/LMT law , b y  h o ld in g  a  = 1 a n d  P -  1. T h is  
p ro d u c e s  a  b e s t - f i t  o f :
F IT  3 : X2 = 42.4, p(X2 |V ) = 9 .7 x l0 “ 4 a t  th e  p o in t  
U2  = -3 5 .9  
o 2 = 2.12
p  = -0 .35
T  = 1 .5 x l0 14 s e c s  = 4 .7M yrs 
r\ = 3.93.
T h is  f i t  is  n o t  s ig n i f ic a n t  a t  th e  5% lev e l. T h u s  a n y  d e g e n e r a c y  in  
th e  p a ra m e te r  s e t  le a v e s  o n ly  o n e  o f a  a n d  /3 a s  a  f r e e  p a ra m e te r ,  in  
th e  sam e w ay th a t  th e  sim ple  m odel d o es . T h is  is  s im ila r to  th e  w o rk  
o f  C h a p te r  3, w h e re  cx-P a p p e a re d  a s  a  p a ra m e te r , r a t h e r  th a n  b o th  a  
a n d  p.
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T he  tw o a c c e p ta b le  f i t s  b o th  h a v e  a  T o f 1.3 M y rs , w h ic h  is  s l ig h t ly  
s h o r t e r  th a n  th e  n o rm a lly  q u o te d  f ig u r e s ,  b u t  w ell w ith in  th e  r a n g e  
t h a t  is  fo u n d  from  a  v a r i e ty  o f m e th o d s . We n o te  t h a t  w h e n  a  = P -  1 
is  f ix e d , th e  b e s t  T is  l a r g e r  th a n  th i s  b y  a  f a c to r  o f a b o u t  4. T h is  
m e re ly  s e r v e s  to  e m p h a s ise  th e  in te r d e p e n d e n c e  o f o u r  p a ra m e te r  
e s tim a tio n s .
5.4.4 T he  b i r t h r a t e  in  th e  f ie ld  d e c a y  m odel.
T he  n o rm a lisa tio n  p a ra m e te r  >•■ f o r  th e  a b o v e  f i t  is  0.11, to  tw o 
s ig n i f ic a n t  f ig u r e s .  T h is  is , from  (5 .24b), a  c o m b in a tio n  o f c 0 , B0, o 3 
a n d  /I3 . S in ce  B0 is  c h o s e n  to  b e  fix e d  a t  0 .2 , i t  re m a in s  to  e s tim a te  
th e  p a ra m e te r  /i3 + o 32, w h ich  c a n n o t  b e  fo u n d  from  th e  X2 f i t t in g .  
T he  p  = 0 c a se  c o r r e s p o n d s  to  d ro p p in g  th e  o 32 te rm , i.e . ig n o r in g  th e  
s p r e a d  in  th e  p a ra m e te r  A. A sim p le  a n d  d e m o n s tra t iv e  so lu tio n  is  
s im p ly  to  u s e  th e  C rab  p u ls a r  d a ta  a n d  th e  in f e r r e d  a  a n d  P to  g iv e  a  
v a lu e  o f A = exp(/J3 ), a s  we d id  in  C h a p te r  3. T h is  g iv e s  a  b i r t h r a t e  o f 
c 0 = 3 x l0 “ l  p u l s a r s  / y e a r  in  th e  g a la x y . T h is  o f c o u rs e  d e p e n d s  o n  th e  
A c h o s e n , a n d  is  to  a n  e x te n t  a r b i t r a r y .  A low er v a lu e  o f A w ill r a is e  
th e  b i r t h r a t e .  So no  firm  c o n c lu s io n  c a n  b e  r e a c h e d  on  th e  b i r t h r a t e  
cQ w ith o u t m ore e x a c t k n o w le d g e  o f th e  v a lu e  o f A.
5 .5  CONCLUSIONS
We h a v e  s e e n  t h a t  f ie ld  d e c a y  d o e s  p ro v id e  a  s a t i s f a c to r y  f i t  to  th e  
P ,P  d iag ra m , a n d  e v e n  in  th e  c a se  w h e re  b r a k in g  in d e x  a n d  c o r r e la t io n  
p a ra m e te r  a r e  f ix e d . T h is  m eans t h a t  no  d i s t r ib u t io n  in  th e  p a ra m e te r  
A is  r e q u i r e d  to  f i t  th e  P ,P  d a ta , (a l th o u g h  e v id e n t ly  to  e x p la in  s p re a d  
in  L one  d o e s  n e e d  a  s p re a d  in  A) a n d  m ag n e tic  d ip o le  b r a k in g  is  
p e r f e c t ly  a d e q u a te  a s  a  sp in -d o w n  m echan ism  in  th is  m odel. Of g r e a t e r  
in te r e s t ,  h o w e v e r, is  th e  in c o m p a tib ili ty  o f th e  tw o s ta n d a r d  lu m in o s ity  
law s w ith  th is  optim um  X2 so lu tio n , t h a t  is  b o th  th e  (a,/3) p a ir s
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(-1 ,0 .33) a n d  (1,1) a r e  f a r  rem o v ed  from  th e  'b e s t 1 s o lu tio n , (a l th o u g h  
th e  f i t  w ith  P -  1 fixed  is  a s  good a s  th e  £ - v a r y in g  c a se ) . We n o te  
from  o u r  d is c u s s io n  in  C h a p te r  1 th a t  we do  n o t  e x p e c t  th e  
P ro s z y n s k i -P rz y b c ie n  law  to  b e  th e  in t r in s ic  lu m in o s ity  law  g o v e rn in g  
th e  p o p u la tio n  so  th is  is  p e r h a p s  n o t a  s u r p r i s i n g  o b s e rv a t io n .  In  
f a c t ,  i t  is  n o t p o ss ib le  from  th is  w o rk  a lo n e  to  s a y  p r e c is e ly  w h ic h  
p a i r in g s  o f a  a n d  $  a r e  co m p atib le  w ith  th e  f ie ld  d e c a y  m odel d u e  to  
th e  in te r d e p e n d e n c e  o f th e  p a ra m e te rs  we h a v e  u s e d  in  th e  o p tim ise d  
f i t t in g .  I t  is  c le a r  th a t  p o s it iv e  v a lu e s  o f <x a n d  J3 a r e  n e c e s s a r y  f o r  
th e  f ie ld  d e c a y  m odel to  m atch  th e  o b s e rv a t io n s ,  w h ic h  is  d i f f ic u l t  to  
re c o n c ile  w ith  th e  c o n c lu s io n s  o f P r o s z y n s k i  a n d  P rz y b c ie n (1 9 8 4 ) . 
F u r th e r  w ork  is  n e c e s s a ry  to  e s ta b l is h  if  th e s e  d i f f e r e n t  in t r in s ic  a n d  
a p p a r e n t  lu m in o s ity  law s c a n  in  f a c t  b e  c o n s is te n t .
I t  i s  a lso  fo u n d  th a t  th e  m odel o f GO a n d  LMT is  n o t a n  a c c e p ta b le  
f i t  a t  th e  5% le v e l  o f s ig n if ic a n c e , a l th o u g h  th e  d e p e n d e n c e  o f  t h i s  
c o n c lu s io n  on  th e  b in n in g  schem e c h o s e n  is  n o t  e a s y  to  a s s e s s  
c o n c lu s iv e ly .
FIGURE 5.1 A
A sim u la tio n  of th e  P ,P  d iag ra m  fo r  FIT  1 o f th e  f ie ld  d e c a y  m odel, 
f o r  th e  b e s t - f i t  p a ra m e te rs  o b ta in e d  in  th e  X2 f i t t in g  in  S e c tio n  5.4.3 
In  e a c h  b in  of f ig u r e  4.1, th e  p r e d ic te d  n u m b e r  of p u l s a r s  is  fo u n d , 
a n d  ro u n d e d  to  th e  n e a r e s t  in te g e r .  T h e se  p u ls a r s  a r e  ran d o m ly  
a s s ig n e d  p e r io d s  a n d  p e rio d  d e r iv a t iv e s  w ith in  th e  b in  a n d  th e n  
p lo t te d .  T h is s im u la tion  c o r r e s p o n d s  to  th e  f i t  w ith  th e  18 d e g r e e s  o f 
fre e d o m .
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FIGURE 5.1B
A sim u la tio n  o f th e  P ,P  d iag ram  fo r  FIT  2 o f th e  f ie ld  d e c a y  m odel, 
w ith  20 d e g re e s  o f freed o m , th e  p a ra m e te rs  b e in g  th o s e  o f S e c tio n  
5.4.3. T h is  is  fo r  th e  fu ll  f ie ld  d e c a y  m odel o f C h a p te r  5.
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CHAPTER 6 
MODEL 3: THE ALIGNMENT MODEL
6.1 INTRODUCTION
I n  th is  c h a p te r  we will d e v e lo p  M odel 3, w h ic h  is  a n  a lig n m e n t m odel 
fo r  p u l s a r  e v o lu tio n . A lignm en t o c c u r s  w h e n  th e  (a lig n m e n t)  a n g le  
b e tw e e n  ro ta t io n  a n d  m ag n e tic  ax e s  te n d  to  z e ro  a s  tim e p a s s e s .  We 
f i r s t l y  d e v e lo p  th e  com ple te  a lig n m e n t m odel in  S e c tio n  6.2, u s in g  o u r  
m eth o d . T he d e r iv e d  P ,P  d i s t r ib u t io n  is  o b ta in e d  in  S e c tio n  6.2 a n d  
c o m p a red  in  th e  u s u a l  w ay a g a in s t  th e  o b s e r v a t io n s ,  to  o b ta in  b e s t - f i t  
p a ra m e te r  v a lu e s . (S e c tio n  6 .3). A c o m p a riso n  a n d  d is c u s s io n  o f th e  
r e s u l t s  o f th e  f ie ld  d e c a y  a n d  a lig n m e n t m o d els  is  h e ld  in  S e c tio n  6.4. 
T he im p o r ta n c e  o f p u ls e w id th s  is  d is c u s s e d  in  S e c tio n  6.5, a n d  i t  is  
a r g u e d  t h a t  i t  m ay b e  p o s s ib le  to  u s e  th e  p u ls e w id th  d a ta  to  f u r t h e r  
t e s t  e v o lu t io n a ry  m odels. To show  how  th is  c a n  be d o n e , th e  
d i s t r ib u t io n  o f p u ls e w id th s  e x p e c te d  from  a  n o n -e v o lv in g  m odel is  
o b ta in e d  in  S e c tio n  6.6 , to  show  th e  g e o m e try  in v o lv e d  in  th is
a p p ro a c h  w h ich  w ill be  n e e d e d  fo r  th e  d e r iv a t io n  o f th e  p u ls e w id th  
d i s t r ib u t io n  a s s o c ia te d  w ith  th e  co m p le te  a lig n m e n t m odel. A
n o n -e v o lv in g  m odel is  one  w h e re  th e  o r ie n ta t io n  o f th e  p u ls a r  a x e s  does 
n o t c h a n g e  a s  i t  s p in s  dow n. Next, in  S e c tio n  6.7, th e  d i s t r ib u t io n  o f 
p u ls e w id th s  e x p e c te d  fo r  a n  a lig n m e n t m odel is  d e r iv e d , fo llow ed  in  
S e c tio n  6.8 b y  th e  d e r iv a tio n  o f th e  e x p e c ta tio n  o f p u ls e w id th
c o n d itio n a l on  c h a r a c te r i s t ic  a g e , a s  d is c u s s e d  b y  C a n d y  a n d
B la ir (1983). A f u r t h e r  a v e n u e  o f a p p ro a c h  is  sh o w n  in  S e c tio n  6.9, 
w h e re  th e  e f fe c tiv e  beam ing  f r a c t io n s  fo r  th e  a lig n m e n t m odel a r e  
a n a ly s e d . T he d is c u s s io n  a n d  c o n c lu s io n s  a r e  fo u n d  in  S e c tio n  6.10.
6.2 ALIGNMENT MODEL FOR PU LSAR EVOLUTION
I t  is  c o n v e n ie n t  to  d ea l in  th is  c a se  w ith  th e  q u a n t i t ie s  P,k,A  d i r e c t ly
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in s te a d  o f th e i r  lo g a r ith m ic  c o u n te r p a r t s .  We a lso  u s e  e  to  r e p r e s e n t  
th e  a lig n m e n t a n g le  b e tw e e n  th e  p u ls a r  a x es  a n d  0 to  d e n o te  th e  a n g le  
b e tw e e n  th e  p o la r  d ire c t io n  a n d  th e  lin e  o f s ig h t  of th e  o b s e r v e r .  T h is  
is  th e  sam e n o ta tio n  a s  in  th e  s e c tio n  below  o n  p u ls e w id th s .
P u ls a r  sp in d o w n  is  th e r e f o r e  g o v e rn e d  b y  th e  fo llow ing  e q u a tio n s :
P = k s in 2 (e) (6 .1)
P
and s i n  ( e  ) = s i n ( 0 Q) e x p ( -  ( t - t Q) / T  ) ( 6 . 2 )
where t is the alignment timescale (analogous to the decay timescale in 
the field decay model). The solution of these gives:
P2 = P2 + Tksin2(eQ )(1-exp( -2 (t-tQ)/T) (6.3)
or, P2 + T k s in 2 ( e )  = P2 + T k s in 2 ( ©Q) = c o n s t a n t  (6.4)
We choose the source function to be :
C(P,k,A,©,0;t)=co6(P-Q)K(k,A)sin©sin<t>H(t)H( 1-sine )H( sin©) (6.5) 
such that pulsars are bora only at P=Q, with a bivariate log-normal 
distribution in k and A and a uniform distribution of orientations 
of magnetic to rotation axis.
Only after t=0 can pulsars be created. Next we find the Jacobian 
J which is, from equations (6.2) and (6.3)
J = 3 ( P , e ) / 3 ( P 0 , e 0 ) = P0c o t ( e ) / P c o t ( e 0 ) ( 6 .6 )
Thus from (3.2) we can write the formal solution for the intrinsic 
density n(P,k,A,©,0;t) as:
n(P0 ,ko,^,,e0»<*>o;to) = coPocot(©o )sin(0o)K(ko ,Ao)H(t) |p_Q (6.7)
ko^( 1-sin2 (e0 )+>2)
where >2 = P2 - Q2 (6.8)
Tk0
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and t  i s  found from eq u ation  ( 6 . 3 ) ,  s o lv e d  when P = Q.
Now we tran sform  t o  th e  v a r ia b le s  P ,P ,L ,0  and 0  by th e  fo llo w in g  
r e la t io n s :  L = A Pa  pP and P = k s in ^ ( e ) /P  a s  above.
T h is has th e  tra n sfo rm a tio n  Jacobian  o f:
3 (P ,L )  = s i n 2 (e )Pa“1 pP ( 6 . 9 )
3(k ,A)
c0pJ_ctp ;P' 1K(P0P0co sec2 (e0 ) 1L0P^0‘ Po^)H(t) (e0 )sin(<l>0 ) (6 .10a)
(1 -  s i n 2 (0o ) / e 2 ) 1/^  
where e ~ 2 = 1 + P02 -Q2 (6 .10b)
Now in c lu d e  th e  flu x  lim ita tio n  e f f e c t  a n d  th e  s u r v e y  s e n s i t iv i ty  to  th e  
p e r io d  a s  b e fo re :  th is  e n ta i ls  m u ltip ly in g  th e  a b o v e  b y  th e  f a c to r
o v e r  th e  g e o m e tric a l v a r ia b le s  0 a n d  0  a n d  o v e r  L, th e  lu m in o s ity . By 
r e f e r r i n g  to  F ig u re  6.4 th e  r e q u i r e d  re g io n  in  th e  0,0 p la n e  is  show n : 
o b s e rv a b le  p u l s a r s  a ll lie in  th e  box, w ith  in te r p u ls e  p u l s a r s  in  th e  
u p p e r  r i g h t - c o r n e r  t r ia n g le .  We in te g r a te  o v e r  L a s  fo llow s. T he 
L - d e p e n d e n c e  is  c o n ta in e d  in  b o th  a  f a c to r  o f L a n d  in s id e  th e  
b iv a r ia te  ln -n o rm a l d i s t r ib u t io n .  D efine
L f(P 0 ) /4 F min  to  g iv e  th e  o b s e rv e d  d i s t r ib u t io n  in  P ,P ,e tc . To g e t  th e  
d e s i r e d  o b s e rv e d  jo in t  P ,P  d is t r ib u t io n  i t  is  n e c e s s a r y  to  i n te g r a t e
I  (Po£ oc o s e c 20o ) = | qL0K(PoPoc o s e c 20o , L0Pq pf)d L  (6 .11 )
To perform  th e  in t e g r a l ,  change th e  v a r ia b le s  to  th e  fo llo w in g :
a=P0P0c o s e c 20O and z= ln (L o) ,  so  th a t  dL = e zd z . U sing Theorem 2 in  
Appendix A3, i t  can be shown th a t:
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I  (a )  = exp( - a  -A2/2  + pAo3 + yo32/ 4 + ) ( 6 . 12 )
✓(2.Tr.ok 2 ) 
where A = ( ln ( P 0P0c o s e c 2 0O) -  lnfA^)) (6 .1 3 )
° k
and y  -  2 ( 1- p 2 ) ,  and 0 3 , 9 , e t c .  a re  th e  u su a l param eters o f  th e
b iv a r ia t e  normal d is t r ib u t io n  in  k and A th a t  have been u sed  in  
e a r l i e r  C h apters. Thus we o b ta in :
Now, th e  a n g le  0  does n o t change in  tim e , so  we can in te g r a t e  over  
0  w ith  p u re ly  g eo m etr ica l c o n s tr a in t s .  N o tic in g  th a t  f o r  n e g a t iv e  
v a lu e s  o f  0 , th e  fu n c tio n  i s  sym m etrical through th e  0 a x i s ,  we can  
s p l i t  th e  range o f  in te g r a t io n  in to  two r e g io n s . For th e  moment we
s h a l l  n e g le c t  th e  in te r p u ls e  r e g io n  o f  F igu re 6 . 4 .  We g e t :
where th e  1 upperf r eg io n  has d i f f e r e n t  l im i t s  so  th a t  th e  in te r p u ls e  
zone i s  in c lu d ed . So now our fu n c tio n a l dependence ta k e s  two form s:
nobs (Pq » Pq * ®o * ) —
|f(P0 )Po *0” 2s in 20oc o te oe
P 3 ^ 3 2/4 e-AV2+pAQk3.n|toH(t). (6 .1 4 )
A T? . J i  Ottst. 2 \ J l  1 /a  \ /s-2 \ fP-Q4 *min^( 27T°k2 ) ✓(1- s i n 2 ( e ) / c 2 )
(6 .1 5 )
nobs( P o .P o . e o ; t o  ) -
c 0 f ( P 0 )e /i3+y° 3 / 4Pq Po^22sin^o c o s0os in 20oe “A ^2+pA°l f l ( t ) (6 .1 7 )
P0=Q4 Fminy(2rrok2 ) .✓( 1 - s in 2 ( e ) / € 2 )
when th e  in e q u a lity  cos(/S0 )  ^ €  i s  s a t i s f i e d ,  and when i t  i s
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r e v e r s e d ,  th e  © -dependent te rm s o n ly  a r e  d i f f e r e n t ,  g iv in g  
s i n 2e0c o te 0 (c o s (e 0 )cos(/30 ) + s in (e 0 ) s in ( £ 0 ))e x p (-A 2/2+pAo3 ) (6 .1 8 )
Now th e  lim its fo r  in te g r a t io n  o v e r  0 a r e  a lso  d e p e n d e n t  on  w h ich  is  
b e in g  c o n s id e re d . © = s in - 1(c) is  an  u p p e r  lim it, b u t  a s  th is  m ay be  in
s in " 1 (€T) is  an  u p p e r  lim it, th e  in te g r a n d  is  u n d e f in e d  a t  th is  lim it. 
T h e re fo re  a  c h a n g e  of v a r ia b le s  is  r e q u i r e d .  I t  is  c o n v e n ie n t  to  c h o o se  
x a s  th e  new  v a r ia b le , w h e re  sin(©) = £ co s(x ). T h u s  we g e t ,  f in a lly , f o r  
th e  d is t r ib u t io n  in  p e rio d  an d  p e r io d  d e r iv a t iv e  f o r  th e  a lig n m e n t 
m odel th e  fo llow ing e x p re s s io n s , w ith  th e  c o r r e s p o n d in g  re g io n s  o f 
v a lid ity .
✓( 1-  s i n 2 (e 0 ) / e 2 )
e i th e r  re g io n , d e p e n d in g  on  P an d  P, c a re  m u st b e  ta k e n . W hen
no b s (p0 > po; to )  = c 0 f ( P
u3 + y o 3 / *  p<*
4Fmin v'(2rr)ok
w here th e  f a c to r  I  (P0 iPo»€ »^o) hakes th e  fo llo w in g  form : 
When e  cos()S0 ) ;
1 = 2 sin ()30 ) c 3 • Jq //2c o s 2x exp(-A 2/2  + pAo3 ) dx (6 . 20 )
When €  > c o s (£ 0 ) ;
1 = 2 sin (/30 ) e 3 . J ^ 2c o s 2x exp(-A 2/2  + pAa3 ) dx
+ c o s  x V( 1 -€ 2cos2x ) ,ex p (-A 2/2  + pAo3 )dx
+ sin()S0 ) e 3 - J® cos2x exp(-A 2/2  + pAo3) dx 
w here a  = c o s -1 (co s£ 0/ e )  and A = ln f P o P o s e ^ x /e 2^ ) ( 6 . 2 2 )
°k
These a r e  th e  e x p re s s io n s  t h a t  w i l l  g iv e  u s  th e  P ,P  d i s t r i b u t i o n
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predicted by the alignment model.
6.3 FITTIN G  THE ALIGNMENT MODEL.
6.3.1 T he  c h i - s q u a r e d  t e s t .
S in c e  th e  a b o v e  e x p re s s io n s  in v o lv e  a  t r ip le  i n te g r a t io n  to  o b ta in  th e  
n u m b e rs  o f p u l s a r s  in  b o x es , th e  c o m b in a tio n s  o f p a ra m e te r s  t h a t  
c r e a te d  a  p ro b le m  e a r l ie r  in  C h a p te r s  3 a n d  4 a r e  le s s  e a s y  to  id e n t i f y  
now . S in c e  b r a k in g  in d e x  h a s  n o t b e e n  in c lu d e d , fo r  s im p lic ity , th is  
w ill le a d  to  a  le s s e n in g  o f th e  ’in te r d e p e n d e n c e 1 o f th e  p a ra m e te r s  t h a t  
w as e n c o u n te re d  e a r l ie r .  W hen m in im ising  x 2 o v e r  t h e  p a ra m e te r  s p a c e , 
c a re  m u s t b e  ta k e n  to  c h e c k  th a t  th e  r e d u n d a n c y  p ro b le m  w ill a r i s e  
a n d  n o t be  r e c o g n is e d . T h e re  a r e  th e  fo llow ing  m odel p a ra m e te r s :
* a  a n d  /3 from  th e  lu m in o s ity  law;
* /i2 a n d  o 2, th e  m ean a n d  v a r ia n c e  o f th e  m ag n e tic  to r q u e
* JU3 a n d  o 3 , th e  m ean a n d  v a r ia n c e  o f th e  A p a ra m e te r
* p  a n d  T, th e  c o rr e la t io n  p from  th e  b iv a r ia te  s o u rc e  te rm  in  k  a n d  
A, a n d  T th e  a lig n m e n t tim esca le .
T h e  sam e tw o co m b in a tio n s  c a n  be  s e e n  a g a in :
/i3 + a 32 a n d  po32 b o th  a p p e a r  a s  b e fo re .
We v a r y  o v e r  5 p a ra m e te r s  to  b e g in  w ith , /l^, o 2 , a , /B a n d  T, w ith
fix ed  jB0 = 0.175 a n d  p = 0. T h is  m eans we h a v e  a  f ix e d  c o n e  a n g le  ( £0
= 10* ) a n d  ig n o re  a n y  c o rr e la t io n  b e tw e e n  th e  p a ra m e te r s  A a n d  k , a s  
w as d o n e  fo r  th e  fu ll  v e r s io n  o f th e  f ie ld  d e c a y  m odel.
T h is  g iv e s  V -  20 d e g r e s s  o f fre e d o m , so  th e  5% t a r g e t s  fo r
c h i—s q u a r e d  a r e  10.85 a n d  31.41. T he b e s t  f i t  fo u n d  is  :
X2 = 28.29, p(X2 |V) = 10.3%, a t  th e  p o in t
U2 = -32 .7
o 2 = 1.33
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a = 0.74
P ~ -0 .37
t  = 7 .7 x l0 13 s e c s  = 2.44 xlO® y e a rs .
T h is  is  a  s ig n if ic a n t  f i t  a t  th e  5% lev e l. No b e t t e r  v a lu e s  o f X2 c o u ld  
b e  fo u n d  e v e n  b y  v a ry in g  a ll 7 p o s s ib le  p a r a m e te r s ,  s u g g e s t in g
s tr o n g ly  th a t  r e d u n d a n c y  w ith in  th e  p a ra m e te r  s e t  a g a in  lim its  th e  
f i t t in g  p ro c e d u re .  T he m ost u n e x p e c te d  f e a tu r e  is  th e  n e g a t iv e  v a lu e  
o f /3, th e  pow er o f th e  p e r io d  d e r iv a t iv e  in  th e  lu m in o s ity  law . T h is  
w ill be  o f some im p o rta n c e  w h en  we d i s c u s s  th e  p u ls e w id th  
d i s t r ib u t io n  a s s o c ia te d  w ith  th e  a lig n m e n t m odel, a n d  th is  f i t  in  
p a r t ic u la r .
T h u s  th e  a lig n m e n t m odel d o e s  g iv e  a n  a c c e p ta b le  f i t  to  th e  p e r io d  
a n d  p e r io d  d e r iv a t iv e  d i s t r ib u t io n ,  a t  th e  a s s ig n e d  le v e l o f 
s ig n if ic a n c e . The f ie ld  d e c a y  m odel g iv e s  a  f i t  w h ich  h a s  a n  a lm o st 
id e n tic a l  c h i - s q u a re d  s ta t i s t ic .  T h is , b ro a d ly  s p e a k in g , m ean s th e  tw o 
a re  in d is t in g u is h a b le  p u r e ly  on  th e  b a s is  o f th e  p e r io d  a n d  p e r io d
d e r iv a t iv e  d is t r ib u t io n s  t h a t  th e y  p r e d ic t  to  b e  o b s e rv e d .
6.3.2 T he b i r t h r a t e  in  th e  a lig n m e n t m odel.
A gain  we a d o p t th e  C rab  v a lu e  o f A to  e s ta b l is h  th e  v a lu e  o f c Q. T h is  
g iv e s  a  b i r t h r a t e  o f c 0 = 4.5 p s r s /1 0 0  y e a r s  in  th e  g a la x y , w h ich  is  
co m p arab le  w ith  o th e r  e s tim a te s  o f th e  p u ls a r  b i r t h r a t e .  T h is  o f c o u rs e  
is  o n ly  a n  i l lu s t r a t iv e  exam ple, a s  we h a v e  p o in te d  o u t  th e  d i f f ic u l ty  
in  in f e r r in g  th e  t r u e  b i r t h r a t e  fo r  th e s e  m odels.
6.3.3 T he im pact o f t im e -d e p e n d e n c e  in  th e  a lig n m e n t m odel.
T he d e a th lin e  fo r  a lig n m e n t is  id e n tic a l  in  fo rm  to  th e  f ie ld  d e c a y  
d e a th lin e  (5.28c). We a g a in  f in d  th e  p a ra m e te r  t  (now  th e  a lig n m e n t 
r a t h e r  th a n  fie ld  d e c a y  tim esca le ) d o m in a te s , th e r e  is  a  te rm in a l p e r io d  
fo r  ea ch  p u ls a r ,  a n d  a  s te a d y  s ta te  is  re a c h e d  fo r  g a la c tic  a g e s  t 0
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g r e a t e r  t h a n  a  few  tim es t . L e t t in g  tg  ■+ «  c r e a te s  th e  s te a d y  s t a t e ,  a s  
b e fo re .
6.4 ALIGNMENT VERSU S FIELD DECAY
T h e re  a r e  o f c o u rs e  o th e r  s t r a te g i e s  th a t  c a n  b e  u t i l is e d  to  t r y  a n d  
d e c id e  if  o n e  m odel is  a  b e t t e r  f i t  t h a n  th e  o th e r .  One p o s s ib i l i ty  is  to  
in c lu d e  th e  lu m in o s ity  in  th e  w ay  s u g g e s te d  b y  E m m ering  a n d  
C h e v a lie r (1989), t h a t  is , dem and  a  P r o s z y n s k i /P r z y b c ie n  ty p e  law  fo r  
lu m in o s ity  w ith  p a ra m e te r s  <x’ a n d  P’ w ith in  a  d e te rm in e d  to le r a n c e  o f 
th o s e  d e d u c e d  from  th e  r e g r e s s io n  on  th e  d a ta .
T he o th e r  a v e n u e , w h ich  is  o r ig in a l  b y  v i r t u e  o f n o t h a v in g  b e e n  
p r o p e r ly  u s e d  o r  a p p re c ia te d  b y  p re v io u s  a u th o r s ,  is  t h a t  o f th e  
p u ls e w id th  in fo rm a tio n , w h ich  is  e n t i r e ly  s e p a r a te  from  th e  p e r io d  a n d  
p e r io d  d e r iv a t iv e  in fo rm a tio n . We h av e  sh o w n  below  how  th e
n o n -e v o lv in g  p u lse w id th  d i s t r ib u t io n  cou ld  b e  d e r iv e d , th is  b e in g  
r e le v a n t  to  m odels w h e re  th e  a lig n m e n t a n g le  d o e s  n o t f e a tu r e  in  th e  
s p in -d o w n  law  fo r  P. A sim ila r a p p ro a c h  w ill g iv e  th e  d i s t r ib u t io n  o f 
p u ls e w id th s  in  th e  a lig n m e n t m odel, o n ly  we e x p e c t to  h a v e  m ore
co m p lic a ted  a lg e b r a  to  d e a l w ith . T h is  c a n  be  s im p lified  so m ew h at b y  
th e  a s su m p tio n  o f a) t 0 -» «  (allow  th e  s te a d y  s ta te )
b) Q -» 0 (v a n is h in g ly  sm all in it ia l  p e r io d s )
c) p = 0 ( ig n o re  a ll v a r ia t io n  in  A)
d) Ig n o re  f(P ) f a c to r  (S e t e q u a l to  1)
T h u s  we c a n  p ro c e e d  to  d e r iv e  th e  p u lse w id th  d i s t r ib u t io n  r e l e v a n t  to  
th e  a lig n m e n t m odel.
6 .5  ALIGNMENT AND PULSEWIDTHS.
A  p u lse  o f ra d ia tio n  is  o b s e rv e d  o n ce  p e r  re v o lu tio n  o f th e  s t a r  w h en  
a  beam  of u n k n o w n  s h a p e  a n d  d im e n sio n s  sw e e p s  a c ro s s  th e  E a r th . 
T h e  se c tio n  th ro u g h  th e  beam  th a t  is  o b s e rv e d  allow s th e  s tu d y  o f
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p u ls e  s h a p e s  a n d  th e i r  d e p e n d e n c e  on  o th e r  p u l s a r  p a ra m e te r s  a n d  
o b s e r v in g  f r e q u e n c y .  T he m ost d i r e c t  o b s e rv a b le  is  th e  p u ls e w id th , 
d e f in e d  u s u a lly  a t  e i th e r  10% o r  50% o f th e  p e a k  in te n s i ty .  T he d u ty  
c y c le  is  d e f in e d  a s  th e  w id th  o f th e  p u ls e  (in  s e c o n d s )  to  th e  to ta l  
p e r io d , a n d  ty p ic a lly  is  a  few  p e r  c e n t.  In  som e p u l s a r s  i t  is  p o s s ib le  
to  id e n t ify  a n  i n te r p u ls e ,  ly in g  b e tw e e n  th e  m ain p u lse s . M ost a u th o r s  
c o n s id e r  th is  to  b e  d u e  to  r a d ia t io n  from  th e  o p p o s ite  po le  o f th e  s t a r  
b u t  some m odels h a v e  b o th  p u ls e s  o r ig in a t in g  a t  th e  sam e p o le . S ee , 
f o r  exam ple, L y n e  a n d  M a n c h e s te r (1988) a n d  r e f e r e n c e s  th e r e in .
I t  is  im p o r ta n t  to  s tu d y  th e  d i s t r ib u t io n  o f p u ls e w id th s ,  a n d  to  
c o m p a re  i t  w ith  th e  p r e d ic t io n s  o f m odels. T h is  g iv e s  a n  in d e p e n d e n t  
a n d  u s e fu l  c h e c k  on  th e  v a lid i ty  o f th e  th e o r y .  T he  s ta b i l i ty  o f th e  
lo n g - te rm  p u lse  p ro f i le  o f a  p u ls a r  a n d  th e  w ide  v a r i e ty  o f p h e n o m e n a  
a s s o c ia te d  w ith  them  m ake th e  s tu d y  o f p u ls e w id th s  n o t o n ly  o f 
i n t e r e s t  b u t  im p o r ta n t  a s  a  f u r t h e r  m eans o f s h e d d in g  l ig h t  on  th e  
p u l s a r  p h en o m en o n . C o n s id e ra tio n  o f th e  a v a ila b le  d a ta  on  p u ls e w id th s  
a n d  th e i r  d i s t r ib u t io n  a n d  c o r r e la t io n s  w ith  o th e r  im p o r ta n t  p a ra m e te r s  
is  a  p o te n t ia l  m eans o f d ia g n o s in g  a n y  g e n e ra l  t r e n d s  fo r  p u l s a r s  to  
a lig n  o r  c o u n te ra l ig n  a s  th e y  e v o lv e , in  th e  s e n s e  d e f in e d  in  C h a p te r  
2. I f  we a d o p t  th e  sim ple  m odel o f a  c i r c u la r  beam , a s  in  th e  w o rk  o f 
R a d h a k r is h n a n  a n d  C ooke(1969), H e n ry  a n d  P a ik (1969 ), a n d  C an d y  a n d  
B la ir (1983), (1986), i t  w ill be  sh o w n  th a t  fo r  a  co n e  a n g le  o f 2P0  
p u ls e w id th s  from  0 to  2tt a r e  p o s s ib le  fo r  c e r ta in  r e la t iv e  o r ie n ta t io n s  
o f o b s e r v e r  a n d  s t a r .  T he g e o m e tric a l a r r a n g e m e n t  is  sh o w n  in  F ig u re s  
6 . 1a  a n d  6. 1b , w ith  th e  sp e c ia l  c a s e s  o f (a) o b s e r v e r  a lw a y s  in  th e  
beam  (F ig .6 .2) a n d  (b) in te r p u ls e s ,  o r  two p u ls e s  p e r  ro ta t io n  (F ig .6.3) 
a lso  show n . I t  w ill b e  c le a r  th a t  in  a n  a lig n m e n t m odel, o ld e r  p u l s a r s  
o u g h t  to  h a v e  l a r g e r  p u lse w id th s , in  g e n e ra l ,  w h e re  in
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c o u n te r -a l ig n m e n t  th e  p u ls e w id th s  c o u ld  b e  a t  m ost 2/3^ fo r  th e  o ld e s t  
p u l s a r s ,  w h ich  o u g h t  to  show  in te r p u ls e s  m ore f r e q u e n t ly .  U n d e r  
e i th e r  s c e n a r io , th e  beam ing  f a c to r  w ill becom e d e p e n d e n t  o n  p u l s a r  
a g e . H ow ever, e x is t in g  t r e a tm e n ts  h a v e  n o t, we c o n te n d , a d d r e s s e d  o r  
c o r r e c t ly  ta c k le d  th e  a n a ly s is  o f th e  p u ls e w id th  d i s t r ib u t io n  a n d  th e  
b eam in g  f a c to r  w ith  th e  e x c e p tio n s  o f C a n d y  a n d  B la ir (1983 a n d  1986) 
a n d  L y n e  a n d  M a n c h e s te r  (1988). In  f a c t  i t  is  w ro n g ly  c la im ed  b y  
P ro sz y n sk i(1 9 7 9 )  th a t  i t  is  n o t p o s s ib le  to  d e r iv e  a n a ly t ic a l ly  a n  
e x p re s s io n  fo r  th e  p u lse w id th  d i s t r ib u t io n  b u t  i t  is  sh o w n  below  how  
th is  c a n  be  don e .
M ore com plica ted  ph en o m en a  c a n  c lo u d  th e  p ic tu r e  som ew hat. T h e  beam  
s h a p e s  m ay n o t be  e x a c tly  c i r c u la r ,  th e y  m ay c h a n g e  in  s h a p e  a s  th e  
p u ls a r  e v o lv e s  a n d  th e r e  m ay w ell be  v a r ia t io n  in  i n te n s i t y  a c r o s s  th e  
beam . All o f th e s e  e f fe c ts  g iv e  c o n tr ib u t io n s  to  th e  b eam in g  f a c to r  a n d  
c a n  be  m odelled . H ow ever, we ch o o se  to  c o n c e n t r a te  o n  th e  s te a d y ,  
c i r c u la r  beam  g e o m e try  so  th a t  d e f in i te  c o n c lu s io n s  c a n  b e  id e n t if ie d .  
T he w ork  o f L yne  a n d  M a n c h e s te r (1988) h a s  show n  th a t  th e s e  e f f e c ts  
c a n  be  t r e a te d ,  b u t  th e y  c o n c lu d e  th a t  th e  e lo n g a tio n  o f p u l s a r  b eam s 
is  n o t a s  im p o r ta n t  a s  s u g g e s te d  b y  N a ra y an  a n d  V iv ek an an d (1 9 8 3 ) 
a n d  lu m in o sity  v a r ia tio n  is  n o t too  im p o r ta n t  fo r  ty p ic a l  p u ls a r s .
T he fo llow ing  d iag ra m s (F ig s .6.4 a n d  F ig .6.5) show  th e  id e a l is e d  
p ic tu r e  of th e  p u ls a r  g e o m e try , th e  a r e a s  o f th e  ©, 0  p la n e  t h a t  
c o r r e s p o n d  to  0,1 a n d  2 p u ls e s  a n d  th e  sam e in fo rm a tio n  b u t  in  th e  
m ore c o n v e n ie n t ro ta te d  fram e , a s  d e f in e d  below .
6 . 6  NON-EVOLVING PULSEWIDTH DISTRIBUTION.
6.6.1 P ream ble.
T he s im p les t m eans of show ing  th e  im p o rta n c e  o f o r ie n ta t io n  e f f e c ts  is  
to  d ea l f i r s t ly  w ith  a  n o n -e v o lu t io n a ry  m odel a n d  d e d u c e  th e
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p u ls e w id th  d i s t r ib u t io n  c o r r e s p o n d in g  to  a  ran d o m  o r ie n ta t io n  o f 
p u l s a r s  in  sp a c e . T h is  r e v e a ls  how th e  o b s e rv e d  p u ls e w id th  c a n  be  
s e e n  a s  le s s  th a n , e q u a l to  o r  g r e a t e r  th a n  th e  in t r in s ic  w id th  o f th e  
em iss io n  co n e , a lso  how  in te r p u ls e s  a r i s e  a n d  t h a t  m any  p u l s a r s  a r e  
s im p ly  n o t s e e n  a t  a ll. A s in g le  v a lu e  o f Pq is  a d o p te d , th e  co n e  
h a lf - a n g le  (se e  F ig s . 6 .1a a n d  6 .1b ). F o r s im p lic ity , we a s su m e  th a t  
w h e n  p u ls a r s  a r e  b o rn , th e  d ire c tio n  o f th e  m a g n e tic  f ie ld  to  ro ta t io n  
a x is  is  ran d o m ly  a n d  u n ifo rm ly  d i s t r ib u te d .  L e t 8 a n d  <t> b e  th e  
a lig n m e n t an d  o r ie n ta t io n  a n g le s  r e s p e c t iv e ly ,  w ith  p ro b a b i l i ty  d e n s i ty  
fu n c t io n  f(e,<t>)ded0 . F o r a  u n ifo rm  d is t r ib u t io n
f(e,<|>) r  sin(e).sin(<t>). .. (6.23)
T he  p u lse w id th  w is  g iv e n  b y
w = 2co s“ l  ((co s  Pq  -  c o s0c o s0 ) / s i n 8sin<|)) ..(6 .24)
As show n  b y  P ro sz y n sk i(1 9 7 9 )  th e  r e c ta n g u la r  box in  F ig u re  6.4 
c o v e r s  th e  re g io n  w h e re  o n e  p u ls e  will be  o b s e rv e d ,  th e  sm all t r ia n g le  
c o r r e s p o n d s  to  2 p u ls e s  p e r  ro ta t io n  a n d  th e  r e s t  o f th e  p la n e  to  th e  
c a s e  o f th e  p u ls a r  b e in g  u n o b s e rv e d . I t  is  n o te d  th a t  th e  low er sm all 
t r i a n g le  c o v e rs  th e  c a s e s  w h e re  th e  o b s e rv e r  is  a lw a y s  in  th e  beam , 
a n d  s e e s  o n ly  m o d u la ted  (M) em issio n , h e n c e  no p u ls e w id th  c a n  b e  
d e f in e d : we a ssu m e  th e  o b je c t  is  n o t id e n tif ia b le  a s  a  p u l s a r  u n d e r  
th e s e  c o n d it io n s , o r  c a n n o t  b e  d e te c te d .  The p ro b a b i l i t ie s  o f s e e in g  0,1 
o r  2 p u ls e s  a n d  m od u la tio n  (M) a r e  :
P r ( l )  = / / ] 3OXi f ( 0,<l>)ded<D o v e r  box "1" o f F ig u re  6.4
P r(2 )  = J7 box2f(e,<t>)d0d<t> o v e r  th e  t r ia n g le  "2 "
Pr(M ) = J\fbox3f ( 0,<t>)d0d<t> o v e r  th e  t r ia n g le  "M" ...(6 .25)
P r(0 )  = 1.0 -  P r ( l )  -  P r(2 )  -  Pr(M )
T h e se  t u r n  o u t  to  b e , fo r  th e  n o n -e v o lu t io n a ry  m odel, fo r  p r o b a b i l i ty  
d e n s i ty  fu n c t io n  g iv e n  b y  (6.23)
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P r ( l ) =  (tt/2  -  £0 ) .s in (£ 0 )
P r(2 )=  0.5 £0 s in (£ 0 )
Pr(M )= 1 -  cos(j30 ) -0.5jBo sin(/3o ) ...(6 .26 )
P r(0 )=  c o s(£ 0 ) -  (TT/2-/30 )Bin(/30 )
T h u s  th e  e f fe c tiv e  beam ing  f r a c t io n  in  t h i s  c a s e  i s  P r ( l ) + P r ( 2 ) .  F o r  a  
co n e  a n g le  o f jB0 r  10* i t  is  fo u n d  th a t
T0 = P r ( l )+ P r(2 )  = 0.5(Tr-/3o )sin(/3o ) * 0.25 = 1 /4  ...(6 .27 )
T he d e r iv a tio n  o f th e o re t ic a l  p u ls e w id th  d i s t r ib u t io n s  h a s  n o t  b e e n  
c a r r ie d  o u t  in  th is  w ay fo r  e v o lu t io n a ry  m odels in  th e  l i t e r a tu r e ,  to  
th e  a u th o r ’s  k n o w led g e . P ro sz y n sk i(1 9 7 9 )  c la im ed  t h a t  s u c h  a  
d i s t r ib u t io n  co u ld  n o t b e  d e r iv e d . T h is  is  n o t so , a n d  a  s ta t io n a r y  
a n a ly s is  w as d o n e  b y  H e n ry  a n d  P a ik (1 9 6 9 ), C a n d y  a n d  B la ir (1986), b u t  
n o t e x p la in e d , a n d  a lso  below  in  S e c tio n  6.6 . T he H e n ry  a n d  P aik (1969 ) 
v e r s io n  ig n o re s  th e  s p h e r ic a l  g e o m e try  o f th e  p ro b lem .
T h is  a p p ro a c h  p ro v id e s  th e  b a s is  o f th e  c o r r e c t  w ay  to  ta c k le  th e  
i n te r p r e ta t io n  o f th e  p u ls e w id th  v s  a g e  d ia g ra m  u s e d  b y  C a n d y  a n d  
B la ir (1983,1986) a n d  to  fu lly  u t i l is e  th e  in fo rm a tio n  o b ta in a b le  from  
p u lse w id th  o b s e rv a t io n s .  We a r e  p r im a r i ly  i n te r e s t e d  p u r e ly  in  th e  
p u lse w id th  d a ta , n o t in  th e  d iv e r s i ty  o f o th e r  p h o e n o m e n a  s u c h  a s  
s u b p u ls e s ,  d r i f t in g ,  n u llin g  e tc , a s  d is c u s s e d  in  R ank in (1990 ). To sh o w  
o u r  m ethod , th e  s im p les t c o u rs e  is  to  d e v e lo p  th e  d i s t r ib u t io n  o f 
p u ls e w id th s  fo r  a  n o n -e v o lv in g  p o p u la tio n  o f p u l s a r s  a n d  s u b s e q u e n t ly  
p ro c e e d  to  a p p ly  th e  id e a s  to  th e  m ore in te r e s t in g  a lig n m e n t m odel, 
w h e re  th e  a p p ro a c h  is  m ost r e le v a n t .
6.6.2 T he n o n -e v o lv in g  p u ls e w id th  d is t r ib u t io n .
We sh a ll  d e r iv e  th e  p u ls e w id th  d i s t r ib u t io n  a s  fo llow s. We u s e  a  
ro ta te d  fram e to  m ake u s e  o f th e  sy m m e try  o f th e  p ro b le m , w ith  new  
a n g u la r  v a r ia b le s  x a n d  y r e p la c in g  e a n d  <t>. We th e n  u s e  (6.2) to  f in d
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th e  jo in t  d i s t r ib u t io n  o f x a n d  C, w h e re  C = c o s (w /2 ) . I n te g r a t io n  o u t  
o v e r  x p ro d u c e s  th e  m a rg in a l d is t r ib u t io n  o f p u ls e w id th  C a lo n e . O u r 
s t a r t i n g  p o in t  is  th e  sam e a s  ab o v e : th e  d iag ra m  in  F ig u re  6.4 sh o w s 
th e  r e g io n s  in  8 ,<t> sp a c e  th a t  o b s e rv e d  p u l s a r s  o c c u p y . I t  is  m ore  
c o n v e n ie n t  to  c o n s id e r  th e  p ro b lem  in  r o ta te d  c o o rd in a te s  a s  fo llow s:
Define x = (e-<t>)./2
and y = (e+<t>).V2 . . ( 6 .2 8 )
so  t h a t  th e  r e g io n  o f d iag ra m  in  F ig .6.4 t r a n s fo r m s  to  t h a t  o f th e  
d iag ra m  in  F ig .6 .5 , w h ich  is  sy m m etrica l a b o u t  th e  y -a x is .
So x and y have a probability density function given by
f*(x,y) = f(e,<t>). 3 ( 6 , 0 )
3<x,y)
= f (  (x+y) , (y-x) ) (6.29)
✓2 /2
x < P0 /V 2  and x > P0 / S 2
and y > Pq/V2 and y < (tM30 )//2 ...(6.30)
Define C = cos (w/2) (6.31a)
where w  is the pulsewidth. By the definition of w  (equation 6.2 )
\
we get
C = c o s ( q^ ) - cos(x* + y*Jcosfy'-x*) (6.31b)
sin(x,+y*) sin(y,-x’)
where x ’ and y’ indicate x//2 and y/V2 respectively.
Now we can obtain the distribution in x and C from:
f (x,C) = f(x,y). 3y
1c
(6.31c)
(6.31a) can be rearranged to give
cos2(y*) (1-C) = cos(jS0 ) -C +sin2(x,)(l+C) (6.32)
so y = J2 cos 1v'T cosPQ-C + sin2x(l+C) "J (6.33)
I 1-C J
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N ote t h e  sym m etry be tw een  p o s i t i v e  and  n e g a t iv e  x . T r e a t in g  C a s  
a  c o n s ta n t  i n  t h i s  e q u a t io n  a llo w s  one to  p l o t  c o n to u rs  o f  c o n s ta n t  
p u ls e w id th  i n  th e  x ,y  p la n e ,  a s  i n  F ig  6 .5 .  We now n eed  t o  f i n d  th e  
i n t e r c e p t s  o f  th e s e  c o n to u r s  w ith  th e  l i n e  y  = (tt-/2q ) /V2, t o  g iv e  t h e  
l i m i t s  f o r  t h e  i n t e g r a t i o n  o v e r  x .  From th e  above e q u a tio n ,
cos2 (tH30 ) = s i n 2 (x/V 2) + c o s (£ 0 ) -C co s2 ( x / /2 )  (6 .3 4 )__ __
S o lv in g  f o r  x  t h e r e f o r e ,  we g e t  a f t e r  r e a r r a n g in g ;
c o s 2 (x /^ 2 )  = cos2 (£o/ 2 )  +cos(jB0 ) +C s i n 2 (£0 /2 )  (6 .3 5 )
_____
s o  x  = /2  c o s  V r  cos2 (£0 / 2 )  + c o s (/30 ) + C sin2 (£0/2 )  1 (6 .3 6 )
L 1 + C j
and  t h i s  h o ld s  f o r  a l l  C s a t i s f y i n g  th e  c o n d i t io n
C > 3cos2 (£0 / 2 )  - 2  = 3 - 2  s e c 2 (£ 0 / 2 )  = Cc r ^^ s a y .  ( 6 .3 7 )
c o s 2 (£0 / 2 )
T h u s  f o r  in te g r a t io n  o v e r  x, w h e n  C < CGr i t  th e  w hole r a n g e  in  x is  
a llo w ed , b u t  w h e n  C > Cc r ^  th e n  in te g r a t e  from  -P q/VZ  to  x_ w h e re  x_ 
is  g iv e n  b y  e q u a tio n  (6.36). By sy m m e try , th is  c a n  be  d o u b le d  to  g iv e  
th e  c o n tr ib u t io n  from  th e  u p p e r  ,b r a n c h , o f th e  c u rv e .  From  F ig u re
6.5 i t  c a n  be  s e e n  th a t  c u r v e  C3 h a s  C > Cc r ^  so  th e  in te g r a t io n  o v e r  
x is  o n ly  n e e d e d  from  -P q / - / 2  to  x_ a n d  from  x + to  Pq/V2 , th e s e  tw o 
g iv in g  id e n t ic a l  c o n tr ib u t io n s  b y  sy m m e try . We now n e e d  to  f in d  th e  
in te g r a l  o v e r  x a n d  C fo r  th e  boxed  re g io n  o f F ig u re  6.5. T h is  w ill 
g iv e  th e  p r o b a b i l i ty  o f o n e  p u ls e  b e in g  s e e n , P r ( l ) ,  s in c e  th e  o r ig in a l  
d i s t r ib u t io n  in  0 a n d  <J> w as n o rm a lise d  to  g iv e  u n i ty  a f t e r  in te g r a t io n
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o v e r  a ll © a n d  <|>. We now f in d  P r ( l ) ;
P r ( l )  = s m ^ ’H rM s m ty '-x *  )dydx ( 6 . 3 8 )
P r ( l )  = (tt /2 - P 0 ) s in ( ^ o )  ( 6 . 3 9 )  a f t e r  t h e  a lg e b r a .
Now we can  c a r r y  o u t  th e  t r a n s fo r m a t io n  o f  v a r i a b l e s  from  x ,y
to  x ,C . We now c a l c u l a t e  th e  J a c o b ia n  J  w hich  i s  3C /3y .
From e q u a tio n  (6 .9 a )  we c a l c u l a t e
3C = s in ( ^ 2 y ) . (cos(V2x ) - cos(£q) ) (6 .4 0 )
3y V2 s i n 2 ( (x + y ) / /2 )  . s i n 2 ( ( y - x ) / / 2 )
so  from  (6 .1 8 )  and  (6 .9 b )  th e  d i s t r i b u t i o n  in  C a n d  x  w i l l  b e :
F (C ,x ) = s i n ^ x ’+y*) s i n ^ y ’- x * ) . / 2  (6 .4 1 )
|s i n ( ^ 2 y ) ( c o s ( /2 x - c o s (PQ ) ) |
and  th e  p u lse w id th  d i s t r i b u t i o n  w i l l  b e  F (C) w here  
tF (C) = 2 1  F (C ,x ) dx when C * Cc r i t  (6 .4 2 )
J - 0O/ ' 2
and  = 2j F (C ,x ) dx when C > Cc r ^  (6 .4 3 )
w h e re  x_ is  d e f in e d  in  e q u a tio n  6.36.
I t  c a n  be  show n  th a t  th e  c o n to u rs  o f c o n s ta n t  C a r e  in  f a c t  c o n ic  
s e c t io n s , w ith  e c c e n t r ic i t ie s  d e p e n d in g  on  th e  p u ls e w id th *  C. T he o n ly  
p a ra m e te r  o f th e  r e s u l t in g  p u lse w id th  d i s t r ib u t io n  is  in  f a c t  th e  co n e  
h a lf -a n g le  P0 . F o r Pq  e q u a l 10° we show  c o n to u r s  o f c o n s ta n t  C in  
F ig u re  6.5, th e  d is t r ib u t io n  o f w = 2 c o s_1(C) in  F ig u re  6.7 a n d  th e  
o b s e rv e d  d is t r ib u t io n  o f p u lse w id th s  in  F ig u re  1.4.
T h is  a p p ro a c h  m u st be  a d a p te d  to  be  in c lu d e d  in  a ll modelB w h e re  
th e  p u ls a r  g e o m e try  c h a n g e s  in  tim e, t h u s  g iv in g  a  p e r io d - d e p e n d e n t  
b eam ing  fa c to r .
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6 .7  THE PULSEW IDTH D ISTRIBU TIO N IN  THE ALIGNMENT MODEL
6.7.1 D e r iv in g  th e  p u ls e w id th  d is t r ib u t io n .
I t  is  o f im m edia te  i n t e r e s t  to  d e r iv e  th e  p u lse w id th  d i s t r ib u t io n  t h a t  
a r i s e s  in  th e  a lig n m e n t m odel. C le a rly  one  e x p e c ts  a  sm all n u m b e r  o f 
i n te r p u l s e s  in  th e  y o u n g e r  o b je c ts ,  a n d  th a t  o ld e r  p u l s a r s  w ill h a v e  
l a r g e r  p u ls e w id th s , p ro v id in g  se le c tio n  d u e  to  lu m in o s ity  d o e s  n o t  
r e n d e r  them  a ll in v is ib le  to  u s .  T he ex a c t d e ta i ls  c a n  b e  d e r iv e d ,  
u s in g  a  s im ila r a p p ro a c h  to  t h a t  in  S ec tio n  6.6, b u t  w ith  th e  o th e r  
p a ra m e te r s  s u c h  a s  p e r io d  in c lu d e d  a lso .
F o r  s im p lic ity , we s h a ll  a s su m e  a  s te a d y  s ta te  h e re ,  in  t h a t  th e  a g e  
o f  th e  g a la x y  sh a ll be  a s su m e d  to  be  in f in ite .  T h is  le a d s  to  som e 
s im p lif ic a tio n  in  th e  a n a ly s is ,  w h ich  is  q u ite  in v o lv e d .
We a ssu m e  a s  b e fo re  th a t  th e  p u l s a r s  a r e  b o rn  u n ifo rm ly  in  s in e  a n d  
s in  <t>. T he  p re v io u s  s o u rc e  fu n c t io n  is  a g a in  u s e d , b u t  we om it A a s  a  
v a r ia b le  f o r  c la r i ty ,  so  A is  r e g a r d e d  a s  a  u n iv e r s a l  c o n s ta n t .  So th e  
e n t i r e  e x p re s s io n  is  o th e rw is e  a s  in  S ec tio n  6.2, nam ely :
C(p,k,0,<t>) = c 0 K(k) S(P-Q ) sin(0)sin(<t>) H (l-s in 0 )H (sin 0 ) (6.44)
K(k) is  now  a  In -n o rm a l d i s t r ib u t io n  in  k . T he a n a ly s is  s t a r t s  
id e n t ic a l ly  a s  b e fo re : we d e r iv e  th e  in t r in s ic  d i s t r ib u t io n  in  a ll
q u a n t i t i e s  to  g e t  th e  e q u iv a le n t  o f e q u a tio n  6.7. F o r c o n v e n ie n c e  we 
r e ta in  k a s  a  v a r ia b le  in  p r e f e r e n c e  to  P. T h u s  we h av e :
N (P ,k , 0,<t>) = c 0P c o t( 0 )  sin(<J>) K (k ,A )H (l-s in (0 )H (0 )  (6 .4 5 )
AV( l - s i n 20 -X2 )
w here X2 = (P2-Q2 )/T k . Now a p p ly  th e  same lu m in o s ity  law  a s  b e f o r e ,
b u t  i n  th e  new form  o f  
L = A P « -^ k 2^ s in ( 0 ) 2^  (6 .4 6 )
So th e  o b se rv e d  d i s t r i b u t i o n  in  th e  same q u a n t i t i e s  i s :
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nobs^P,k ,0,(^  = 1cot(e)sin(e)2 s^in(<l>) K(k) (6.47)
16 Fmin 1-sin2(0) - \ * )
Now transform to the rotated frame as before, Fig.6.5, with new angular 
variables x and y, related by:
9 = x + y $ = y - x (6.48)
n  V2
an d  t r a n s fo rm  im m ed ia te ly  from  x ,y  t o  x ,C  i n  t h e  u s u a l  way, w here
C = cos(/30 ) -  c o s ^ ’+y* ^ o s ^ ^ x * ) (6 .4 9 )
s i n ( x , + y ’ ) s i n ( y , - x ’ )
a d o p tin g  th e  c o n v e n tio n  o f  x* r e p r e s e n t in g  x /V 2 . The r e s u l t i n g
d i s t r i b u t i o n  in  P ,k ,x  and C i s  :
n o b s ( P ,k , x , c ) = ✓2c0AP1+a~/2k/3“ 1K (k )c o t(  + ) s i n ? - ) s i n (  + ) 2^ +2 (6 .5 0 )
16Fm^nsinv '2y  (c o s  ( / 2 x ) - c o s £ 0 ) ✓ ( 1 - s i n 2 {+) ->  2 )
u s in g  th e  s h o r th a n d  n o ta t io n  (+) = x ’+y’ and  ( - )  = y ’- x ’ .
The i n t e g r a l  o v e r  P w i l l  be  done f i r s t :  be tw een  th e  l i m i t s  o f  Q
( th e  b i r t h  p e r io d )  and Pmax = ^(Q2+Tkcos2 ( x ’ + y*)) (6 .5 1 )
T h is  maximum i s  th e  th e  l a r g e s t  p e r io d  P a t t a i n a b l e  f o r  a  p u l s a r
w ith  g iv e n  v a lu e s  o f  k and  e ,  w ith  e re g a rd e d  a s  a  f u n c t io n  o f  x
and  C. In  a l l  th e s e  e x p re s s io n s ,  we c o n s id e r  y ’ t o  b e  th e  f u n c t io n
o f  x  said C g iv e n  in  e q u a tio n  6 .3 3 .
fPmax i -hx-R
D e fin e  J (Q ,P max) = ]_  P dP <6 *5 2 >
^  V( 1 - s in 2 ( + )->»2 )
fPmax i+ a-fl
= P 1** p  ✓(Tk) (6 .5 3 )
' Q ^ (T kcos2 ( + ) -P 2 )
A f te r  some a lg e b r a  t h i s  tu r n s  o u t  t o  b e :
JtQ .Pm ax) = /(T k )[Q 2+Tkcos2 ( + ) l +OH3 I 1 -  I x ( OC-/3+2 , 1 )) (6 .5 4 )
2 2 2
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w here x = Q2/(Q 2+Tkcos2 ( + ) ) and  I x ( , )  an  in c o m p le te  b e ta  f u n c t io n .  
Now, s in c e  Q o 0 , we can  ig n o re  t h i s  te rm , s in c e  I q = 0 . Thus we c a n  
w r i te  : ( e q u a t io n  ( 6 .5 5 ) :
nobg{k>x >c ) = c0/2Ak^”&(k)sin2^+f+)cot( + )sin3(-). (Tkf^2+0C ^osi+0C f+)
16Fmj ns i n ( V2y) [ c o s ( ^ 2 x -c o s (PQ) ] .2
Now we can  i n t e g r a t e  o v e r  k a n a l y t i c a l l y .  T h is  w ould n o t  h av e  b e e n  
p o s s ib le  w ith o u t m aking th e  a ssu m p tio n  o f  Q -» 0 . D e fin e  t h e  f a c t o r  M a s
M =
00
J * - 2k ex p - ln ( k ) - ln ( P k ) 2 .k 3 /2 * * *  dk (6 .5 6 )
J 0 L °k  J ^(2TT)Ok
in tr o d u c in g  e x p l i c i t l y  th e  dependence  o f  th e  ln -n o rm a l d i s t r i b u t i o n  
i n  k . By ch an g in g  v a r i a b le  t o  z = ln ( k ) ,  we can  r e a r r a n g e  and  a f t e r  some
a lg e b r a ,  i t  i s  found  t h a t :
= c o n s t a n t .  [ t c o s 2 ( + ) ] ^1+<X ^ ) / 2 e x p -(  z -  u  )2 d z  (6 .5 7 )
° k
so  t h i s  can  b e  in te g r a t e d  to  g iv e  u n i ty ,  and we a r e  l e f t  w ith :  
no b s (x ,C ) = C0 .c o t ( + ) s i n 2^ +2( + ) s in 3 ( - ) c o s 1+0C ^ (+ ) (6 .5 8 )
32Fm-;n  s i n ( )  [COS/2X) - c o s  ( j30 ) ]
w h e re  C0 is  a  c o n s ta n t  d e p e n d e n t  on c 0 ( th e  b i r t h r a t e )  a n d
p a ra m e te rs  p 2> °2» a  an<* ^  anc* T* T h u s  to  f in d  n 0^ 8 (C) we m u s t
in te g r a te  o v e r  x, w ith  lim its  d e p e n d e n t  on C. T h e se  lim its  w ill be  th e
sam e a s  in  th e  n o n -e v o lv in g  c a se  o f th e  p u lse w id th  d i s t r ib u t io n ,  b u t  
th e  form  of th e  d e n s ity  a b o v e  (6.56) is  s ig n if ic a n tly  d i f f e r e n t .  I f  th e  
com plete  ca se  in c lu d in g  tim e d e p e n d e n c e  h ad  b e e n  ta c k le d , we w ould  
fin d  in f a c t  two d i f f e r e n t  fo rm s fo r  th is  d e n s i ty ,  in  tw o s e p a r a te
re g io n s  of th e  x,C p lan e . T h is  le a d s  to  a  le s s  t r a c ta b le  so lu tio n  a n d
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o b s c u r e s  th e  m ain o b je c t iv e  o f th e  e x e rc is e . In  f a c t ,  th e  c a lc u la tio n  o f 
th e  lim its  is  th e n  w h e re  th e  tim e d e p e n d e n c e  a r i s e s  if  th e  fu ll
t r e a tm e n t  is  a tte m p te d . T he p lo t in  F ig u re  6.9 sh o w s th e  p u ls e w id th  
d i s t r ib u t io n  p r e d ic te d  b y  th is  m odel, fo r  th e  sam e p a ra m e te r s  fo u n d  in  
th e  c h i - s q u a r e d  f i t  in  S e c tio n  6.3. We c a n  se e  im m ed ia te ly  a  lo n g - ta i l  
o f  h ig h -p u ls e w id th  o b je c ts ,  th e s e  w ill b e  p u l s a r s  w h ich  a r e  n e a r ly  
a lig n e d  y e t  s ti l l  v is ib le . C om parison  w ith  th e  o b s e rv e d  h is to g ra m  in  
F ig u re  1.4 sh o w s a  n u m b er o f o b je c ts  w ith  la r g e  p u ls e w id th s ,  b u t  n o t 
th e  sam e p r o p o r t io n  th a t  is  p r e d ic te d  b y  th is  v e r s io n  o f th e  a lig n m e n t 
m odel.
6.7.2 I n te r p u ls e  p u ls a r s  in  th e  a lig n m e n t m odel.
A q u a n t i ta t iv e  c h e c k  is  to  look a t  th e  p r o p o r t io n  o f i n te r p u ls e  
p u l s a r s  t h a t  is  p r e d ic te d ,  g iv e n  th a t  th e r e  a r e  9 o u t  o f th e  p r e s e n t  
p o p u la t io n  o f 500 o r  so  w ith  in te r p u ls e s  [ B iggs(1990) ]. By d e v e lo p in g  
th e  a b o v e  th e o r y  to  g iv e  n o t th e  P ,P  d i s t r ib u t io n  b u t  th e  0,<fc o b s e rv e d  
d i s t r ib u t io n  we c a n  c a lc u la te  th e  p r o p o r t io n  o f in te r p u ls e s  e x p e c te d  
fo r  th e  m odel p a ra m e te rs  o f th e  c h i - s q u a r e d  f i t  in  S e c tio n  6.3. T h is  
t u r n s  o u t  to  be  v e r y  sm all fo r  th e s e  p a ra m e te r  v a lu e s :  th e  n u m b e r  o f 
i n te r p u ls e  p u l s a r s  from  a 5 0 0 -s tro n g  sam ple  is  o n ly  2 .8 x l0 “ 3, w h ich  
m eans o u r  p u ls a r s  a re  a lig n in g  a t  a  r a t e  w h ich  m akes i t  u n l ik e ly  fo r  
m any  in te r p u ls e s  to  b e  o b s e rv e d , o r  o u r  a s su m p tio n  o f ra n d o m  
o r ie n ta t io n s  a t  b i r th  is  in a c c u ra te .  H ow ever, if  t h e r e  is  som e 
r e d u n d a n c y  in  th e  p a ra m e te rs  fo r  th e  c h i - s q u a r e d  f i t ,  th e n  th is  la c k  
o f a g re e m e n t  b e tw e en  m odel a n d  o b s e rv a t io n s  m ay b e  le s s  s e r io u s  th a n  
a p p e a r s  a t  f i r s t .
6 . 8  THE PULSEWIDTH-AGE DISTRIBUTION.
6.8.1 P re am b le .
S in ce  th e  m ain e v id e n c e  fo r  th e  m odel o f C an d y  a n d  B la ir com es from
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th e  d i s t r ib u t io n  o f p u ls e w id th  a n d  c h a r a c te r i s t i c  a g e , w e now  s e e k  to  
d e r iv e  th is  fo r  th e  a lig n m e n t m odel. T h e n  to  exam ine  how  p u ls e w id th  
m ay b e  e x p e c te d  to  d e p e n d  o n  a g e , we look  a t  th e  c o n d it io n a l  
d i s t r ib u t io n  o f p u ls e w id th  fo r  f ix ed  a g e  to  d i s c e r n  a n y  t r e n d s  t h a t  
w ould  s u p p o r t  th e  C a n d y  a n d  B la ir h y p o th e s is  a n d  to  s e e  th e  ro le  o f 
s e le c tio n  e f f e c ts  in  th is  c o n te x t.
F o rm a lly , th e  c o n d i t io n a l  d i s t r i b u t i o n  o f  p u ls e w id th  on  a g e  c a n  b e  
w r i t t e n :  nQ^  (w |a ) = n  ^ ( w , a )  (6 .5 9 )
n o b s <K)
an d  th e  c o n d i t io n a l  e x p e c ta t io n  o f  p u ls e w id th  w on a g e  a  i s  :
w here th e  i n t e g r a l  i s  o v e r  a l l  p u ls e w id th s  from  0 t o  2tt. We s h a l l  
now d e r iv e  th e  d i s t r i b u t i o n  in  c h a r a c t e r i s t i c  ag e  a  a n d  C, w here  C 
i s  th e  v a r i a b l e  c o s(w /2 )  w hich i s  more c o n v e n ie n t f o r  o u r  p u rp o s e s .
6 .8 .2  D e r iv a t io n  o f  E o ^ f C l a ) .
We s t a r t  w ith  th e  o b se rv e d  d i s t r i b u t i o n  in  P , k , 0 an d  <l>, fo und  in  
S e c tio n  6 .4 .  F i r s t  we t r a n s fo rm  from  P to  v a r i a b l e  a ,  t h e  s o - c a l l e d  
c h a r a c t e r i s t i c  a g e , w here a  i s  d e f in e d  by : 
a  = P2 .k""1 .c o s e c 2 ( 0 ) /2  (6 .6 1 )
So we g e t  th e  o b se rv e d  d i s t r i b u t i o n  in  a ,  k , 0 an d  <t>:
i s  th e  maximum 0 c o n s i s t e n t  w ith  age  a ,  and  C0 i s  a  c o n s ta n t  w ith  
a l l  th e  k dependence in c lu d e d , and  s in c e  i t  do es  n o t  a f f e c t  th e  end
(6 .6 0 )
n ok s ( a ,k ,0 ,0 )  = C0 . s i n ( 0 ) 1+OC+^  c o s  (e )  a <a" /3)/2  m e ^ - e )  (6 .6 2 )
/ (  c o s 2© -  2aT- 1 s i n 20)
w here ©max = t a n “ 1 (T /2 a ) (6 .6 3 )
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result, we ignore it from now on. We get from (6.59) and (6.23) that
E0b s(  C(e,<t>)| a  ) = J J C ( e , 0 ) . n o b s ( e J<Ma)d<Dde (6 .6 4 )
now we must consider the ranges of 0 and <t>, consistent with Fig. 6.4. 
I t  can be shown, that for a < a#, 0 can exceed tt/2 -/30 , but for
a > a#^ 0 is in range 0 < 0 < tt/2-£0, 
where a * = T tan2(£0)/2 (6.65)
T h is  m eans p h y s ic a l ly  th a t  o ld e r  p u l s a r s  m u s t h a v e  a lig n e d  b y  a t  
l e a s t  a n  a n g le  P0  d u r in g  th e i r  life tim e . So fo r  a  < a* , th e  d i f f e r e n t  
r e s t r i c t i o n s  on  0 n e e d e d  in  th e  tw o r e g io n s  in  F ig u re  6.4 a r e  n e e d e d , 
b u t  fo r  a  > a* , 0 < tt/2  -JB0 is  c o n s id e re d . T h e re fo re ,  a f t e r  th e
a lg e b r a  we g e t:
For a < a ,  : Eo b s( C(e,d>)|a) = J ^ ' ^ . d e  + .  E2 .d e  (6.66)
For a > a ,  : Eo b s( C(e,<M|a) = J ® *  Et .de (6 .67)
where 0* = tan-1 (/(T/2a)) = from (6.61) and
l  -foc+fl
Ei = sin 0• cos0. [ 2/3ocos/3ocosec0-2sinj3ocos0.cot0] (6.68)
/( cos20 -2aT”1sin20)
E2 = sin1+<Xt^cos0. [cos/Socosec0. (Tr/2+/3o-0)-cot0( l-sin(0-)3Q)) ] (6.69)
cos20 - 2aT_1sin20)
where the distribution has been normalised by dividing by ^ ^ ( a ) .  
This result is shown in Figure 6.10, for the parameters of the fit 
to the P,P distribution in Section 6.3.
6.8 .3  D iscu ssio n  of th e  p u ls e w id th -a g e  r e s u l t .
I t  is  c le a r  from  th is  r e s u l t  p lo tte d  in  F ig u re  6.10 th a t  C = c o s (w /2 )  
fa l ls  m onoton ica lly  a s  c h a ra c te r is t ic  a g e  r i s e s .  T h is  is  w h a t we w ould  
a n t ic ip a te  in  an  a lig n m en t m odel, t h a t  th e  p u lse w id th  w ould  r i s e  fo r
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o ld e r  p u l s a r s  w h e n  th e  co n e  a n g le  Pq is  c o n s ta n t .  T h is  m eth o d  is  th e  
c o r r e c t  w ay  to  a p p ro a c h  th e  a n a ly s is  o f th e  'full* C a n d y  a n d  B la ir 
m odel w h en  PQ is  allow ed  to  d e p e n d  o n  p e r io d . From  th e  fo rm  of 
e q u a t io n s  (6.66) a n d  (6 .67), we s e e  t h a t  a  a n d  P w ill in f lu e n c e  th e  
e x a c t  form  o f th e  c o n d it io n a l  d e p e n d e n c e  o f p u ls e w id th  o n  a g e , so  
s e le c tio n  m u s t b e  in c lu d e d  in  th e  C a n d y  a n d  B la ir w o rk  to  m ake a n y  
c o n c lu s io n  re lia b le .
6 .9  OBSERVED D ISTRIBU TIO N OF © IN  ALIGNMENT MODEL.
I n  th e  sim ple  n o n -e v o lv in g  m odel, we id e n t if ie d  th e  r e g io n s  o f th e  8,0 
p la n e  t h a t  c o r r e s p o n d e d  to  p u l s a r s  b e in g  o b s e rv e d  w ith  0,1 o r  2 
p u ls e s .  T h is  w as s e e n  in  S e c tio n s  6.2 a n d  6.3. Now th e s e  id e a s  c a n  b e  
e x te n d e d  to  th e  a lig n m e n t m odel to  g iv e  P r ( l ) ,  th e  p r o b a b i l i ty  o f 
s e e in g  a  p u ls a r  from  th e  o b s e r v e d  d i s t r ib u t io n  w ith  a  s in g le  p u ls e .
T h e  s t a r t i n g  p o in t  is  th e  o b s e rv e d  d i s t r ib u t io n  in  P ,k ,8  a n d  0 t h a t  w as
d e r iv e d  a b o v e  a s  e q u a tio n  6.62. We a g a in  t r e a t  th e  's te a d y - s ta te *  c a se  
fo r  s im p lic ity . T he f i r s t  s te p  is  to  in te g r a t e  o u t  o v e r  b o th  P a n d  k , 
th u s  g e t t in g  th e  o b s e rv e d  d i s t r ib u t io n  in  0 a n d  0. T h is  c a n  b e  sh o w n  
to  be:
2 B 2+OL—B
noks(8,0) = D. ( sin 0) (cos 8) sin0. H (0+£q-0)H(8-/3o -0) (6.70)
for constant D. Now we integrate over the region of the rectangle 
in Fig.6.4, firstly over 0. This gives two results, depending on 0.
e+£o
C ase 1. 0 < tr/2 -Pq : f sin(0) d0 = 2sin(jBo )sin(0) (6 .7 1 )
7t-£0-©
Case 2. tt/2 - Pq < 0 : sin(0) d0 = 2cos(£0)cos(e) (6.72)
e-£0
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So the observed distribution in 0 is :
nobs(6) = D *2 sin^o)- sin2^(e) cos2+<X”^(e) for Case 1 (6.73)
and nobg(e) = D.2.cos(/30). sin2^ ^ © )  cos4+<X ^(0) for Case 2. (6.74)
For the complete expression of Pr(l) we need to normalise by
integrating over 0 and <t>, but over the entire range from 0 to 17 
in each case. This will give a normalisation constant A say, where
a f t e r  th e  0  i n te g r a t i o n  i s  done t r i v i a l l y .
T h is  ap p ro ach  may be  u sed  t o  f i n d  th e  p r o p o r t io n  o f  i n t e r p u l s e  
p u l s a r s ,  by  i n te g r a t i o n  o v e r  th e  u p p e r  t r i a n g l e  (2 ) i n  F ig u re  6 .4 .
T h is  g iv e s  th e  r e s u l t  d is c u s s e d  in  S e c t io n  6 .8 .
6.10 DISCU SSIO N AND CONCLUSIONS
In  th is  C h a p te r  we h a v e  d e v e lo p e d  a n  a lig n m e n t m odel w h ich  h a s  
b e e n  fo u n d  to  be  com p atib le  w ith  th e  d i s t r ib u t io n  o f o b s e rv e d  p u l s a r s  
o n  th e  P ,P  p lan e , th u s  m ak ing  i t  a  r iv a l  to  f ie ld  d e c a y  a s  a n  
e x p la n a tio n  of p u ls a r  e v o lu tio n . In  th e  c o u r s e  o f th is  a n a ly s is ,  we h a v e  
u s e d  th e  g e o m etrica l v is u a l is a tio n  o f P ro s z y n s k i(1 9 7 9 ) , b u t  e x te n d e d  
th is  u s e fu l  v iew p o in t to  in c o rp o ra te  th e  p u ls e w id th  d a ta  , b y  sh o w in g  
how to  p r o p e r ly  d e r iv e  th e  d i s t r ib u t io n  o f p u ls e w id th s  b o th  in  th e  
s ta t ic  (i.e . n o n -e v o lv in g )  c a se  an d  fo r  th e  a lig n m e n t m odel. T h is  c a n  
th u s  be  e x te n d e d  to  a n y  m odel of p u l s a r  e v o lu tio n . T he im p o r ta n c e  o f 
th is  is  f i r s t ly ,  i t  is  to ta lly  e x a c t, a n d  th e r e f o r e  im p ro v e s  on  th e  
a p p ro x im a te  m ethod o f C andy  a n d  B la ir(1983),(1986) a n d  H e n ry  a n d  
P aik (1969), a n d  se c o n d ly  p ro v id e s  a  p o s s ib le  d ia g n o s t ic  too l fo r  
d i s t in g u is h in g  b e tw een  m odels. The p u ls e w id th  d i s t r ib u t io n s  p r e d ic te d
(6.75)
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f o r  fie ld  d e c a y  a n d  a lig n m e n t m odels a r e  to ta l ly  d i f f e r e n t ,  a s  we h a v e  
s e e n , a l th o u g h  th e i r  p r e d ic te d  P ,P  d e n s i t ie s  a r e  to  som e e x te n t  
in d is t in g u is h a b le .  T h is  m ethod  a lso  allow s th e  in c o rp o ra t io n  o f f u r t h e r  
'd e ta il*  , f o r  exam ple  in  th e  v a r ia t io n  o f cone  a n g le  P0  w ith  p e r io d , o r  
a llo w in g  a  d i s t r ib u t io n  o f co n e  a n g le . T he f in a l a d v a n ta g e  o f th i s  w o rk  
is  i t  is  th e  c o r r e c t  w ay  to  a p p ro a c h  th e  q u e s tio n  a r i s in g  fro m  th e  
C a n d y  a n d  B la ir  w o rk , *is th e r e  a  g e n u in e  m inim um  in  th e  
p u ls e w id th -a g e  d iagram *, w h ich  we b e lie v e  w as n o t ta c k le d  c o r r e c t ly  in  
th e  o r ig in a l  p a p e r s .  [ See  C h a p te r  2].
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FIGURE 6.1a
T he id e a lise d  g e o m e try  o f p u ls a r  em iss io n , t a k e n  from  
P ro sz y n sk i(1 9 7 9 ). In  o u r  n o ta tio n  2/30 is  th e  co n e  a n g le , e  th e  
a lig n m e n t a n g le  a n d  <t> th e  a n g le  b e tw e e n  th e  ro ta t io n  a x e s  a n d  th e  
o b s e r v e r ’s line  o f s ig h t .  T h is  g iv e s  a  p u lse w id th  u  if  th e  c i r c u la r  beam  
is  e m ittin g  o v e r  i ts  fu ll e x te n t .  In  o u r  w o rk , th e  a n g le  <t> is  
in d e p e n d e n t  of a ll o th e r  p a ra m e te r s ,  a n d  d o e s  n o t c h a n g e  w ith  tim e. 
H ere 0 is  th e  sp in  ax is , H th e  m ag n e tic  d ip o le  ax is  d ire c t io n  a n d  00* 
th e  p a th  t ra c e d  o u t b y  a m oving o b s e r v e r ,  a s su m in g  th e  n e u t r o n  s t a r  
to  b e  s ta t io n a ry .
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FIGURE 6.1b
T he sam e g e o m e try  sh o w n  in  F ig u re  6.1 (a), b u t  sh o w in g  th e  se c o n d  
id e n tic a l  cone  o f r a d ia tio n  from  th e  o p p o s ite  m a g n e tic  p o le . T h e  beam  
w ill sw eep  ro u n d  th e  p a th  m ark e d  HH* a n d  n o t a ll  o b s e r v e r s  0  w ill s e e  
th e  p u ls a r .
FIGURE 6.2
T he r e q u i r e d  g e o m e try  f o r  th e  o b s e r v e r  a lw a y s  to  b e  in  th e  beam  o f 
th e  p u ls a r  ( ’m odulation* M in  F ig u re  6.4 ). H ere  w e c a n  s e e  t h a t  0  
m u st lie  w ith in  a  sm all a n g u la r  d is ta n c e  o f th e  r o ta t io n  a x e s . See  
S e c tio n  6.2 fo r  th e  a lg e b ra ic  r e q u i r e m e n ts .  We a s su m e  t h a t  s u c h  a  
p u ls a r  will n o t b e  se e n . T he p u ls e w id th  c a n n o t  b e  d e f in e d  h e re .
J l
FIGURE 6.3
T he r e q u i r e d  g e o m e try  fo r  i n te r p u ls e s  to  b e  s e e n . T he  tw o  b eam s I 
a n d  II  m u st b o th  c ro s s  th e  o b s e r v e r ’s  l in e  o f s ig h t .  T h is  f o rc e s  th e  
a lig n m e n t a n g le  e to  b e  c lo se  to  90® w h en  Pq is  sm all. T h e  tw o  p u ls e s  
in  th is  id e a lis e d  c a se  w ill be  o f id e n tic a l  s h a p e  a n d  w id th , a n d  in  
th e o r y  s h o u ld  be  180° a p a r t .  A gain  0  a n d  H in d ic a te  th e  r o ta t io n  a n d  
m ag n e tic  ax e s  d ire c t io n s  r e s p e c t iv e ly .
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FIGURE 6.4
T he ’P r o s z y n s k i ’ d iag ra m , a d a p te d  from  P ro s z y n s k i(1 9 7 9 ) . T h is  g iv e s  
th e  r e g io n s  o f th e  6 ,<t> p lan e  w h e re  0,1, o r  2 p u ls e s  a r e  s e e n , o r  w h e re  
m o d u la tio n  (M) o c c u rs . T he d iag ram  is  sy m m e tric  in  th e  l in e s  0 = tt/ 2 , 
= tt/2  a n d  e = <t>, su c h  th a t  th e  o th e r  ’q u a d ra n ts *  o f th e  e,<l> p la n e  
a r e  e q u iv a le n t  to  th is ,  so  we r e s t r i c t  a t t e n t io n  to  th is  r e g io n . T he  
co n e  a n g le  is  2/30 , a s  u s u a l.
tT±
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FIGURE 6.5
T he r o ta te d  v e r s io n  o f  F ig u re  6.4, in  th e  x ,y  p la n e , a s  d e f in e d  b y  
e q u a tio n s  6. . T h re e  c o n to u r s  o f c o n s ta n t  p u ls e w id th  a r e  sh o w n  b y
th e  c u rv e s  Clf  C2 a n d  C3. T he d iag ra m  is  sy m m e tric a l in  th e  y -a x is .
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FIGURE 6.6
T h e  s c a t t e r  p lo t o f p u ls e w id th s  a g a in s t  c h a r a c te r i s t i c  a g e  fo r
o b s e r v e d  p u l s a r s .  T he e q u iv a le n t  w id th s  a r e  u s e d  a n d  c h a r a c te r i s t i c
a g e  is  d e f in e d  a s  P /2 P , a n d  a  b a se -1 0  lo g a r ith m ic  sc a le  is  u s e d ,  so
t h a t  th e  r a n g e  103 to  109 y e a r s  is  s p a n n e d .
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FIGURE 6.7
D is tr ib u tio n  o f p u ls e w id th s  in  th e  n o n -e v o lv in g  m odel. T h is  is  th e  
p r e d ic t io n  o f e q u a tio n s  6.20 a n d  6.21 w ith  p a ra m e te r  jB0 = 0.17 o 10°.
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FIGURE 6.8
A s im u la tio n  o f th e  P ,P  d iag ra m  f o r  th e  a lig n m e n t m odel, u s in g  th e  
p a ra m e te r s  fo u n d  fro m  th e  X2 f i t t in g ,  w h ich  a r e  g iv e n  in  S e c tio n  6.5 .3
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FIGURE 6.9
T he d i s t r ib u t io n  o f p u ls e w id th s  p r e d ic te d  b y  th e  a lig n m e n t m odel, 
u s in g  th e  p a ra m e te r s  g iv e n  fo r  th e  o p tim ise d  c h i - s q u a r e d  f i t  to  th e  
P ,P  d ia g ra m , g iv e n  in  S e c tio n  6.3.1
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FIGURE 6.10
T h e  e x p e c ta tio n  v a lu e  o f  C= cos(w /2) c o n d itio n a l o n  c h a r a c te r i s t i c  a g e  
a , f o r  th e  a lig n m e n t m odel. H ere w is  th e  p u ls e w id th  a s  d e f in e d  in  
F ig u re  6 .1a a n d  th e  r e la t io n  is  g iv e n  in  e q u a tio n s  6.64 -  6.67.
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CHAPTER 7 
CONCLUSIONS AND FUTURE WORK
7.1 CONCLUSIONS
In  th is  th e s is  we h a v e  p r e s e n te d  a  new  m ethod  fo r  a d d r e s s in g  th e  
p ro b le m s  of p u ls a r  e v o lu tio n . T h is  is  b a s e d  o n  th e  so lu tio n  o f th e  
t im e -d e p e n d e n t  c o n tin u i ty  e q u a tio n  in  th e  p u l s a r  d i s t r ib u t io n  f u n c t io n , 
a n d  d o e s  n o t a s su m e  a  p r io r i  th e  e x is te n c e  o f a  s te a d y  s ta t e  in  th e  
o b s e r v e d  p u ls a r  p o p u la tio n . I t  a llow s th e  in c lu s io n  o f s e le c tio n  e f f e c ts  
in  a  lo g ica l a n d  c o n s is te n t  w ay , allow s m odels to  be te s te d  a g a in s t  th e  
o b s e rv a t io n s ,  a n d  c a n  b e  d e v e lo p e d  to  in c lu d e  p o s itio n a l a n d  v e lo c i ty  
v a r ia b le s  a s  well a s  th o se  o f p e r io d s  a n d  p e r io d  d e r iv a t iv e s .
We show ed  in  C h a p te r  2 th a t  e x is t in g  ’s t a n d a r d ’ m odels h a d , in  m any  
p a p e r s ,  b een  in a d e q u a te ly  te s te d  a g a in s t  th e  o b s e rv a t io n a l  d a ta ,  a n d  
in  som e c a se s  in c o r r e c t ly  d e a lt  w ith  th e  e f f e c ts  o f se le c tio n . T he m ost 
comm on e x p la n a tio n  in  th e  l i t e r a tu r e  o f p u ls a r  e v o lu tio n  w as t h a t  w ith  
m a g n e tic  fie ld  d e c a y  in  th e  n e u tr o n  s ta r .
T h u s  in  C h a p te r  3 o u r  new  m ethod  is  in t r o d u c e d , a n d  d e m o n s tra te d  
on  fo u r  s im p lis tic  m odels to  show  th e  m ethod  of s o lu tio n  a n d  th e  
c o n s e q u e n c e s  o f a b a n d o n in g  th e  n o tio n  o f s ta t io n a r i ty ,  w h e re  p u l s a r  
b i r th  a n d  d e a th r a te s  com bine to  k e e p  th e  o b s e rv e d  p o p u la tio n  a t  a  
c o n s ta n t  s t r e n g th .  T h is  a lso  sh o w s th e  ro le  o f se le c tio n  e f f e c ts ,  th e  
d i f f ic u l ty  o f d e te rm in in g  th e  p u ls a r  b i r t h r a t e  in  a n  u n b ia s e d  w ay , a n d  
th e  im p o rta n c e  o f in c lu d in g  a  d i s t r ib u t io n  in  m ag n e tic  f ie ld  to  e x p la in  
th e  s c a t t e r  in  th e  d a ta .
C h a p te r  4 p r e s e n t s  th e  f i r s t  d e ta ile d  m odel o f p u ls a r  e v o lu tio n , th e  
’s im p le ’ m odel, w h e re  no fie ld  d e c a y  o c c u rs  a n d  no a lig n m e n t ta k e s  
p la c e . T he t im e -d e p e n d e n t  c o n tin u i ty  e q u a tio n  m ethod  is  u s e d  to  
d e r iv e  th e  p re d ic te d  o b s e rv e d  d i s t r ib u t io n  in  p e r io d  a n d  p e r io d
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d e r iv a t iv e ,  w h ic h  is  th e n  te s te d  fo r  g o o d n e s s - o f —f i t  a g a in s t  th e  
o b s e rv e d  d a ta .  T h is  f i t ,  a s s e s s e d  u s in g  th e  c h i - s q u a r e d  s ta t i s t i c ,  is  
m imimised w ith  r e s p e c t  to  th e  m odel p a ra m e te r s .  A le v e l  o f s ig n if ic a n c e  
is  c h o s e n  a t  5%, w h ich  d e te rm in e s  th e  r e q u i r e d  v a lu e  o f X2 fo r  th e  f i t  
to  b e  a c c e p ta b le .  T he sim ple  m odel fa i ls  to  m eet t h i s  t a r g e t  a n d  is  
r e je c te d  a s  in c o m p a tib le  w ith  th e  o b s e rv e d  d i s t r ib u t io n  o f p e r io d s  a n d  
p e r io d  d e r iv a t iv e s .  H ow ever, i t  c a n  b e  sh o w n  t h a t  i f  a t t e n t io n  is  
r e s t r i c t e d  to  th e  m a rg in a l d i s t r ib u t io n  o f p e r io d  a lo n e , a n  a n a lo g o u s  
o p e ra t io n  p r o d u c e s  a  c h i - s q u a r e d  f i t  t h a t  is  w ell w ith in  th e  b o u n d s  o f 
a c c e p ta n c e , sh o w in g  c a te g o r ic a lly  t h a t  an o m alo u s c o n c lu s io n s  c a n  be  
d ra w n  from  a n a ly s e s  b a s e d  p r im a r i ly  on  th e  m a rg in a l o f P o r  P , a n d  
n o t  th e  jo in t  d i s t r ib u t io n  o f P a n d  P.
A f u r t h e r  f e a tu r e  w h ich  a r i s e s  in  th is  t e s t in g  p r o c e d u r e  is  th e  
in te r d e p e n d e n c e  o f th e  m odel p a ra m e te r s ,  s u c h  t h a t  th e  e f f e c t iv e  
v a r ia b le s  in  th e  m in im isa tion  a r e  c o m b in a tio n s  o f th e s e  m odel 
p a ra m e te rs .  T h is  m eans th a t  a  ’d e g e n e r a c y ’ e x is ts ,  so  t h a t  d i f f e r e n t  
r e g io n s  o f p a ra m e te r  s p a c e  w ill p ro d u c e  id e n t ic a l ly  g o o d  f i t s  a n d  i t  is  
n o t  n e c e s s a r i ly  p o s s ib le  to  id e n t ify  a  u n iq u e  b e s t - f i t  so lu tio n  u n le s s  
o th e r  in fo rm a tio n  is  u s e d  to  e s tim a te  som e o f th e  v a lu e s  o f th e  s e t  o f 
p a ra m e te rs .  A c o n s e q u e n c e  o f th is  is  t h a t  o u r  m odel b i r t h r a t e  
e s tim a tio n  c a n  be  u n c e r ta in  s in c e  o n ly  a  co m b in a tio n  in c lu d in g  th e  
b i r t h r a t e  p a ra m e te r  c a n  be  d e te rm in e d , a n d  so  th e  t r u e  c re a t io n  r a t e  
m ay rem a in  u n k n o w n .
C h a p te r  5 c o n tin u e s  w ith  th e  d ev e lo p m en t o f th e  f ie ld  d e c a y  m odel, 
w h ich  f e a tu r e s  a n  e x p o n e n tia l d e c lin e  in  th e  m a g n e tic  f ie ld  s t r e n g th  on  
tim esca le  t . T he p r e d ic te d  P ,P  d is t r ib u t io n  is  a g a in  t e s t e d  in  th e  sam e 
fa s h io n , th is  tim e p r o d u c in g  an  a c c e p ta b le  f i t  to  th e  d a ta .  T he s l ig h t ly  
le s s  d e ta ile d  m odel o f G unn  a n d  0 s tr ik e r (1 9 7 0 )  a n d  L y n e  e t  al(1985)
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fa i ls  to  m eet th e  r e q u i r e d  le v e l o f s ig n if ic a n c e  a n d  is  r e j e c te d ,  b u t  i t  
is  n o te d  th a t  th e  e f fe c t  o f th e  c h o s e n  b in  schem e is  n o t im m ed ia te ly  
e a s y  to  a s s e s s ,  a n d  o th e r  a u th o r s  h a v e  cla im ed s u c c e s s  f o r  id e n t ic a l  
m odels. I t  is  a lso  p o in te d  o u t  th e  c ru c ia l  ro le  p la y e d  b y  th e  p a ra m e te r  
T, w hich  a c ts  to  e n fo rc e  a  s te a d y  s ta te  p ro v id e d  th e  g a la c tic  a g e  is  
g r e a t e r  th a n  a  few  d e c a y  tim esc a le s .
T h u s  fie ld  d e c a y  p ro v id e s  a  p o s s ib le  e x p la n a tio n  fo r  p u l s a r  e v o lu tio n ,
b u t  b o th  of th e  n o rm ally  d is c u s s e d  [P ro s z y n s k i  a n d  P rz y b c ie n (1 9 8 4 )
a n d  L yne  e t  al(1985) ] lu m in o s ity  law s a r e  fo u n d  h e r e  to  b e
*
in co m p a tib le  w ith  th e  f i t s  to  th e  P ,P  d i s t r ib u t io n .  I d e n t i f ic a t io n  o f th e  
co m p atib le  ra n g e  o f lu m in o s ity  law  p a ra m e te r s  a  a n d  /3 is  c o m p lic a ted  
b y  th e  ’d e g e n e ra c y ’ p ro b lem  a lr e a d y  e n c o u n te re d  in  C h a p te r  4.
An a lig n m e n t m odel is  in t ro d u c e d  in  C h a te r  6. H ere th e  m a g n e tic  a x is  
o f th e  p u ls a r  t e n d s  to  a lig n  w ith  th e  ro ta t io n  a x es  a s  th e  p u l s a r  a g e s .  
T h is  lim its th e  a b il i ty  o f o ld e r  p u l s a r s  to  sp in d o w n  b e y o n d  a  ’te rm in a l’ 
p e r io d , sim ilar to  th e  f ie ld  d e c a y  c a se . T h e re  is  now th e  a d d it io n a l  
com plica tion  th a t  th e  beam ing  f ra c t io n , w h ich  g iv e s  th e  p r o p o r t io n  o f 
p u l s a r s  v is ib le  th ro u g h  th e i r  r e la t iv e  o r ie n ta t io n s ,  now  b eco m es 
d e p e n d e n t  on p e rio d  fo r  th e  f i r s t  tim e. T h is  g iv e s  a  m ore co m p lic a ted  
a n a ly s is  s in c e  th e  g e o m e tric a l v a r ia b le s  m u st be  in c lu d e d . T he 
a lig n m e n t m odel a lso  p ro d u c e s  an  a c c e p ta b le  c h i - s q u a r e d  f i t .  T h is  
sh o w s th a t  to  d is t in g u is h  b e tw e e n  fie ld  d e c a y  a n d  a lig n m e n t, f u r t h e r  
w o rk  m u st be c a r r ie d  o u t. T he p u lse w id th  d a ta  o f f e r s  o n e  s u c h  
p o s s ib i li ty . The u s e  o f th e  p u lse w id th  d a ta  is  ex p lo re d  h e re ,  a n d  a  
n o n -e v o lu t io n a ry  p u lse w id th  d is t r ib u t io n  d e r iv e d  to  d e m o n s tra te  th e  
g e o m e try  in h e r e n t  to  th e  beam  m odel fo r  p u ls a r  em ission , fo llow ing  th e  
w o rk  of P ro szy n sk i(1 9 7 9 ).
T he p u lse w id th  d i s t r ib u t io n  a s s o c ia te d  w ith  th e  a lig n m e n t m odel c a n
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be d e r iv e d  u s in g  th e  t im e -d e p e n d e n t  m eth o d , a n d  fo r  th e  p a ra m e te r s  
o f th e  b e s t  f i t  m odel, th is  is  fo u n d , b u t  i t  d o e s  n o t g iv e  a  v e r y  c lo se  
m atch  to  th e  o b s e rv e d  p u ls e w id th  d i s t r ib u t io n .
Also d e r iv e d  is  th e  d i s t r ib u t io n  o f p u ls e w id th  c o n d it io n a l  o n  a g e , to  
show  th e  c o r r e c t  a p p ro a c h  n e e d e d  fo r  th e  a n a ly s is  o f th e  claim  m ade 
b y  C a n d y  a n d  B la ir(1983 ),(1986 ), th a t  a  d i s t in c t  minimum e x is ts  in  th e  
p u ls e w id th -a g e  d ia g ra m . T h is  sh o w s, th a t  fo r  th e  a lig n m e n t m odel 
d i s c u s s e d ,  no minimum e x is ts .  O ur m odel is  n o t s t r i c t l y  c o m p a tib le  w ith  
th e  C a n d y  a n d  B la ir m odel, s in c e  we d e a l w ith  a  co n e  a n g le  t h a t  is  
c o n s ta n t ,  w h e re a s  C a n d y  a n d  B la ir allow  th e  beam  to  d im in ish  in  e x te n t  
a s  th e  p u l s a r  a g e s .  H ow ever th e  w o rk  c a n  be  e a s i ly  e x te n d e d  to  
in c lu d e  a  d i s t r ib u t io n  o f co n e  a n g le s ,  o r  c lo s in g  o f th e  co n e  a n g le  a s  
th e  p u l s a r  e v o lv e s .
T h u s  th e  a lig n m e n t m odel g iv e s  a  se c o n d  p o s s ib le  e x p la n a tio n  o f 
p u l s a r  e v o lu t io n , a n d  to  f u r t h e r  d isc r im in a te  b e tw e e n  f ie ld  d e c a y  a n d  
a lig n m e n t, m ore a n a ly s is  is  n e c e s s a ry ,  w ith  th e  p u ls e w id th  d a ta  ta k in g  
o n  a  g r e a t e r  im p o r ta n c e .
We h a v e  e x p lic it ly  in c lu d e d  tim e d e p e n d e n c e  in  o u r  m ethod  f o r  th e  
s tu d y  o f p u l s a r  e v o lu tio n . T h is  w as ju s t i f i e d  on  th e  g r o u n d s  t h a t  
p u l s a r  life tim e s  w e re  n o t know n  in d e p e n d e n t  of a  m odel, so  co u ld  n o t 
b e  a ssu m e d  s h o r t  e n o u g h  to  e n s u r e  th e  o b s e rv e d  p u ls a r  p o p u la tio n  
re m a in e d  s ta t io n a r y .  H ow ever, b o th  th e  fie ld  d e c a y  a n d  a lig n m e n t 
m odels  in  th e  fo rm s  d e v e lo p e d  in  th is  th e s i s  g iv e  r i s e  to  f i t s  to  th e  
P ,P  d ia g ra m  w ith  ty p ic a l  p u ls a r  life tim e s  o f, s a y , 107 y e a r s  w h ich  is  
l e s s  th a n  th e  a g e  o f th e  g a la x y  a n d  th e  d u r a t io n  o f th e  e p o c h  o f 
p u l s a r  fo rm a tio n , b y  a s su m p tio n . T h u s  a t r u e  s t e a d y - s t a t e  d o e s  a r i s e  
in  th e s e  c a s e s ,  so  th e  t im e -d e p e n d e n t  m ethod  is  n o t s t r i c t l y  n e c e s s a ry .  
We c o n te n d  th a t  th e  t im e -d e p e n d e n t  c o n tin u i ty  e q u a tio n  m ethod  is  a
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m ore d i r e c t ,  lo g ica l a n d  e a s y - to - fo llo w  th a n  o th e r  t r e a tm e n ts  in  th e  
l i t e r a tu r e .  T he s ta t io n a r y  c a se  o f a n y  m odel is  r e t r i e v e d  b y  le t t in g  th e  
a g e  o f th e  g a la x y  (p a ra m e te r  t 0 in  e a r l ie r  C h a p te rs )  t e n d  to  in f in i ty .
I t  m u st be r e i t e r a te d  t h a t  n o t a ll c o n c e iv a b le  m o d els  w ill n e c e s s a r i ly  
g iv e  r i s e  to  a  s te a d y  o b s e rv e d  p o p u la tio n , a n d  th e  e x is te n c e  o f a  
s te a d y  s ta te  c a n  d e p e n d  on  th e  fo rm  o f th e  lu m in o s ity  law , w h ich  is  
a n  u n k n o w n , a n d  th e  a s s u m p tio n  o f a  u n ifo rm  p u l s a r  c re a t io n  r a t e ,  
w h ich  p r e c lu d e s  th e  p o s s ib i l i ty  o f ’b u r s t s ’ o f fo rm a tio n .
7.2 FUTURE WORK- FURTHER TESTING OF MODELS
We h a v e  looked  in  d e ta i l  a t  t h r e e  m odels , in  C h a p te r s  4,5 a n d  6. Of 
in te r e s t  w ould  be  o th e r  t e s t s ,  o f th e  sam e n a tu r e ,  o f  o th e r  m odels o f 
p u ls a r  e v o lu tio n  a n d  v a r ia t io n s  on  th e s e  m ain m odels . P a r t ic u la r  c a s e s  
w ould b e  a  c o u n te r -a l ig n m e n t  m odel, w h e re  th e  m a g n e tic  a n d  r o ta t io n  
axes  te n d  to  becom e p e r p e n d ic u la r  a s  th e  p u ls a r  s p in s  dow n, a n d  th e  
m odel of B esk in (1984 ), w h ich  a lso  in v o lv e s  c o u n te r -a l ig n m e n t .  We show  
th e  in itia l  s ta g e s  o f th e  d e v e lo p m e n t o f a  c o u n te r - a l ig n m e n t  m odel in  
S ec tio n  7.8.
T he B esk in  m odel is  le s s  e a s y  to  su m m arise  th a n  th e  a b o v e  m odels 
s in c e  i t  u s e s  d i f f e r e n t  a p p ro x im a tio n s  in  d i f f e r e n t  r e g im e s , w h ich  a r e  
d is t in g u is h e d  b y  a  p a ra m e te r  d e p e n d e n t  on  b o th  p e r io d  a n d  p e r io d  
d e r iv a tiv e .  T h is  will g iv e  a  c o n s id e ra b ly  m ore c o m p lic a ted  m odel th a n  
we h a v e  so f a r  e n c o u n te re d .
O th e r  v a r ia t io n s  w ould  b e  to  look a t  d i f f e r e n t  d e c a y  law s f o r  
m ag n e tic  f ie ld , a s  t r i e d  b y  N a ra y a n  a n d  0 s tr ik e r (1 9 9 0 ) ,  o r  d i f f e r e n t  
a lig n m e n t law s. O b s e rv a tio n a l e v id e n c e  s u g g e s t s  t h a t  t h e r e  is  a  
d e p e n d e n c e  of beam  s iz e  a n d  p o s s ib ly  e lo n g a tio n  a s  w ell, on  p u ls a r  
p e rio d , su c h  th a t  y o u n g e r  o b je c t s  h a v e  w id e r  beam s, t h u s  th e  b eam in g  
f ra c tio n  v a r ie s  o v e r  p e r io d  q u i te  a p a r t  from  o r ie n ta t io n a l  c h a n g e s  d u e
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to  a lig n m e n t o r  c o u n te r -a l ig n m e n t  [L yne  a n d  M a n c h e s te r  (1988), 
N ara y an (1 9 8 7 )]. I t  is  a lso  h o p e d  to  r e p e a t  th e  C a n d y  a n d  B la ir(1983) 
m odel a n a ly s is  b y  in c lu d in g  a  p o w e r-la w  co n e  a n g le  d e p e n d e n c e  o n  
p e r io d .
T h e re  is  c o n s id e ra b le  sco p e  fo r  u s e  o f o u r  m ethod  to  t e s t  a n d  c o m p a re  
c o m p e tin g  m odels.
T he  q u e s tio n  o f p a ra m e te r  b o u n d s  f o r  a c c e p ta b le  f i t s  is  o n e  w h ic h  
h a s  n o t  so  f a r  b e e n  ta c k le d . C le a rly  i t  is  o f im p o r ta n c e  to  a s s e s s  
w ith in  w h ich  r a n g e s  o f th e  m odel p a ra m e te r s  a c c e p ta b le  f i t s  a r e  s t i l l  
o b ta in e d . T h is  is  m ade m ore d i f f ic u l t  b y  th e  ’d e g e n e r a c y 1 p ro b le m  
e n c o u n te re d  in  C h a p te rs  4 -6 , s in c e  th e  e f fe c tiv e  p a ra m e te r s  o f a  m odel 
a r e  n o t  p h y s ic a l ly  i n te r p r e ta b le ,  a n d  in v o lv e  c o m b in a tio n s  o f th e  in p u t  
p a ra m e te r s .  H ow ever, i t  o u g h t  to  be  p o s s ib le  to  a s s ig n  b o u n d s  to  e .g . 
m ean f ie ld  s t r e n g th  fo r  a  g iv e n  lu m in o s ity  law  s u c h  th a t  a  p a r t i c u l a r  
m odel f i t s  a t  th e  p r e s c r ib e d  le v e l o f s ig n if ic a n c e , a n d  th i s  t a s k  is  o n e  
w h ich  sh o u ld  be  ta c k le d  a s  f u tu r e  r e s e a rc h .
7.3 FUTURE WORK- INCLUDING POSITIONAL COORDINATES
A m ore co m ple te  a n a ly s is  w ould  in v o lv e  th e  in c lu s io n  o f th e  p u l s a r  
p o s it io n s  a n d  v e lo c itie s , o f w h ich  th e  fo rm e r  a r e  k n o w n  from  
o b s e rv a t io n  fo r  a ll p u ls a r s ,  a n d  th e  l a t t e r  fo r  a  sm all sam p le  o n ly , a s  
d is c u s s e d  in  C h a p te r  1. The d i s t r ib u t io n  o f p u ls a r  p o s it io n s  in  th e  
g a la x y  will n o t b e  th a t  of a  u n ifo rm  p la n a r  d e n s i ty ,  a s  a s su m e d  f o r  
th e  m odels we h a v e  d is c u s s e d . In c lu d in g  th e  p o s itio n  a n d  v e lo c ity  d a ta  
w ould  allow  th e  m ig ra tio n  o f p u l s a r s  from  th e  g a la c tic  p la n e  to  b e  
m odelled , w h ich  will g iv e  new  s e le c tio n  e f f e c ts  to  b e  t r e a te d ,  s in c e  
o n ly  la r g e  p r o p e r  m otions can  b e  d e te c te d .
A r e p e a t  o f H anson ’s (1979a a n d  1979b) w o rk  o n  p r o p e r  m otion  
d i s t r ib u t io n s  u s in g  th e  l a r g e r  d a ta  sam ple  o f C o rdes(1987) w ould  be  o f
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g r e a t  i n te r e s t ,  e s p e c ia l ly  to  e s ta b l is h  if  th is  sam p le  is  b ia s e d  
s ig n if ic a n t ly  in  th e  sam e w ay  th a t  th e  p r o p e r  m otion  d a ta  a n a ly s e d  b y  
H anson  in  th e s e  p a p e r s  w as, b y  th e  d o m in a tio n  o f th e  f a s t e s t  
t r a n s v e r s e  v e lo c i ty  p u l s a r s .  I t  is  a lso  r e le v a n t  to  th e  q u e s tio n  r a i s e d  
b y  S to llm an n  a n d  V an d e n  H euvel(1986) o f w h e th e r  th e  c o r r e la t io n  
b e tw e e n  t r a n s v e r s e  v e lo c i ty  a n d  in f e r r e d  m a g n e tic  f ie ld  t h a t  is  
p r e s e n t  in  th e  o b s e rv e d  sam ple  is  r e a l  o r  in d u c e d  b y  se le c tio n  e f f e c ts .
7.4 INVERSE PROBLEMS
I t  w as show n  in  C h a p te r  3 a n d  A p p en d ix  A7 how  th e  t im e - d e p e n d e n t  
c o n tin u i ty  e q u a tio n  m eth o d  fo r  p u l s a r  e v o lu tio n  g iv e s  r i s e  to  i n v e r s e  
p ro b le m s  w h ich  c a n  b e  in  p r in c ip le  be  so lv e d  fo r  u n k n o w n  s o u rc e  
d i s t r ib u t io n s .  Some o f th e  s im p le s t c a s e s  a r e  t r e a te d  in  A p p en d ix  A7. 
M ore r e a l is t ic  p ro b le m s  w h ich  a r e  b a s e d  on  th e  sam e m e th o d s  w ould  b e  
o f i n t e r e s t  f o r  f u tu r e  r e s e a r c h ,  e s p e c ia lly  w h en  th e  o b s e rv e d  p u l s a r  
sam ple  h a s  in c r e a s d  to  th e  e x te n t  in d ic a te d  in  S e c tio n  7.7.
7.5 FUTURE WORK- WHITE DWARF COOLING
T he t im e -d e p e n d e n t  c o n tin u i ty  e q u a tio n  c a n  b e  a p p lie d  in  o th e r  
f ie ld s . T he p ro b le m  o f w h ite  d w a rf  s t a r  co o lin g  is  o n e  a r e a  w h ic h  
w ould  be  s u i te d  to  s u c h  a n  a p p ro a c h . T he o b s e rv e d  d a ta  fo r  w h ite  
d w a rf  lu m in o s itie s  a n d  a g e s  g iv e  th e  te m p e ra tu re  a n d  coo ling  r a t e s ,
a n d  e x p e c te d  o v e ra l l  c o o lin g  tim es a r e  a 109 y e a r s ,  a p p ro a c h in g  th e
g a la c tic  a g e , so  a  t im e -d e p e n d e n t  m ethod is  e x p e c te d  to  be  n e e d e d .
A lth o u g h  th e  sam p le  s iz e  is  sm all f o r  th e  p u r p o s e s  o f m o d e l- te s t in g ,
th e  s i tu a tio n  m ay im p ro v e  in  th e  f u tu r e .  S ee  S h a p iro  a n d  
T e u k o lsk y  (1986).
7.6 FUTURE WORK- ST A R B U R ST S
T he a s su m p tio n  o f s te a d y  c re a tio n  is  v i r tu a l ly  u n iv e r s a l  in  th e  p u l s a r  
l i t e r a tu r e .  T h is  is  a lso  th e  e a s ie s t  s c e n a r io  to  w o rk  w ith . I f  we d e c id e
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to  in v e s t ig a te  th e  c o n s e q u e n c e s  o f a  c re a t io n  r a t e  t h a t  is
t im e -d e p e n d e n t ,  th e n  th e  c o n t in u i ty  e q u a tio n  m ethod  is  e a s i ly  u s e d ,
a n d  in d e e d  is  th e  o n ly  a p p r o p r ia t e  m ethod  in  th is  c a s e . Of p a r t i c u l a r
i n t e r e s t  is  th e  c o n c e p t o f 'b u r s t s '  o f fo rm a tio n , c o n c e n t r a te d  p e r io d  o f
p u ls a r  fo rm a tio n  w h ich  a r e  s h o r t  c o m p ared  to  th e  life tim e s  o f th e
p u l s a r s  th u s  c r e a te d ,  o r  th e  i n te r v a l  b e tw e e n  b u r s t s .  S u c h  id e a s  a r e
t r i g g e r e d  b y  th e  w o rk  o f R ic h te r  a n d  R osa(1988) w ho exam ine
s u p e rn o v a  d a ta  a n d  c o n c lu d e  t h a t  in  c e r ta in  g a la x ie s  s u p e rn o v a e  a r e
m ore f r e q u e n t  th a n  in  o th e r s ,  a n d  s u g g e s t  th is  is  d u e  to  b u r s t s  o f
s t a r  fo rm a tio n /s u p e rn o v a e  in  p a r t i c u l a r  g a la x y  ty p e s .
I f  a ll  p u ls a r s  a re  c re a te d  a t  a  s in g le  p e r io d  a n d  a t  a  s in g le  i n s t a n t ,
«
t h e n  th e  r e s u l t in g  P ,P  d i s t r ib u t io n  w ill sim p ly  c o n s is t  o f p u l s a r s
s p r e a d  a lo n g  th e  'd e a th l in e ' from  th e  m odels in  C h a p te r s  4 -6 . A s p r e a d
in  in it ia l  p e rio d  w ill y ie ld  a  d i f f e r e n t  p ic tu r e ,  c r e a t in g  a  n a r ro w  w e d g e  
%
in  th e  P ,P  p lan e  w h e re  p u l s a r s  c a n  b e . A s e r i e s  o f r e g u la r  'b u r s ts *  o f
%
fo rm a tio n  a lso  will g iv e  g r e a t e r  c o v e ra g e  o f th e  P ,P  p la n e .
Of m ore re le v a n c e  m ig h t be  a  'd ecay in g *  b u r s t ,  w h e re  th e  b i r t h r a t e  
f a l ls  o ff  (p o ss ib ly  e x p o n e n tia lly )  a f t e r  tu r n in g  on  in s ta n ta n e o u s ly .  I t  
w ill be  c le a r  th a t  fo r  a  s in g le  b u r s t  i t  is  d i f f ic u l t  to  o b ta in  
q u a li ta t iv e ly  th e  o b s e rv e d  la r g e  s c a t t e r  in  th e  P ,P  p la n e , u n le s s  
p u l s a r s  a r e  c re a te d  a t  v i r tu a l ly  a ll p e r io d s ,  w h ich  seem s u n lik e ly . A 
f u r t h e r  in v e rs io n  p rob lem  c o u ld  b e  so lv e d  in  th is  in s ta n c e ,  f o r  a n  
u n k n o w n  b i r th r a te  a s  a  fu n c t io n  o f tim e.
T he im p o rta n c e  o f th e  t im e -d e p e n d e n t  c o n tin u i ty  e q u a tio n  a p p ro a c h  is  
t h a t  i t  h a s  th e  c a p a b ili ty  to  d e a l w ith  th is  c a se  a s  w ell a s  h a n d lin g  
s te a d y  c re a tio n , u n d e r  th e  sam e fo rm alism , a  c o n s id e ra b le  im p ro v e m e n t 
on  e x is t in g  m ethods.
7.7 FUTURE WORK- INCLUSION OF LU M INO SITY DATA
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I t  w as p o in te d  o u t  in  C h a p te r  4 th a t  th e  in c lu s io n  o f th e  lu m in o s ity  
d a ta  w ould  b e  d e s ir a b le  in  th e  c h i - s q u a r e d  t e s t ,  b u t  th e  s p a r s e n e s s  o f 
th e  d a ta  r e n d e r e d  th is  im p o ss ib le  a t  p r e s e n t .  O nce s u f f ic ie n t  d a ta  is
4
a v a ila b le , th is  becom es an  o p tio n . F o r a  r e a s o n a b ly  f in e  g r id  in  P , P
a n d  L, s a y  o f 26 x 5 b in s  = 130 b in s  (26 b in s  in  th e  P ,P  p la n e  x 5 in
lu m in o s ity )  we w ould  r e q u i r e  o f th e  o r d e r  o f a t  le a s t  1000 p u l s a r s ,  
p r e f e r a b ly  tw ice  a s  m any. T h is  g iv e s  a  minimum r e q u ir e m e n t  o f a  
d o u b lin g  o f th e  e x is t in g  sam ple , w h ich  will ta k e  a  m ajo r o b s e rv a t io n a l  
e f f o r t .
7.8 COUNTERALIGNMENT MODEL FOR PU LSAR EVOLUTION
7.8.1 I n tr o d u c t io n  to  c o u n te r -a l ig n m e n t.
One o f th e  f i r s t  p a p e r s  to  ta lk  a b o u t  p u ls a r  c o u n te r -a l ig n m e n t  w as 
t h a t  o f F lo w e rs  a n d  R uderm an(1977 ), w ho a r g u e d  from  th e o r e t ic a l  
c o n s id e ra t io n s  t h a t  m ag n e tic  f ie ld s  o u g h t  to  d e c a y  a n d  s im u lta n e o u s ly  
th e  d ip o le  m om ent w ould  ev o lv e  to  m ake a  la r g e  a n g le  w ith  th e
r o ta t io n  ax is . We d e f in e  c o u n te r -a l ig n m e n t  to  h a v e  o c c u r r e d  w h e n  th e  
a lig n m e n t a n g le  b e tw e e n  th e s e  tw o ax es  r e a c h e s  90°. T he m ajo r
a n a ly s is  o f B e sk in  e t  al(1984) a lso  p re d ic te d  c o u n te r -a l ig n m e n t ,  b u t  a s  
y e t  th e  c o n s e q u e n c e s  o f th is  h a v e  n o t b e e n  fu lly  e x p lo re d . B e sk in  e t  
a l(1 9 8 4 )’s w o rk  is  in co m p le te  in  th a t  th e y  n e g le c t  s e le c tio n  e f f e c ts  d u e  
to  lu m in o s ity , a n d  th e  fu ll  g e o m e try  th a t  w as in tr o d u c e d  in  C h a p te r  6 
is  a lso  o m itte d . T he law  u s e d  b y  B esk in  e t  al(1984) w as, w h e re  0 is  th e  
a lig n m e n t a n g le , 
s in  (0) = s in (0 o )P .P o'"1 (7.15)
s u c h  th a t  0 r i s e s  a s  P in c re a s e s .  I t  is  c le a r  t h a t  now e i th e r  th e  p u l s a r  
life tim e m u st be  v e r y  s h o r t ,  o r  p u ls a r s  m u st b e  b o rn  w ith  0 * 0* to  
p r e v e n t  s in (0 ) e x c e e d in g  u n ity , w h ich  is  n o n -p h y s ic a l .  B esk in  d o e s  n o t
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a p p a r e n t ly  a d d r e s s  th is  s in c e  th e  c o u n te r -a l ig n m e n t  is  r e a l ly  o n ly  a
m inor c o n s e q u e n c e  from  th is  p a p e r ,  b u t  th e r e  c le a r ly  w ill b e  a  p ro b le m
p r e v e n t in g  th is  h a p p e n in g , w h ic h  is  a  d e fe c t  in  th e  m odel. I f  o n e
a d o p ts  c o n v e n tio n a l  s p in -d o w n , th e n  a  ty p ic a l  p u ls a r  b o r n  a t  P 0 = 10
m sec a n d  0 = 1 0 ’ s a y  w ill h a v e  a  life tim e  o f o n ly  104 -5  y e a r s  b e fo re
fu ll  c o u n te r -a l ig n m e n t  t a k e s  p la c e , a n d  th is  becom es m ore a c u te  fo r
p u l s a r s  b o r n  w ith  la r g e  v a lu e s  o f a lig n m e n t a n g le  0, o r  sm a lle r
p e r io d s .  A lth o u g h  B e sk in  e t  a l u s e  a  sp in d o w n  m ech an ism  t h a t  is
s ig n if ic a n t ly  d i f f e r e n t  in  n a tu r e  from  th e  m ag n e tic  d ip o le  r a d ia t io n ,  we
s ti l l  e x p e c t  i t  to  p ro d u c e  s im ila r  sp in d o w n  r a t e s ,  ( to  b e  c o m p a tib le  
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w ith  th e  P ,P  d ia g ra m ), t h u s  a  d e f in i te  p ro b le m  e x is ts .
A se co n d  p ro b lem  is  th e  p r e d ic te d  p r e p o n d e r a n c e  o f i n te r p u ls e  
p u ls a r s  w h ich  we e x p e c t in  th e  c a se  w h e re  a lig n m e n t a n g le s  te n d  to  
90®. N ea rly  a ll p u l s a r s  w ith  0 a 90° w ould  be  e x p e c te d  to  show  
e v id e n c e  o f a  se c o n d  beam  from  th e  o p p o s ite  p o le , w h e re a s  
o b s e rv a t io n s  s u g g e s t  [e .g . B ig g s (1990)] th a t  i t  is  p r im a r i ly  y o u n g e r  
o b je c t s  ( su c h  a s  th e  C ra b  p u l s a r  ) th a t  seem  to  p o s s e s s  in te r p u ls e s .  
B esk in  e t  al(1984) c la im s t h a t  th e i r  a n a ly s is  p r e d ic t s  th e  c o r r e c t  
n u m b e r  o f in te r p u ls e  p u l s a r s  b u t  we m u st r e i t e r a te  t h a t  th i s  w o rk  
d o e s  n o t p r o p e r ly  in c lu d e  th e  s e le c tio n  e f f e c ts  p r e s e n t  e .g . in  C h a p te r  
6 a b o v e . We h a v e  s t a r t e d  a  p re lim in a ry  a n a ly s is  o f a  sim p le  
c o u n te r -a l ig n m e n t  m odel, d e s ig n e d  to  b e  ’a n a lo g o u s 1 to  th e  a lig n m e n t 
m odel o f C h a p te r  6 a s  f a r  a s  p o s s ib le .
7.8.2 A b a s ic  c o u n te r - a l ig n m e n t  m odel.
We a d o p t  th e  sam e s p in -d o w n  law  a s  u s u a l:
i> = k . s in 2 (0 ) /P  (7.16)
a n d  th e  c o u n te r -a l ig n m e n t  law :
cos(0) = cos(0o ).exp{ - ( t - t 0 )/T } (7.17)
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T he so lu tio n  o f (7.16) g iv e s  th e  t r a j e c to r y  e q u a tio n , w h ich  is:
P 2 = P 0 2 + 2 k (t- t0 ) -Tkcos2(e0 ) . [ l - e x p [ -2 ( t - t0 )/T}] (7.18)
T he b a s ic  c o n s e q u e n c e  o f c o u n te r -a l ig n m e n t  w ill be  th a t  no te rm in a l  
p e r io d  e x is ts :  th e  p u ls a r  is  f r e e  to  sp in d o w n  in d e f in i te ly  a s  i t  a g e s ,  
b u t  th e  law  (7.17) p r e v e n ts  0 from  e x c e e d in g  90*. We a d o p t  th e  sam e 
s o u rc e  fu n c t io n  a s  in  C h a p te r  6 fo r  a lig n m e n t, nam ely :
C(P,0,<D;t) = c oA (P-Q ).H (t).sin(e)sin(< t> )H (sine)H (l-sin0)/4  (7.19) 
to  g iv e  ran d o m  o r ie n ta t io n s  o f p u ls a r s  in  th e  g e o m e tric a l c o o rd in a te s  
0 a n d  <l>, th e  a lig n m e n t a n d  o b s e r v e r ’s  d i re c t io n  a n g le s  r e s p e c t iv e ly .  
[S ee  F ig u re s  6.1,6.2 a n d  6 .3], We allow  a ll p u l s a r s  to  h a v e  th e  sam e 
m ag n e tic  to rq u e  a t  f i r s t ,  f o r  s im p lic ity . F rom  (7.18) we g e t  th e  
Ja c o b ia n
J = 3 (P 0 »©o) = po t a n ( 0 o ) ( 7 . 2 0 )
3(P,0 ) P tan(0)
th u s  th e  s o lu t i o n  t o  th e  c o n t i n u i t y  e q u a tio n  w i l l  b e :  (7 .2 1 )
c o s 0 .H ( t)H (s in 0 )H (1 -s in © ) 
s i n 2 (0) P=Q
Now th e  b r a c k e te d  te rm  is  c ru c ia l .  We c a n  se e  from  (7.18) t h a t  w e a r e  
u n a b le  to  so lv e  e x p lic itly  fo r  t  = 0 a t  P = Q, th e r e f o r e  a  p ro b le m  
e x is ts  in  e s ta b l is h in g  th e  c o n s t r a in t s  on  o u r  d i s t r ib u t io n  w h ich  a r e  o f 
g r e a t  im p o r ta n c e . In  f a c t  th e  v a lu e  o f th e  b r a c k e te d  te rm  m u s t b e  
fo u n d  b y  a  n u m erica l so lu tio n , a  g r e a t  h in d ra n c e  w h en  c o m p a red  to  
th e  a n a ly t ic  n e a tn e s s  of th e  p re v io u s  m odels. T h is  d i f f ic u l ty  is  d u e  to  
th e  f a c t  th a t  o u r  sp in d o w n  law d e p e n d s  on  s in (e )  a n d  th e  
c o u n te r -a l ig n m e n t  law on  c o s (e ) . T h e re fo re  a  n u m e ric a l so lu tio n  is  
o b l ig a to ry  in  th is  c a se , e v e n  fo r  th e  lim its  o f th e  in te g r a l s .  I f  a
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s a t i s f a c to r y  law  co u ld  b e  fo u n d  th a t  s u rm o u n te d  th e  p ro b le m , th e n  
th is  w ould  b e  m uch e a s ie r  to  so lv e .
7.8.3 A tte m p ts  to  so lv e  th e  c o u n te r -a l ig n m e n t  p ro b lem .
T he f i r s t  s te p  is  to  b e  a b le  to  so lv e  th e  e q u a tio n  (7.18) w h e n  P=Q, to  
g iv e  th e  f i r s t  c o n d it io n  o f  c o n s t r a in t ,  a n d  w h ich  e n a b le s  th e  te rm  in  
s q u a r e  b r a c k e ts  to  be  e v a lu a te d  a t  t* , s a y , th e  s o lu tio n  of: 
h ( t)  = P 0 2 -  Q2 + 2 k ( t - t 0 ) -T k c o s 2 (e0 ) ( l - e x p - 2 ( t - t 0 ) / r )  (7.22)
w h e re  M t* ) = 0. T h is  c a n  b e  d o n e  b y  a  N ew to n -R a p h so n  r o o t - f in d in g
m eth o d , a n d  th u s  th e  b r a c k e t  te rm  in  (7.21) c a n  be  fo u n d , u s in g  
(7 .17). H ow ever, to  u s e  th i s  in fo rm a tio n  in  th e  c o n d itio n  t*  ^ 0 to  g iv e  
a n  a n a ly t ic  c o n s t r a in t  o n  P  o r  e  is  n o t p o ss ib le . T h u s  we a r e  h in d e re d  
a t  th e  o u t s e t  b y  th i s  f e a tu r e  o f th is  p a r t ic u la r  a p ro a c h  to  
c o u n te r -a l ig n m e n t .
I t  is  c e r ta in ly  p o s s ib le  to  d e v e lo p  a  p u ls a r  e v o lu tio n  m odel w ith  
c o u n te r -a l ig n m e n t  b u t  u n le s s  som e form  c a n  b e  fo u n d  f o r  th e  law  
w h ich  g o v e rn s  th e  b e h a v io u r  o f 0 w h ich  allow s th e  s o lu tio n  o f (7.16) 
to  b e  e x p re s s e d  a n a ly t ic a lly  w h e n  th e  c o n d itio n  t  ^ 0 is  a p p lie d , th e n  
a  r e s t r i c t e d  n u m e ric a l s o lu t io n  is  a ll t h a t  c a n  be  a tte m p te d . T h is  is  
w o rth w h ile , h o w e v e r , a n d  a  d e f in i te  f u tu r e  aim is  to  co m p le te  t h i s  
m odel a n d  f in d  th e  P ,P  d i s t r ib u t io n  th a t, i t  p r e d ic ts ,  a n d  p ro c e e d  to  
t e s t  i t  a g a in s t  th e  o b s e rv a t io n s .
7.9 THE BEAMING FRACTION IN  THE SIM PLE MODEL
I t  w as s t r e s s e d  e a r l ie r  in  C h a p te r s  1 a n d  6 th a t  th e  b eam in g  f r a c t io n  
w ould  be  in d e p e n d e n t  o f p e r io d  u n le s s  th e  a lig n m e n t a n g le  e v o lv e d  a s  
th e  p u ls a r  s p in s  dow n. T h is  w as  c o r r e c t  fo r  th e  p a r t i c u la r  a p p lic a tio n  
th a t  w as c h o s e n  in  C h a p te r s  4 a n d  5 w h e re  we t r e a te d  k a s  a  v a r ia b le  
w h ich  e f fe c tiv e ly  c o n ta in e d  a ll  th e  d e ta i ls  from  e q u a tio n  (2 .1), th e  
m ag n e tic  d ip o le  s p in -d o w n  law . One o f th e s e  d e ta i ls  w as th e  s in 2(0)
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f a c to r  w h ich  r e s u r f a c e d  in  th e  a lig n m e n t m odel o f C h a p te r  6. I f  we 
s e p a r a te  th is  from  th e  s t a r t  we g e t  th e  sam e s p in d o w n  law , b u t  in  a  
new  g u is e  as:
P = k s in 2( e ) /p  (7.23)
w h e re  now  we t r e a t  k a n d  0 a s  in d e p e n d e n t  v a r ia b le s .  Now h o w e v e r  
w h e n  th e  a n a ly s is  is  r e p e a te d ,  th e  b ea m in g  f r a c t io n  b eco m es 
p e r io d - d e p e n d e n t ,  s in c e  0 d o e s  g o v e rn  how  e f f ic ie n t ly  a  p u l s a r  o f 
g iv e n  k  c a n  s p in  dow n. T h is  is  sh o w n  a s  fo llow s:
We r e p e a t  th e  a n a ly s is  o f C h a p te r3 , m odel l b ,  w ith  a  s o u rc e  te rm : 
C(P,k,0,<l>;t) = c o .K(k).sin(0)sin(<l>)A(P-Q)H(t) (7.24)
w h ich  g iv e s  th e  so lu tio n  to  th e  o b s e rv e d  d i s t r ib u t io n  o f P , P , 0 a n d  
4> to  be:
n  , ( P , £ , 0 , $ ; t  ) = c 0SP1+OC P ^“ 1K (PPcosec2 (0)sin (< t> )H (t)l (7 .2 5 )
16Fm in  s i n ( e )  Q
w h e re  we ch o o se  K(k) to  be  th e  sam e d i s t r ib u t io n  t h a t  a p p e a e d  in  
C h a p te r  3, i.e . K(k) = k a ” 2e x p ( - k /a )  (7.26)
Now w e re c a ll  th e  P r o s z y n s k i  d ia g ra m  (F ig u re  6.4) w h ich  g iv e s  th e  
r e g io n s  o f th e  0,<t> p la n e  t h a t  a r e  c o n s is te n t  w ith  a  p u ls e  b e in g  
o b s e rv e d .  To d e f in e  th e  b eam in g  f ra c t io n ,  we c o n s id e r  th e  e q u iv a le n t  
m odel w ith o u t a n y  g e o m e tric a l v a r ia b le s  in c lu d e d , a n d  th u s  :
T (P ,P )  = nQb s ( P ,P ; t )  [geom etry ] (7 .2 7 )
no b s (p »^ >5t ) t no geom etry ]
w here th e  n u m era to r o f  (7 .2 7 )  i s  th e  e x p re s s io n  o b ta in e d  when no 
c o n s id e r a t io n  i s  made o f  0 and $ , and  th e  d e n o m in a to r  i s  from  ( 7 .2 5 ) .
So, u s in g  ( 7 .2 6 ) ,  (7 .2 5 )  and  th e  e x p re s s io n  from  C h a p te r  3 , (3 .2 1 )
we g e t  T (P ,P ) = G( 1 /2 , P P a -^ ta n 2 (j30 ) ) .2 s in ( /3 0 ) (7 .2 8 )
2 / ( P P a - 1 )
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w here G( , ) i s  an  in c o m p le te  gamma f u n c t io n  and  P0  i s  t h e  cone
h a l f - a n g l e  f o r  th e  c i r c u l a r  r a d i a t i o n  beam, a s  u se d  in  C h a p te r  6 .
By th e  d e f i n i t i o n  o f  th e  e r r o r  fu n c t io n  e r f c ( x ) ,  [ e r fc (O )  = 1 ] ,
e r f c ( x )  = G ( i / 2 , x ) s o  t h e  f i n a l  e x p re s s io n  i s :
T(P,P) = sin(/30) .erfc[tan(j30 ) .✓(PP/a)] (7.29)
✓ (PP/a)
e v e n  a lth o u g h  th e r e  is  no  a lig n m e n t o r  c o u n te r -a l ig n m e n t ,  t h e r e  is  a
b eam in g  f ra c t io n  w h ich  v a r i e s  o v e r  th e  P ,P  p la n e . N o ting  th e  fo rm  o f
«
(7.29) we c a n  see  th a t  a lo n g  a  lin e  of c o n s ta n t  PP , w h ich  w ill b e  a  
s t r a ig h t  lin e  w ith  s lo p e  -1  o n  th e  lo g -lo g  p lo t  in  F ig u re  1.1, th e  
b ea m in g  f ra c t io n  a s  d e f in e d  h e re  will b e  c o n s ta n t .  F o r l in e s  'h ig h e r  
u p ' th e  p la n e , th is  q u a n t i ty  w ill fa ll, from  th e  form  o f  (7 .29). So in  
th is  c a se , i t  is  p u l s a r s  w ith  l a r g e r  k w h ich  w ill be  s e le c te d  a g a in s t .  
T h is  is  a  sm all e f fe c t ,  b u t  fo r  d i f f e r e n t  p a ra m e te r s  t h e r e  c o u ld  b e  a  
s ig n if ic a n t  b ia s in g  a g a in s t  f a s t e r  p u ls a r s .  On th is  s e c t io n  we h a v e  
om itted  th e  c o n tr ib u t io n  from  th e  in te r p u ls e  re g io n  o f th e  P r o s z y n s k i  
d ia g ra m , F ig u re  6.4, d e a lin g  o n ly  w ith  s in g le -p u ls e  o b je c ts .
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APPENDICES
APPENDIX A l .  THE KOLMOGOROV-SMIRNOV T E ST
T h is  is  a  n o n - p a r a m e tr ic  s ta t i s t i c a l  t e s t  of g o o d n e s s - o f - f i t  b e tw e e n  th e  
cu m u la tiv e  d i s t r ib u t io n  f u n c t io n s  o f th e o r y  a n d  th e  d a ta  sam p le . T he 
s ta n d a r d  p r a c t ic e  in  th e s e  s i tu a t io n s  is  to  t e s t  th e  n u ll  h y p o th e s is ,  in  
th is  c a se  t h a t  ’th e  tw o d i s t r ib u t io n s  a r e  id e n t ic a l ’. An u n s a t i s f a c to r y  
f i t  w ill t h e n  lea d  to  a  r e j e c t io n  o f th e  n u ll h y p o th e s is  a t  a  p a r t i c u l a r  
le v e l o f s ig n if ic a n c e . F o r  a  d a ta  sam ple  of s iz e  N, s a y  {x1,x 2,...x jsj} th e n  
th e  c u m u la tiv e  d i s t r ib u t io n  fu n c t io n  c a n  b e  c o n s t r u c te d  to  be  Sj^(x) 
w h e re  Sj^(x) is  th e  p r o p o r t io n  of sam ple  v a lu e s  w h ich  do  n o t ex c ee d  
th e  v a lu e  x. T h u s  S ^ (x ) is  a  s te p  fu n c t io n  w h ich  in c r e a s e s  b y  1/N a t  
e a ch  ’ju m p  p o in t ’ (i.e . th e  v a lu e s  x l t x 2 f "  a b o v e  ) o v e r  th e  r a n g e  o f  
th e  d a ta  sam p le . I f  th e o r y  p r o v id e s  a  c u m u la tiv e  d i s t r ib u t io n  f u n c t io n  
F(x) o v e r  th e  sam e r a n g e  th e n  th e  q u a n t i ty  d e f in e d  a s  fo llow s:
Djq = max | Sjsj(x) -  F (x) | o v e r  th e  r a n g e  o f th e  sam p le , is  th e  
K o lm o g o ro v -S m irn o v  s ta t i s t i c .  I t  is  th e  maximum d e p a r t u r e  o f th e  tw o  
c u r v e s  from  o n e  a n o th e r .  C le a rly , a  sm all w ill c o r r e s p o n d  to  a  c lo se  
f i t .  T h is  is  a  u s e fu l  m e a s u re , s in c e  i t  is  d i s t r ib u t io n - f r e e  in  th e  s e n s e  
th a t  Dfl d o e s  n o t d e p e n d  on  F (p ro v id e d  F is  c o n tin u o u s )  a n d  i t s  
sa m p lin g  d i s t r ib u t io n  is  k n o w n , a llow ing  p r o b a b i l i t ie s  to  b e  e s ta b l is h e d  
fo r  in fe r e n c e  p u r p o s e s .  K olm ogorov(1933) fo u n d  t h a t  th e  p r o b a b i l i ty  o f 
a  g iv e n  Djg b e in g  le s s  th a n  a  c e r ta in  z w as:
• m
where L(z)  = 1-2 J  ( - 1 ) 1 1e  1 Z 
i=o
a n d  fo r  l a r g e r  N, th e  a p p ro x im a tio n  becom es m ore e x a c t. T h u s  we c a n  
p ro c e e d  to  teB t m odels u s in g  th e  K o lm ogorov -S m irnov  t e s t  s ta t i s t i c  a n d
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r e j e c t  a  model th a t  fa i ls  to  p ro v id e  a  s ig n i f ic a n t  f i t .  S ee  P r e s s  e t  
al(1986) an d  G ibbons(1971) f o r  f u r t h e r  d e ta i ls  o f th is  th e o r y .
T he K o lm ogorov-S m irnov  t e s t  u s e s  u n g r o u p e d  d a ta  so  we a r e  m ak in g  
th e  m ost com plete  u s e  of th e  e n t i r e  d a ta  sam ple . A n o th e r  a d v a n ta g e  is  
t h a t  th e  sam p lin g  d i s t r ib u t io n  is  know n  a c c u r a te ly  a n d  t a b u la te d ,  
w h e re a s  th e  c o r r e s p o n d in g  s i tu a t io n  fo r  th e  c h i - s q u a r e d  t e s t  ( se e  
below  in  A ppend ix  A2) is  o n ly  a p p ro x im a te .
APPENDIX A2. THE CHI-SQUARED T E ST
T h is  is  an  a l te rn a t iv e  g o o d n e s s  of f i t  t e s t ,  b u t  is  n o t r e s t r i c t e d  to  
c u m u la tiv e  d is t r ib u t io n s .  I t  r e q u i r e s  th e  d a ta  to  be g r o u p e d , b u t  c a n  
b e  a p p lie d  to  m u lt i-v a r ia te  sa m p le s , p ro v id e d  e a c h  b in  h a s  a  s u f f ic ie n t  
o c c u p a n c y  to  m ake th e  a n a ly s is  r ig o ro u s .  U su a lly  we in s i s t  on  a t  l e a s t  
5 ’po in ts*  in  each  b in . One h a s  a n  o b s e rv e d  sam ple  a n d  a  th e o r e t ic a l  
p r e d ic tio n  fo r  th e  fu n c t io n a l  fo rm  of th e  d i s t r ib u t io n  o f th is  d a ta .  T he  
n u ll  h y p o th e s is  to  b e  t e s t e d  is  a g a in  ’th e  tw o d i s t r ib u t io n s  a r e  
id e n t ic a l ’. D enoting  th e  o b s e rv e d  o c c u p a n c y  in  th e  i ^  b y  m^, a n d  th e  
p r e d ic te d  o c c u p a n c y  b y  n j we d e f in e
v 2 r v  .2X = V ( m* -  n* )
i = i ----------------------
n i
I t  c a n  be  show n, th a t  fo r  s u f f ic ie n t ly  h ig h  V, th a t  th is  q u a n t i ty  is  
d i s t r ib u te d  a c c o rd in g  to  th e  c h i - s q u a r e d  d i s t r ib u t io n  w ith  V -l d e g r e e s  
o f freed o m , h e n c e  th e  n o ta tio n . By in s is t in g  th a t  th e  p r e d ic te d  to ta l  
o c c u p a n c y  is  th e  sam e a s  th e  to ta l  sam ple  s ize  th e  n u m b e r  o f d e g r e s s  
o f freed o m  is th u s  v - l  in s te a d  o f V. C lea rly , a  la r g e  v a lu e  o f X2 w ill 
b e  in co m p atib le  w ith  th e  n u ll h y p o th e s is ,  w h ich  w ould  c o n s e q u e n t ly  b e  
r e je c te d .  In  th e  c a se  o f t  a d d it io n a l  f r e e  p a ra m e te rs  o f th e  m odel a lso  
b e in g  f i t te d  th e  n u m b e r  of d e g r e e s  of freed o m  fa lls  b y  o n e  fo r  e a c h  
a d d it io n a l  p a ra m e te r . To p u t  th is  on  a r ig o r o u s  fo o tin g , th e
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p r o b a b i l i ty  o f a  X2 o c c u r r in g  b y  c h a n c e  fo r  a  p a r t i c u la r  V c a n  be 
fo u n d  a n d  fo r  a  g iv e n  le v e l  of s ig n if ic a n c e  <x, we w ould  r e j e c t  th e  n u ll  
h y p o th e s is  if  X2 > x 2oc, v - t - 1  o r  *2  ^ X2 i-o:, v - t - 1  ’ T h is  is  a  o n e - ta i le d  
t e s t .  T he  a s s o c ia te d  p r o b a b i l i ty  P(X2 |V) is  a  s p e c ia l  c a se  o f th e  
in co m p le te  gam m a fu n c t io n . One c a n  a lso  p e rfo rm  a  so -c a lle d  tw o - ta i le d  
t e s t ,  w h ich  is  m ore a p p r o p r ia te  if  th e  u s e r  is  r e lu c ta n t  to  r e j e c t  th e  
n u ll  h y p o th e s i s  ( S t r a i t  (1989).
T he c h i - s q u a r e d  t e s t  is  d i s t r ib u t io n - f r e e  in  th e  s e n s e  t h a t  i t  a p p lie s  
to  a ll d i s t r ib u t io n s  (S tra it(1 9 8 9 ).
APPENDIX A3.
THE B IV A R IA TE  NORMAL DISTRIBUTION.
F o r tw o  ra n d o m  v a r ia b le s  x a n d  y , th e  b iv a r ia te  no rm al d i s t r ib u t io n  
ta k e s  th e  fo rm :
N (x,y) = (2t702o 3v'( 1 - p 2 ))” 1. e x p { -Q (x ,y ) /2 ( l-p 2 )} (A3.1)
w h e re  Q is  a  q u a d r a t ic  fo rm  in  x a n d  y  of th e  form :
Q (x,y) = (x—t<x )2/ o x 2 + (y - / iy )2/ o y 2 -2p(x-A<x )(y-A/y ) /o xo y  (A3.2)
H ere  Ux, u y  a r e  r e s p e c t iv e ly  th e  m ean v a lu e s  o f x a n d  y , o x 2 a n d  a y 2  
t h e  v a r ia n c e s  in  x a n d  y a n d  p  th e  c o r r e la t io n  p a ra m e te r ,  w h ich  m u s t 
b e  in  th e  r a n g e  (-1 ,1 ) . T he c o n s ta n t  o u ts id e  th e  e x p o n e n tia l is  c h o s e n  
so  t h a t  th e  d i s t r ib u t io n  is  no rm a lised  to  u n i ty .
S in ce  th e  d i s t r ib u t io n  is  sy m m etrica l in  x a n d  y , a n y  r e s u l t  a p p ly in g  
to  th e  m a rg in a l d i s t r ib u t io n  of x w ill e q u a lly  a p p ly  to  t h a t  o f y , w ith  
a n  a p p r o p r ia t e  sw itc h  o f s u b s c r ip t s  x -+y a n d  y  -*x. I t  c a n  be sh o w n  
t h a t  th e  d i s t r ib u t io n  o f x a lo n e , th e  m a rg in a l d i s t r ib u t io n ,  w h ich  i s  a  
u n iv a r ia te  n o rm a l is  g iv e n  b y  
N(x) = (2trox 2 )- 1 / 2 exp{-(x -/Jx )2/2 o x2 )} in d e p e n d e n t  o f iAy , a y  a n d  p.
We now  w ish  to  p ro v e  a  r e s u l t  th a t  is  n e e d e d  in  C h a p te rs  4 -6 . T h is  
w ill b e  c a lle d  T heo rem  1.
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THEOREM 1.
exp(ocx) .e x p { - ( x - / i ) 2 } = exp  f - ( x - /  v2'r X i  n +  
L 2 a 2 J2o
w here ju = u  + cco2 and  P = oc(ai + oca ?2)
P ro o f . exp(oG c)exp{-(x-#i)2 } = exp  f-(x -M )2
2a2
["-(x- ) + 2ocxo I
L 2 ^  J
I" - ( x2-2 a*x +Af2-2 o 2<xx )"! 
L 2a2 J
= exp  f -  (x -  (u+o2<x)) 2 - 2 po2<x - o 4oc2l
[  2a2 J
= e x p f  -(x -ju  )2+ /S 1 Q .E .D .>[*  P -J
L j
Thus b y  m u lt ip ly in g  a  no rm al d i s t r i b u t i o n  f u n c t io n  in  x b y  exp(ocx) 
we a g a in  o b ta in  a  norm al d i s t r i b u t i o n  in  x  w ith  a  new mean an d  a  
new n o r m a l is a t io n  c o n s ta n t .
Now a  seco n d  Theorem w i l l  b e  p ro v e d , a l s o  r e q u i r e d  f o r  C h a p te rs  4 -6  
T h is  g iv e s  th e  e x p re s s io n  a n a lo g o u s  t o  Theorem 1 f o r  m u l t ip ly in g  
a  b i v a r i a t e  norm al d i s t r i b u t i o n  N (x ,y )  by  a  f a c t o r  e x p (c y ) .
H ere , th e  p a ra m e te rs  o f  th e  b i v a r i a t e  norm al a r e  r\ and  U (m ean s), 
ox 2and Oy2 (v a r ia n c e s )  and  c o r r e l a t i o n  p . €  i s  a  c o n s ta n t .
2 —  2 2 2 2 Theorem 2 . ex p (ex ) ,N (x ,y )  = ex p f-A  -(y-A*) +/J£ +pAo e  +yo €  1
y c y
w here A = ( x -n ) /o x  ; y  = 2 ( l - p 2 ) ; ju = u  + o y 2 (ye  + 2pA )
T  ~oy
P ro o f . The exponen t o f  th e  b i v a r i a t e  p a r t  i s  a s  g iv e n  above i n  A3.2: 
Com bining a l l  th e  e x p o n e n ts  t o g e t h e r  we g e t :
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E = A2+ ( y - u ) } o y 2 -2g> A (y-p)/O y-eyy  i n  th e  above n o t a t i o n
-  y
-  -A2 -2pAp -  ( y - p ) 2 + y(cy+2pA /oy ) 
y  y o y  y o y 2 y
D e fin e  u  = p  +Oy2 (€y+2pA/oy ) /2
Thus E = -A2 - ( y - p ) 2 -2pAju + p2 - p 2
y  y O y 2 yo y  ya y 2
E = -A 2 - ( y - p )  2 + p  e  + pAeOy + y e 2o y 2
2 yoy 2 4
w hich  was th e  d e s i r e d  r e s u l t .
APPENDIX A4. CORRELATION COEFFICIENTS.
C o rre la tio n  is  a  s ta t is t ic a l  m e a su re  o f a s s o c ia tio n  b e tw e e n  tw o  
v a r ia b le s .  T he  d e g re e  o f a s so c ia tio n  is  u s u a l ly  in d ic a te d  b y  a s s ig n in g  
a  c o e ff ic ie n t  o f c o rr e la t io n , d e fin e d  b y  a  fo rm u la  w h ich  u t i l i s e s  th e  
d a ta  in  p a i r s  o f th e  form  (x^,yj).
A4.1 P e a r s o n ’s l in e a r  c o r re la t io n  c o e ff ic ie n t.
T he  m ost com m only u s e d  is  P e a rs o n ’s  l in e a r  c o r r e la t io n  c o e ff ic ie n t , 
w h ich  is  d e f in e d  a s :
r  = E j tX j- x  ) ■ ( y j - y  )_________  (A 4 a )
V{ E j ^ x j - x  )2 E j ^ y j - y  )2 )
h e re  x  and  y  a r e  th e  means o f  th e  and  y^ r e s p e c t i v e ly ,  and
d e n o te s  th e  sum from  i= l  t o  i=N.
T he  v a lu e  o f r  in d ic a te s  th e  d e g re e  o f c o r re la t io n .
(a) r = 0 -> No c o r r e la t io n , x a n d  y  in d e p e n d e n tly  d i s t r ib u te d
(b) r  = +1 -» P e r f e c t  p o s it iv e  c o rre la t io n , (x^,y^) lie  on  s t r a ig h t  lin e  o f 
p o s it iv e  g r a d ie n t .
(c) r  = -1  -* P e r f e c t  n e g a tiv e  c o rre la t io n , (x^,y^ lie on  s t r a ig h t  lin e  o f
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n e g a tiv e  g r a d ie n t .
T he s lo p e  o f th e  l in e s  in  (b) a n d  (c) d o e s  n o t in f lu e n c e  th e  v a lu e  o f
r .  In  p r a c t ic e ,  we u s u a l ly  e n c o u n te r  v a lu e s  o f r  in  th e  r a n g e  b e tw e e n
-1  a n d  +1.
W hen a  c o r r e la t io n  is  p r e s e n t ,  r  g iv e s  a  m e a su re  o f i t s  s t r e n g th .  
H ow ever, i t  is  d i f f ic u l t  to  a s s e s s  th e  s ig n if ic a n c e  o f a  g iv e n  v a lu e  o f 
r .  ( P r e s s  e t  al(1986) ). r  t a k e s  no  a c c o u n t  o f th e  d i s t r ib u t io n s  o f x 
a n d  y , th u s  o n e  c a n n o t  c o m p u te  i t s  d i s t r ib u t io n  in  th e  c a s e  o f th e  n u ll 
h y p o th e s is .  W hat c a n  b e  a s su m e d , is  th a t  fo r  w e ll-b e h a v e d  
d i s t r ib u t io n s  o f x a n d  y , a n d  s u f f ic ie n t ly  la rg e  sa m p le s , r  is  
a p p ro x im a te ly  n o rm a lly  d i s t r ib u t e d ,  w ith  a  m ean o f z e ro  a n d  a  
s ta n d a r d  d e v ia tio n  o f 1 / ( VTST), fo r  N d a ta  p o in ts .  T he s ig n if ic a n c e  th e n  
t u r n s  o u t  to  be  e rfc{  |r |^ ( N /2 )  }, fo r  th e  c o m p le m e n ta ry  e r r o r
fu n c t io n  e r f c ,  w h e re  e r fc (0 )  = l .  H ow ever, th is  r e n d e r s  r  u s e fu l  o n ly  in  
th e  c a se  w h e re  th e  x a n d  y  d a ta  a r e  n o t too  f a r  from  b e in g  b in o rm a lly  
d i s t r ib u t e d .  I n te r p r e t i n g  th e  r  s ta t i s t i c  c a n  be  m e a n in g le s s  if  th e  d a ta
come from  a  w id e ly  d i f f e r e n t  d i s t r ib u t io n .
A4.2 S p e a rm a n ’s c o r r e la t io n  c o e ff ic ie n t .
T he  d if f ic u l t ie s  in h e r e n t  in  th e  P e a rs o n  s ta t i s t ic  c a n  be  c irc u m v e n te d  
b y  th e  in tr o d u c tio n  o f a  n o n -p a r a m e tr ic  c o r re la t io n  c o e ff ic ie n t . T h is  is  
a lso  c a lled  r a n k  c o r r e la t io n  s in c e  one  r e p la c e s  th e  (xpy j) p a ir s  b y  
t h e i r  r a n k s  w h ich  will b e  n u m b e rs  in  th e  r a n g e  1 ,2 ,....,N  so  th e  
d i s t r ib u t io n  o f th e  r a n k s  is  p e r f e c t ly  know n. T h is  is th e  u s e fu ln e s s  of 
r a n k  c o rre la t io n . T h e re  is  som e lo ss  of in fo rm a tio n , s in c e  we h a v e  
re p la c e d  th e  d a ta  b y  e i t h e r  in te g e r s  o r  h a l f - in te g e r s ,  b u t  w hen  a  
c o r r e la t io n  is  fo u n d , i t  is  g u a r a n te e d  to  be  re a l, to  a  s e n s i t iv i ty  lev e l 
t h a t  d e p e n d s  on  th e  s ig n if ic a n c e  c h o se n  [ P r e s s  e t  al(1986) ]. In
s t a t i s t i c a l  p a r la n c e , i t  is  a  m ore r o b u s t  te c h n iq u e , a n d  le s s  s e n s i t iv e
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to  th e  fo rm  of th e  u n d e r ly in g  d i s t r ib u t io n  c h a r a c te r i s in g  th e  d a ta . T he
p a r t i c u l a r  c a se  we s h a ll  u s e  is  th e  S p e a rm a n  r a n k - o r d e r  c o r r e la t io n
c o e ff ic ie n t ,  r B, d e fin e d
a s  th e  l i n e a r  c o r r e l a t i o n  c o e f f i c i e n t  o f  th e  ra n k s  o f  t h e  amd y ^ . 
T h a t i s ,  i f  R^ and  a r e  t h e  ra n k s  o f  t h e  p a i r  ( x ^ y ^ )  th e n
ro _ ^ ( R i  -  R ) ( S i  -  S )
V{ EA( R i -  R )2 Ei (Si  - S ) 2 }
w here d e n o te s  th e  sum from  i= l  to  i=N.
T he s ig n if ic a n c e  o f a  v a lu e  o f r s c a n  be  fo u n d  b y  e v a lu a t in g  t ,  w h e re
t  = r s (N-2)
1_r 2s
0 .5
w h ich  is  d i s t r ib u te d  a p p ro x im a te ly  a s  S tu d e n t ’s  d i s t r ib u t io n  w ith  N -2 
d e g r e e s  o f freed o m . I t  is  in  f a c t  a  good  a p p ro x im a tio n  f o r  a ll p o s s ib le  
d i s t r ib u t io n s  o f xj a n d  yp  
We s h a ll  u s e  b o th  th e s e  m e a s u re s  o f c o r r e la t io n  w h en  a n a ly s in g  th e  
p u l s a r  d a ta . I t  c a n  be  se e n  th a t  th e  n o n - p a r a m e tr ic  m e a s u re  w ill g iv e  
id e n t ic a l  a n s w e rs  fo r  b o th  (x j,y j) a n d  (ln (x j) ,ln (y ^ ))  w h ich  c a n  be 
u s e fu l .
APPENDIX A5. DEATHLINE TRANSFORMATIONS 
I n  th is  A p p en d ix  we s h a ll  d e m o n s tra te  how  th e  ro le  o f th e  d e a th l in e  
is  s ig n if ic a n t  n o t o n ly  in  th e  P ,P  d ia g ra m  b u t  fo r  a n y  p lo t  o f 
q u a n t i t i e s  d e p e n d in g  on  P a n d  P. T h is  w ill a p p ly  if  th e  d e a th l in e  is  a  
g e n u in e  c u to f f  fo r  p u ls e  p ro d u c t io n  o r  d u e  to  s e le c tio n  e f f e c ts ,  a n d  if, 
a s  s u g g e s te d  b y  Model 1, C h a p te r  4, is  d u e  to  th e  f in i te  a g e  o f th e  
g a la x y . We r e p r e s e n t  th e  d e a th l in e  b y  a  p o w e r law  r e la t io n  b e tw e e n  P 
a n d  P , nam ely
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f> = c  Pa  (A 5.1)
so  t h a t  ln (P )  = l n ( c )  + a ln (P )  (A 5.2)
• *
F o r exam ple, choose  two new v a r i a b le s  t o  be  X = P /P  and  Y = PP, 
so  t h a t  X r e p r e s e n t s  ag e  an d  Y th e  f i e l d  s t r e n g th  i n  th e  s ta n d a r d  
m o d el. T h u s:
P = (XY)0 -5 and  P = (Y/X)0 , 5 . So (A 5.1) becom es:
/(Y /X ) = c  (XY)a / 2 (A 5.3)
R e a rra n g in g , we g e t  : (1 -a )  ln (Y ) = ln ( c )  + (1+a) ln (X )
~ 2  2
so  ln (Y ) = l n ( c ’ ) + (1 + a ) ln (X )  (A 5.4)
(1 -  a;
T h is  a p p lie s  fo r  a  * 1. T h u s  th e  d e a th l in e  t r a n s fo r m s  to  a
c o n s t r a in t  in  th e  X,Y p la n e . W hen a  = 3, a s  im plied  b y  th e  c u to f f  
u s e d  b y  S to llm ann( 1987b) a n d  w h en  a  = 5, a s  d is c u s s d  in  M ichel(1982) 
we g e t  -2  a n d  - 3 /2  r e s p e c t iv e ly  fo r  th e  new  g ra d ie n t :  e .g . w h en  a  = 3, 
ln(Y ) 4 ln (c ’) -21n(X ), w h ich  fo rc e s  th e  p u ls a r s  to  lie  below  th is  l in e . 
I n te r p r e te d  a t  fa c e  v a lu e , i t  im plies o ld e r  p u ls a r s  h a v e  low er f ie ld s , 
b u t  th is  h a s  m ade no  a s su m p tio n  a s  to  fie ld  d e c a y  a t  a ll. S im ila r 
e f f e c ts  w ill be  fo u n d  if, fo r  exam ple, lu m in o s ity  is  p lo tte d  a g a in s t  a  
fu n c t io n  of P a n d  P , so  c a re  m u st be  ta k e n  a t  a ll tim es in  th e s e  
s i tu a tio n s .
APPENDIX A 6 . P U LSAR CURRENTS  
In  th e  w ork  o f N a ra y an  a n d  V iv ek an an d (1 9 8 1 ), N a ra y a n  a n d  
V ivekanand(1981) a n d  N a ra y a n (1987), a n d  e ls e w h e re , th e  c o n c e p t  o f 
p u ls a r  c u r r e n t  h a s  b e e n  in v o k e d  to  ju s t i f y  th e  id e a  o f ’in je c t io n ’ of 
p u ls a r s ,  th a t  is  th e  b i r t h  o f p u ls a r s  a t  in te rm e d ia te  p e r io d s  * 0.5 s e c s , 
o r  e q u iv a le n t ly , a  d e la y  in  th e  o n s e t  o f th e  p u ls a r  p h en o m en o n  u n t i l
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th e  n e u t r o n  s t a r  h a s  s p u n d o w n  to  th e s e  p e r io d s ,  h a v in g  b e e n  c r e a te d  
a t  f a s t e r  r o ta t io n  r a t e s .  T he claim  h a s  b e e n  m ade t h a t  t h i s  is  a  m odel 
i n d e p e n d e n t  a rg u m e n t, a n d  d o e s  n o t d e p e n d  on  th e  e f f e c ts  o f 
lu m in o s ity  s e le c tio n . We w ill show  in  th i s  a p p e n d ix  t h a t  th e  p u l s a r  
c u r r e n t  c a n  p e a k  a t  in te rm e d ia te  p e r io d s  fo r  th e  o b s e r v e d  sam p le  
a l th o u g h  a ll p u l s a r s  a r e  a c tu a l ly  c r e a te d  a t  a  m uch s h o r t e r  p e r io d , s a y  
10 m sec . T h is  a rg u m e n t p ro c e e d s  a s  fo llow s: we a d o p t  th e  s im ple  m odel 
fo rm alism  of C h a p te r  4, in  w h ic h  p u l s a r  f ie ld s  do  n o t  d e c a y  a n d  no 
a lig n m e n t o c c u rs .  We ch o o se  th e  sam e s o u rc e  te rm  a s  u s e d  e ls e w h e re , 
so  a ll  p u l s a r s  a r e  c r e a te d  a t  th e  sam e p e r io d  of 10 m sec . T he d e r iv e d  
o b s e r v e d  d i s t r ib u t io n  o f P a n d  P is ,  from  C h a p te r  4;
and  r e p r e s e n t s  th e  f lo w  o f  p u l s a r s  from  p e r io d s  below  y 1 t o  h ig h e r  
v a lu e s .  H ere y2min *he  * d e a th l in e *  te rm , a s  d e r iv e d  i n  C h a p te r  4 . 
The i n t e g r a l  i n  (A 5.2) can  be  found  a n a l y t i c a l l y  t o  b e :
f u n c t io n , th e  p a ra m e te rs  o 2, o 3, p  a n d  u2 a r e  from  th e  b iv a r ia te  
n o rm al fo r  k ,S  in  th e  s o u rc e  te rm  a n d  a  a n d  (2 from  th e  lu m in o s ity  law. 
I t  is  c le a r  from  (A5.3) th a t  if  oc-£ > 0 th e n  th is  fu n c t io n  o f y t w ill 
r e a c h  a  p e a k  a n d  th e n  fa ll o ff  a s  y 1 r i s e s  f u r t h e r ,  d u e  to  th e  e r f c  
f a c to r .  T h is  ’maximum’ c u r r e n t  c a n  o c c u r  a t  d i f f e r e n t  y x d e p e n d in g  on
|yi=±nfai
w here t h e  n o t a t io n  i s  t h a t  o f  C h a p te r  4 , so  y t  = l n ( P ) , y 2 = l n ( P ) . 
The p u l s a r  c u r r e n t ,  i s  by  d e f i n i t i o n ,  [N aray an (1987) ] ,
(y  ,y  : t )  = XeYl (1+<X)+y2(^ " 1 - l n ( 0 )  )H (t)  I (A 5.1)
n o b s ^ i* ^ )  ^ 2y2min
(A 5.2)
J ( Y i )  = ^ e 7 l ^<X~’^ e r f c  [ y ^ i n ' ^ + y i " ^ 2”^ ^  H (y1-ln Q ) (A 5.3)
L S2. o 2
w h e re  x /  is  a  c o n s ta n t ,  e r fc (x )  is  th e  no rm al c o m p le m e n ta ry  e r r o r
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th e  p a r t i c u la r  p a ra m e te r s  t h a t  a r e  c h o s e n . T h e r e f o r e ,  if  t h is  m odel 
w e re  a  r e a l is t ic  d e s c r ip t io n  o f th e  P ,P  d ia g ra m , ( i t  d o e s  n o t m a tte r  
t h a t  we now know  fro m  C h a p te r  4 i t  is  n o t) , a n d  oc-/3 d id  s a t i s f y  th e  
c o n d itio n  oc-/3 > 0 (Note a  a n d  /B a r e  u n k n o w n ) th e n  p u l s a r  in je c t io n  
w ould  b e  in f e r r e d  from  th e  p e a k  in  th e  p u ls a r  c u r r e n t ,  a l th o u g h  th e  
t r u e  s i tu a tio n  is  t h a t  a ll p u l s a r s  a r e  a c tu a lly  c r e a te d  a t  f a s t  p e r io d s .  
T h is  s e r v e s  to  e m p h a s ise  th e  d i s to r t io n s  c re a te d  b y  s e le c tio n  a n d  th e  
d a n g e r  o f r e a c h in g  s p u r io u s  c o n c lu s io n s  from  a rg u m e n ts  t h a t  a r e  n o t  
t r u ly  m odel in d e p e n d e n t ,  a n d  s u b je c t  to  s e le c tio n  e f f e c ts  t h a t  a r e  
d if f ic u l t  to  q u a n ti f y  a c c u r a te ly .
APPENDIX A7. IN VERSE PROBLEMS 
A7.1 In tro d u c tio n .
T h is  is  a  ty p e  o f p ro b le m  th a t  c a n  a r i s e  w h ich  is  a d d r e s s a b le  b y  th e  
t im e -d e p e n d e n t  c o n tin u i ty  e q u a tio n  m eth o d . An u n k n o w n  d i s t r ib u t io n  
o c c u r r in g  w ith in  a n  in te g r a l  w h ich  g iv e s  an  o b s e rv e d  d i s t r ib u t io n  c a n  
fo rm a lly  b e  so lv e d  in  som e o f th e  s im p le s t c a s e s  b y  d i f f e r e n t ia t in g  th e  
know n d is t r ib u t io n  to  o b ta in  a n  e x p re s s io n  fo r  th e  d e s i r e d  u n k n o w n  
d e n s i ty .  We c a n  o b s e rv e  th e  d i s t r ib u t io n  in  p e r io d , o r  f in d  a  s u i ta b le  
a n a ly t ic  form  to  d e s c r ib e  th e  d a ta . T h is , a lg e b ra ic a lly , in  th e  sim p le  
c a se , is  th e  so lu tio n  of
f  (x) = J ^ X) g (y )  dy (A 7.1)
f o r  th e  unknown f u n c t io n  g ( y ) ,  w hich i s  o b ta in e d  by  d i f f e r e n t i a t i o n :
d f  (x) = g [ h( x ) ] (A 7.2)
dx
H ere, h (x )  i s  a  l i m i t  found  from  th e  a n a ly s e s  a s  above e .g .
Pmax( k , t )  = V (2k t) in  th e  s im p le  m odel. See C ra ig  and  Brown(1982)
f o r  a  rev iew  o f  in v e r s e  p rob lem s in  th e  a s t r o p h y s ic s  c o n te x t ,
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and the difficulties inherent in their solution in the presence 
of noisy data.
As a n  i l lu s t r a t io n  o f th e  p o te n t ia l  a p p lic a t io n  o f th e  in v e r s e  p ro b le m  
s t r a t e g y  to  p u ls a r  e v o lu tio n , we will look a t  tw o p a r t i c u la r  p ro b le m s  of 
so lv in g  fo r  th e  s o u rc e  fu n c t io n , g iv e n  th e  o b s e rv e d  p e r io d  
d i s t r ib u t io n .  T he f i r s t  p ro b lem  is  to  f in d  a n  u n k n o w n  d i s t r ib u t io n  in  
th e  b i r t h - p e r io d s  o f p u l s a r s  ( r e le v a n t  to  th e  in je c t io n  a rg u m e n ts  o f 
C h a p te r  2), th e  s e c o n d  to  o b ta in  th e  u n k n o w n  d i s t r ib u t io n  in  m a g n e tic  
f ie ld , w h ich  is  o f te n  a ssu m e d  to  b e  a  g a u s s ia n  in  th e  lo g a r ith m  o f B, 
th e  f ie ld  s t r e n g th .
A7.2 I n v e r s io n  to  f in d  u n k n o w n  p e r io d  d i s t r ib u t io n .
We a s su m e  t h a t  p u l s a r s  a r e  b o r n  w ith  a  s in g le  v a lu e  o f m ag n e tic  
to r q u e ,  k  b u t  w ith  p e r io d s  a c c o rd in g  to  th e  d is t r ib u t io n  C(P), w h ich  is  
to  b e  d e te rm in e d . F o r s im p lic ity , we look a t  th e  sim ple  m odel o f p u l s a r  
sp in d o w n , a s  o u tlin e d  in  C h a p te r  4. T h is  is  n o t e x p e c te d  to  b e  a  
r e a l i s t ic  d e s c r ip t io n  o f th e  d a ta ,  b u t  is  in te n d e d  to  show  th e  m ethod  
o f s o lu t io n  a n d  th e  p o ss ib le  u s e  fo r  m ore co m p lica ted  a n d  d e s c r ip t iv e  
m odels .
F o r  c o n v e n ie n c e  we u s e  th e  v a r ia b le  z = P2 , s in c e  from  e q u a tio n  4.1, 
w ith  n  = 3, th e  c o n s ta n t  o f m otion  is  P 2- 2 k t .  We a ssu m e  a  s o u rc e  
fu n c t io n  o f th e  form :
S o u rc e  te rm  = C(z) H(t) (A7.3)
w h e re  C(z) is  th e  d is t r ib u t io n  to  b e  fo u n d , a n d , a s  b e fo re , H(t) is  a  
H e a v is id e  s te p  fu n c t io n  w h ich  a llo w s p u l s a r  b i r t h  to  com m ence a t  t  = 
0. T h e  sp in d o w n  law  is  now
z = 2k s u c h  th a t  z = z0 + 2 k ( t - t 0 ), (A7.4)
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w h e re  k is  th e  u n iv e r s a l  v a lu e  o f m a g n e tic  to rq u e .  T he c o n t in u i ty  
e q u a tio n  g iv e s  th e  so lu tio n :
nobs = Sz<X }o° c ( z ) dz 0 < z0 2kt0
2k"
nobs<z) = Jz°-2kt0 C < Z > ** zo > 2kto (A7.5)
2k
for a luminosity law L = SI**, for index <x, which has to be assumed 
known for this problem. It is easiest to group all the known terms 
on the left-hand side, into a function f (z0) which is defined as:
f (z0) = riQbs(z0 ) .2kz“<x/S = j C(z) dz (A7.6)
where the limits depend on z0 and 2kt0 as in (A7.5), and f is known.
So, formally, f’(z0) = C(z0) when 0 z0 ^ 2kt0 (A7.7)
and f*(z0 ) = C(z0) -C (z0-2kt0 ) when z0 > 2kt0 (A7.8)
wilere f’(z0) is the derivative of f with respect to zQ .
So, in general, C(z0 ) = ^ f ’ ( zQ - i. 2kt0 ) H(z0 - i.2kto) (A7.9)
i=0
w h e re  H a g a in  is  th e  H eav isid e  s te p  fu n c t io n . ( I n te r e s t in g ly ,  t h i s  is  
id e n t ic a l  to  th e  so lu tio n  fo u n d  b y  M acK innon a n d  B row n(1989) f o r  a  
s o la r  p h y s ic s  p ro b le m  o f n o n th e rm a l h a rd  X -ra y  s o u rc e  m odels.) T h e re  
a r e  tw o p o s s ib le  s t r a t e g i e s  t h a t  c a n  b e  a d o p te d :  o n e  is  to  u s e  a n  
a n a ly t ic  form  fo r  th e  fu n c t io n  f th a t  m a tc h e s  th e  o b s e rv e d  d a ta  to  a t  
le a s t  a n  a p p ro x im a te  le v e l, th e  se c o n d  r e ta in s  th e  d i s c r e te  n a tu r e  o f 
o u r  k n o w le d g e  o f f  a n d  in v e r t s  to  g iv e  th e  d e s i r e d  C(z) in  s im ila r 
d i s c r e te  fo rm . In  b o th  c a s e s  th e  ’p a ram ete r*  2 k t0 m u s t be  d e te rm in e d , 
a s  th is  g o v e rn s  th e  d i f f e re n c e  b e tw e en  th e  tw o  e x p re s s io n s  fo r  
in te g r a l  lim its . I f  2 k t0 t u r n s  o u t to  be sm all, s a y  le s s  th a n  1 s e c , th e n  
p u ls a r  b i r th  a t  lo n g  p e r io d s  is  in e v ita b le . We c a n  e s tim a te  2 k t0 b y  
p ro c e e d in g  to  u s e  so lu tio n  (A7.7) u n t i l  th e  d e r iv e d  C(z) g o es  n e g a tiv e ,
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w h ich  in d ic a te s  z h a s  e x c e e d e d  2 k t0 , so  th e  a n a ly s is  r e s t a r t s  from  th e  
f i r s t  e s tim a te  o f 2 k t0 a n d  u s e s  th e  new  v a lu e s  o f f '( z )  to  p ro c e e d .
In  p r a c t ic e ,  a p p ly in g  th is  to  th e  r e a l  d a ta  y ie ld s  n o  s a t i s f a c to r y  
so lu tio n . T he  d e r iv e d  C(z) d o e s  n o t te n d  to  fa ll w ith  l a r g e r  p e r io d s ,  a s  
o n e  w ould  e x p e c t. T he lac k  o f s h o r t - p e r io d  p u l s a r s  g iv e s  p o o r  
k n o w le d g e  o f f (z )  a n d  c o n s e q u e n t  p o o re r  c e r t a in ty  o n  i t s  d e r iv a t iv e .  
T h e  m ost l ik e ly  r e a s o n  fo r  t h i s  is  t h a t  th e  s im p lic ity  o f th e  m odel is  
s u c h  th a t  i t  is  n o t c o n s is te n t  w ith  th e  o b s e rv e d  d a ta . T h is  sh o u ld  n o t 
d e te r  u s  from  r e a l is in g  th e  p o te n t ia l  o f th e  in v e r s e  p ro b le m  a p p ro a c h , 
b u t  we n o te  th e  r e s e r v a t io n s  o f P h in n e y  a n d  B la n d fo rd (1 9 8 1 ), w ho 
s tu d ie d  p u l s a r  e v o lu tio n  u s in g  th e  c o n tin u ity  e q u a tio n  a n d  sh o w ed  
t h a t  a  d i r e c t  d e te rm in a tio n  o f th e  s o u rc e  te rm  w as im p o ss ib le  fro m  th e  
e x is t in g  d a ta  sam ple , a l th o u g h  th e y  d id  n o t a p p e a r  to  a c k n o w le d g e  th e  
im p o r ta n c e  o f s e le c tio n  e f f e c ts  in  th e i r  w o rk .
A7.3 In v e r s io n  to  f in d  th e  m ag n e tic  to rq u e  d i s t r ib u t io n .
A se co n d  p ro b lem  of a  s im ila r n a tu r e  is  to  e s ta b l is h  th e  s o u rc e  te rm  
w h ich  g iv e s  th e  d is t r ib u t io n  o f in it ia l  to rq u e s ,  K(k) in  th e  n o ta t io n  o f 
C h a p te r  3. A gain  we will r e s t r i c t  a t te n t io n  to  th e  sim p le  m odel 
sp in d o w n  law. From  e q u a tio n  (3.21) we g e t  :
N ( P,k,t) = c0k"1PK(k) H(P-Q)H(t)|p=Q (A7.10)
for the intrinsic distribution in P and k. We assume a luminosity 
law of L = SP**, so that the observed period distribution is:
Nobs(p . t ) = c0B. P1+a fi^ K(k) dk (A7.ll)
^ m in
where B is the beaming fraction and is constant, and k ^ n  is the
lowest value of k compatible with a given P and t, namely:
kmin = P2- Q2 (A7.12)
2t
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an d  i s  a  co n seq u en ce  o f  t im e -d e p e n d e n c e . We re g ro u p  a l l  th e  known 
f a c t o r s  on th e  l e f t - h a n d  s id e  a s  b e f o r e ,  so  g e t t i n g :
G(P) = 4FminNo b s (P) = [* K(k) dk (A 7.13)
---------------------  JKmin
Bc0SP«
Thus we d i f f e r e n t i a t e  (dash* n o ta t io n )  w ith  r e s p e c t  t o  P  t o  g e t :
G’ (P) = -  K G ^ )  k ^ . P / t  (A 7.14)
T h u s  u s in g  (A7.12) in  (A7.14) we g e t  th e  d i s t r ib u t io n  fo r  k . A gain , to  
g e t  a  p r a c t ic a l  so lu tio n  r e q u i r e s  th e  a n a ly t ic  k n o w le d g e  o f G (P). T h is  
is  a g a in  s u b je c t  to  th e  sam e p ro b le m s  a s  th e  f i r s t  p ro b lem , nam ely  o u r  
ig n o ra n c e  o f a c c u r a te  v a lu e s  fo r  G’(P ), w h ich  is  a  m a jo r d ra w b a c k .
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